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PREFACE. 


This Volume is intended to form, with the volume previously 
written, a complete treatise on Algebra and Plane Trigono¬ 
metry, or at least to include as much of these subjects as is 
usually read. 

I have, therefore, not at all confined myself to the Govern¬ 
ment Pass Syllabus for Pure Mathematics, Stage III., but 
have treated the subjects with sufficient fulness to enable a 
student to take up the Honours Papers. 

The book, which is complete in itself, may be considered 
as an Advanced Text-Book in those subjects; and will, I 
presume to hope, be found useful to all who wish to pass 
beyond the mere rudiments of Mathematical Science. 

It is unnecessary for me to say anything here as to the 
place Mathematics should hold as a branch of education. 
I may, however, remark that the recent alterations in this 
respect, made in the Training College Curriculum of the 
Education Department, show that the Government are 
thoroughly alive to its importance. 

I have included in the volume the elementary portions 
of Spherical Trigonometry, for the use of those students 
who may prefer to take it up as an alternative subject in 
the Pass Examination of the Science and Art Department. 

E. A. 


Leicester, April, 1875. 
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MATHEMATICS. 


THIRD STAGE. 


SECTION L 

ALGEBRA. 


CHAPTER L 

THE THEORY OF QUADRATIC EQUATIONS AND EXPRESSIONS. 

1. A quadratic equation cannot liave more than two roots. 

It has been shown (Yol. I., 176) that f(x) is divisible by 
x - a, when it vanishes on putting a for x ; that is, when a 
is a root of the equation f(x) = 0. 

Hence, if a, /3 are roots of the quadratic equation 
oc 2 + px + q = 0, 

x - a and x — /3 are each of them factors of the expression 
a? + px + q, whatever be the value of x. 

Moreover, x - a and x - /3 are the only linear factors of 
a? + px + q, since their product gives an expression of two 
dimensions whose first term is x 2 , the same as that of the 
expression a? + px + q. We therefore have identically 
as 2 + px + q = (as - a) (x - /3). 

Hence no value of x can make as 3 + px + q vw\\^x 
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it make one of the factors x - a, x - /3 vanish ; that is, 
x* + px + q cannot vanish for any other values of x than a 
and (3, 

It follows, therefore, that a, j3 are the only roots of the 
equation 

vt? + px + q = 0. 

2. If a, (3 are the roots of the equation x 2 + px + q = 0, 
then a + /3 = - p, and a/3 = q. 

For (Art. 1) we have identically, 

X*+ px + q = (x — a) (x - /3), or, 

= x* — (a + /3) x + a/3, 


Here we have the coefficient p on the first side represented 
by - (a + (3) on the second side, and the constant term q 
represented by a/3. 

We then have 

- (“ + P) = P, or a + /? = - p, 
and a/3 = q, Q.KD. 

Cor. 1. It easily follows that 


( 1 .) a 3 
( 2 .) « 


+ P* = f ~ 2 ?• 

— ft = - 4y. 

4. L = a + ft — — P 

fj a/3 y 


Cor. 2. If the given equation be of the form as 3 + foe 
+ c = 0, we may write it thus : 

a? + ~ x +! = 0, 
a a 

and we have 

( 1 .) « + P = - l 


( 2 .) 

( 3 .) 


a/5 = 


• IP — 2 ae 

a - + = --- 

rr 
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(4.) a - p = I V6* - 4 He. 



S. The quadratic expression ax 2 + bx + o is a perfect 
square when b 2 - 4 ac. 

When aa? + bx + c is a perfect square, its linear factors 
must be identical; and hence the condition is that the equa¬ 
tion 

ax* + bx + c = 0 
must have equal roots. 

Solving this equation we get 

* = (- 6 + - 4 ac). 

Now these two values of x can be equal only when 
b 2 — 4 ac = 0, or when b 2 = 4 ac. 

Hence the condition that ax* + bx + c shall be a perfect 
square is that 6* = 4 ac. 

Cob. The roots of the equation ax* + bx + c = 0 are 
rationed when b 2 — 4 ac is a perfect square , and are impos¬ 
sible when b* < 4 ac. 

4. To investigate the relations between the coefficients A, B, 
C, a, b, c, in order that the expression 

A a? + By 2 + Gz* + ayz + bxz + cxy 
shall be a perfect square. 

We must have identically 

Ax* + By 2 + Gz* + ayz + bxz + cxy 
= ( JA . x + jB.y + JG.zy 
?= Ax* + B y + C* 2 + 2 JB&. yz + 2 . xz 

+ 2 VAB , ay.* 

Equating the coefficients of identical terms, we have 
o = 2 */Ec, 6 = 2 JIC, c = 2 VaB; 
the relations required. 
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Cor. Solving for A, B, C, we may put these relations in 
the following form : 


A - be -g _ ac 
A " 2a * " Tb' ° 


ab 
2 c 


5. The values of x and y derived from the equations 

7 a 3 b 3 2 
ax + by = — + -— = c 3 
a y 

are rational\ when a 2 + b a = c 2 . 

For, solving for x> we get— 

ac 2 x 2 + (b* — c 4 — a 4 ) x + aV = 0 . 

Hence (Art. 3, Cor.) the values of x are rational when 
( 6 4 — c 4 — a 4 ) 2 — 4 ac 2 . a 3 c 2 is a perfect square. 

The values of x are therefore rational when 
( 6 4 - c 4 - a 4 ) 2 = 4 a 4 c 4 , or 
& 4 _ c 4 _ a 4 = ±2 a 2 c 2 , or 

(a 2 ± c 2 ) 2 = ft 4 , or when a 2 ± c 2 = ± 5 2 . 

And we may similarly show that the values of y are 
rational when 

b 2 ± c 2 = ± a 2 . 

Now, on examination it will be found that the only condi¬ 
tion common to these two sets is that 
a 2 + b 2 — c 2 . 

Hence the values of x and y are both rational when 
a 2 + b 2 = c 2 . Q.E.D. 

6. To investigate the condition that the expression 

Arc 2 + B xy + Cy 2 + Drc + E y + F 
is resolvable into elementary factors . 

If the equation Arc 2 + B xy + C y 2 - + Dx + E y + F 0 
be solved either for x or y , the condition that either can be 
expressed in terms of the other in a rational form will (Art. 
1 ) be the condition that the given expression can be broken 
up into elementary rational factors. 
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Solving for x , we find x equal to 

Bt/ + D± V(B 2 - 4AC) y* + 2 (BD- 2 AE )y + (D 2 - 4AF) 
2 A 

Now, in order that this may be rational, we must have 
(B 2 - 4 AC) f + 2 (BD - 2 AE) y + (D 5 -4AF) 

o perfect square . 

Hence (Art. 3) we must have 

{2(BD - 2AE)}* = 4 (B 2 - 4 AC) (D 2 - 4 AF) 
or _ (BD - 2 AE) 2 = (B 2 - 4 AC) (D 2 - 4 AF)... (1). 

This may be transformed into either of the following 
forms: 

AE 2 + CD 2 + FB 2 - BDE - 4 ACF = 0.(2). 

(BE - 2 CD) 2 = (B 2 - 4 AC) (E 2 - 4 CF).(3). 

(DE - 2 BF) 2 = (D 2 - 4 AF) (E 2 - 4 CF).(4). 


I 


Ex. I. 

1. Find the difference of the squares of the roots of the 
equation 3 x* - 12 x — 43 = 0. 

2. Construct an equation whose roots are the reciprocals of 
the roots of + bx + c = 0. 

3. If a, /3 are the roots of the equation a? - px + q ~ 0, 
construct the equation whose roots are a - y, /3 - y. 

4. Find the value of a when the equation 

ax* - 36 x + 81 = 0 

has equal roots. 

5. Find the relation between the quantities a , b , c, a, b' } c', 
so that the equations 

aa? + bx + c = 0, and a'x* + b'x + c = 0 
shall have a common root. 

C. The equations car + bx + c = 0, and 2 a# + b = 0, 
have common roots when the former has two equal roots. 

7. "When is the equation 

\/m‘ 2 x + a 3 + \Ar# + b 2 + sjqf* x + c 2 = 0 
reducible to a simple equation ? 
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8. If a, f3 are tlie roots of the equation of - px + q =* 0, 
form the equation whose roots are a -t j3, and a - /?. 

9. If as 2 + px + q and a? + 7)ix + n have a common fac¬ 
tor, show that this common factor is x + n - 

m - 

10. Hence show that the following relation holds, viz., 

(n - <?) 2 + n(m - p ) 2 = m(m - p) (n - 5 ). 

11. Show that the values of x and y derived from the 
equations oar 5 + bif = ct~x + b 2 y = c 3 are rational when 
a 3 +*6 3 = c 3 . 

12. Show that the expression 6ar + 17a;]/ + 12?/ 2 + 4aj 
+ 7 y - 10 can be broken into elementary factors, and 
determine the factors. 


CHAPTER II. 


VARIATION. 


7. If two quantities are connected together by some con¬ 
stant multiplier, either integral or fractional, one is said to 
vary as the other. 

The symbol a placed between the quantities is used to 
express this relation ; and if we suppose m, n to be constant 
quantities, we may distinguish the different kinds of variation 
as follows : 

(1.) If A = mB, then A varies directly as B, or A a B. 

(2.) If A = ^, then A varies inversely as B, or A a 


(3.) If A = mBC, then A varies jointly as B anti C, or 
A a BC. 

g 

(4.) If A = M-, then A vanes directly as B, and in- 
C 


versely as C, or A cx -g. 

(5.) If A = mB M , then A varies directly as the nth power 
of B, or A cx B’*. 
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(6.) If A = then A varies inversely as the nth power 
of B, or A a —. 

/ ij w 

(7.) If A = mB + t\ien A varies as the sum of two 

quantities, one of which varies directly as B, and 
the other inversely as C. 


8. If A a B, and BaC, then A oc C. 

For, let A = wB.(1), 

and B = nC; 

then, substituting in (1) for this value of B, we have 

A = m . nC = mnC; or, since mn is constant, 
A a C. Q.E.D . 


9. If A a B, then will A 2 B + AB 2 a (A 3 + B") (A - B). 
For, let A = mB, then 

A 2 B + AB 4 = (?nB) a . B + wB. B 2 = (m* + m) B 3 .... (1). 
And so, (A 2 + B 2 ) (A - B) = (m 2 + 1) (m - 1) . B 3 ,. (2). 

/n\ /o\ xt. A 2 B + AB 2 m a + m 

(1) : (-)* ^en pT- B) “ (w 5 - 1) a 

constant quantity. 

A 5 B + AB S a (A 4 + B s ) (A - B). Q.E.D. 


10. If A a B, when C is constant , 
and A a C, when B is constant; 
then A a BC, when both are variable. 

Let a ,, h be corresponding values of A and B, when C is 
constant, 

Then A ; a, :: B : b, or a, = .(1). 

Now this value a / of A will, like A itself, vary as C. 

Let then a, c be corresponding values of a., C, when B is 
constant. 

Then a : a C : c, or a. = —.(2V 

i ' c 
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0 ) 


(2), then 


A b 
B 



^BC. 

be 


Hence A bears a constant ratio ^ to the product of the vari¬ 
able quantities B and C. 

A a BC, when both B and C are variable. Q.E.D. 

This proposition is the foundation of the so-called Double 
Rule of Three in Arithmetic. 

We will illustrate this by an example, 


Ex. If 15 men earn .£180 in 6 weeks, how much will 22 

men earn in 13 weeks ? 

We have • 

Number of pounds oc number of men, when time is not 
considered; that is, when number of weeks is con¬ 
stant. 

Hence, 

15 : 22 :: 180 • number of pounds required, when time 
is not considered. 

Again, 

Number of pounds a number of weeks, when men are 
not considered; that is, when number of men is con¬ 
stant. 

Hence, 

6 : 13 :: 180 : number of pounds required, when men 
are not considered. 

These two statements correspond to the ordinary state¬ 
ment of a Double Rule of Three sum. 

But, by the above proposition : 

Number of pounds a number of men x number of 
weeks, when both are considered. 

Hence, 

15 x 6: 22 x 13 :: 180: number of pounds required. 

This is the ordinary complete statement 

Cor. If A varies as each of the quantities B, C, D, &c., 
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when all the rest are constant, then when all are variable, A 
varies as their product. 


Ex. II. 

1. If x cc y, and when x = 3, y = 7; find the value of x 
when y = 63. 

2. If A a BC, and that C = 3, when A = GO, and B = 1; 
find the value of B, when A = 80, and C = 4. 

3. If x = my 2 + m?, find m , n f when 17, 2,1, and 23,1, 2, 
are corresponding sets of values of x, y, z. 

4. If a cylinder whose length is l, and diameter d , has a 
weight to, what will be the weight of a cylinder of the same 
material whose length is l n and diameter dfi 

5. If i be the time of a complete vibration of a pendulum 
of length l, then t <x jl. Hence, find the length of a two- 
second pendulum, when the length of the second pendulum 
is 39*4 inches. 

6. The time taken by a falling body varies as the square 
root of the space. Now, a body falls through 64 feet in 
2 seconds. Hence, find the relation between time and 
space. 

7. The strength of a beam supported at its ends varies in¬ 
versely as its length, directly as its breadth, and directly as 
the square of its depth. Now, a beam whose length, breadth, 
and thickness are respectively 12 feet, 6 inches, 4 inches, will 
support 3 tons. Find the breaking-weight of a beam of the 
same material whose corresponding dimensions are 16 feet, 
8 inches, 6 inches. 

8. If m shillings in a row reach as far as n sovereigns, and 
a pile of p shillings is as high as a pile of q sovereigns ; com¬ 
pare the values of equal bulks of gold and silver. 

9. The value of diamonds a the square of their weight, 
and the square of the value of rubies a the cube of their 
weight. A diamond of a carats is worth m times a ruby of b 
carats, and both together are worth c£. Required the valuo 
of a diamond and a ruby, each weighing n carata* 

5—II, B 
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10. The heat generated by the discharge of a Leyden jar 
varies jointly as the quantity and the tension of the electri¬ 
city; and the tension varies directly as the quantity of 
electricity, and inversely as the surface of the jar. Show 
that when the surface is constant, the quantity of electricity 
varies directly as the square root of the heat. 

11. A rod of iron weighs 10 lbs. per foot run, what is the 
length in metres per kilogram ? 

12. British units of length (L), mass (M), and time (T) 
are respectively a foot, a pound, and a second; and the 
corresponding absolute units are a metre, a kilogram, and a 
second. Now, the dimensions of the units of force and work 


are respectively and Hence express the absolute 

units of force and work as British units. 


CHAPTER III. 

PERMUTATIONS AND COMBINATIONS. 

Permutations. 

11. The different arrangements that can be made of a num¬ 
ber of things are called their Permutations. 

Thus, ab , ac, be, ba, ca, cb, are called the permutations of 
a, b, c, taken two together; and abc, acb , bca , bac, cab, eba, are 
the permutations of the same things taken three together\ 

In some works, the term 'permutations is limited to the arrange¬ 
ments of the things when taken all together. When they 
are not taken'all together , they are called Variations. We 
shall include under the term “permutations” all such arrange¬ 
ments. 

12. The different groups that can be made of a number of 
things without regard to the order of the things are called 

(Combinations, 
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Thus ab. ba form tlie same combination ^ so that the com¬ 
binations of a, b, c taken two together are ab, ac, be. 

13. The number of permutations of n things taken r 
together is 

n (n - 1) (n - 2) .... (n - r + 1). 

Let a, b, e .... k be the n things. We will first take them 

two together. Now, there must be n - 1 things before which 
a stands first, and Hie same number before which b stands 
first, and so on for all the letters. Hence the total number 
of arrangements must be n times (n - 1), or n (n - 1). 
And hence the number of permutations of n things taken two 
together = n (n - 1). 

Again, if we first consider the (n - 1) things b, c, . . . . k, 
we have just shown—as may be seen by putting (n - 1) for 
n in the above result—that 

Number of permutations of ( n - 1) things taken two 
together - (n - 1) (w - 1 - 1) = (n — 1) (;i - 2). 

Now, a may stand before each of these permutations of 
by (/,..• . k. 

Hence there are (n — 1) (n - 2) permutations in which a 
stands first, when the n letters a, b, c . . . . k are permuted 
three together. And, of course, there are just as many in 
which b, c,.... k each stand first. 

Hence, the whole number of permutations of the n things 
taken three together = n times {n - 1) (n - 2) = 
n {n - 1 ){n - 2). 

And by similar reasoning we may show that the number 
of permutations of n things taken four together = 
n (n - 1) (n - 2) (n - 3). 

If we look at the last term of the last factor of each of 
these results we see that its value (neglecting the sign) is one 
less than the number of things taken together. 

It is easy then to perceive an apparent general law , viz.: 
Number of permutations of n things taken r together 

= n (n - 1) (n - 2) . . . . (n - r - 1). 

By what is called Mathematical Induction nwj 
ourselves of the truth of this law. 
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We will assume the law to be true when p things are 
taken together, and will then show that it must be true 
when (p + 1) things are taken together. 

Fixing our mind upon (n - 1) things, viz., b f c ,.... k, we 
have by our assumption—putting therein (n - 1) forn, 

Number of permutations of b, c, ... . k, taken p together 

= (n - 1) (n - 2) . . . . {a - 1 - p ~ 1) 

= (n - 1) (n - 2) . . . . (n - p ). 

Now, a may stand before each of these, and hence the 
number of permutations of n things taken ( p + 1) together, 
where a stands first, is (n - 1) (n - 2 ) .... (n - p). 

And the same may be said for each of the letters b,c,..,k. 

Hence the whole number of permutations of n things 
taken {p + 1) together is 

n times (n - 1) (n - 2) .... (n - p), 

or n (n - 1) (n - 2) . . . . { n — (p + 1 - 1) }. 

. Hence, on the assumption that the law is true for any 
particular case , we have shown it to be also true when the 
things are taken one more together. 

Now, we know it to be true when the things are taken 2, 
3, 4 together. It is therefore true when taken 5 together, 
and therefore also when taken 6, 7, &c., together. Hence, 
it is generally true. 

We have therefore generally 
Number of permutations of n things taken r together 

= n (n - 1) . . . . (n - r - 1), or 
= n (n - 1) .... (n - r + 1). 

Cor. 1. Let r = n, then the whole number of permutations 
of n things taken all together = n (ii - 1 ).... (n - n + 1) 

= n (n - 1) .... 1, or, as often written, 

= \iij read factorial n. 

Cor. 2. Every combination of r things will produce [r 
permutations, for the number is that of r things taken ail 
together. 
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14. To find the number of permutations of n things taken 
all together when they are not all different things . 

Let there be n letters, in which the letter a occurs p times, 
b occurs q times, c occurs r times, <kc. Then the number of 
permutations of the n things when taken altogether is 

n 

\p | r <fcc. 

For (Art. 13, Cor. 1) the number of permutations of n 
different things taken all together = [ n. 

Let P be the required number of permutations. Then, 
since every permutation contains a repeated p times, it is 
capable of forming |p permutations on the supposition that 
the a’ s are all different letters. The whole number of per¬ 
mutations would then beP times | p y or P . | p. And similarly, 
on the supposition that all the b’ s are different, every permu¬ 
tation would form | q permutations, and so on. 

Hence, on the supposition that all the letters are different, 
the total number of permutations = P. |q <kc. 

Hence we have P • (p &<*• = | n 

And P = - t ~~~7 • 

[p [q \r &c. 

15. To find the number of permutations of n things when 
each may be repeated once , twice , <£c., times. 

Let a y b, c, .... k be the n quantities. 

When taken one at a time, their number is n. 

If we place a before each of these letters, we get n permu¬ 
tations aa y ab , ac, , . . . ak y in which a stands first; and, we 
must also have as many where b stands first, where c stands 
first, <fcc. 

Hence, on the whole, when the letters are taken two 
together, the number of permutations = n times n - n\ 

And so we may show that, when taken three together, the 
number of permutations = n times n 2 = n 8 . 

Hence it is easy to show by induction that the nxvccfcet 
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of permutations of n things when each may be repeated r 
time = n r . 

Ex. 1. Find the number of permutations of 8 things 
taken 4 together. 

Generally (Art. 13) P = n (n — 1) . . . . (n - r + 1). 
Her6 ^ Z 4} P = 8 ( S_ l) •• •• ( 8 - 4 + N = 8 . 7 . 6 . 5 . 

Ex. 2. Find the number of permutations which can be 
made out of the letters of the word WaggarWagga when 
taken all together. 

Generally (Art. 14) P =-—— 

* V ' \L II \L 

Here n = 10, and, if p, q, r represent respectively the 
number of times w y a, g appear, 

p = 2, q = 4, r = 4. 

110 

Hence P = nr = Tr~A = 5.7.9 . 10. 

li Li 


Combinations. 

16. To find the number of combinations oj n things taken V 
together. 

Let C r be the required number of combinations. 

Now (Art. 13, Cor. 2) every combination of r things is 
Capable of forming | r permutations. 

Hence the whole number of permutations capable of being 
formed by C r Combinations - [r times C r == [r C r . 

Now this is the number of permutations of n things taken 
r together. 

Hence, by Art. 13, 

|rC r « w(» - 1). ... (n - r + 1). 

. n - n ( n + 1) . . . * (n — r + 1) 

.. v. — — -----■ * ■ -. 

[L 
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Cor. Since 

n (n — 1).... (w — r + 1) 

ll 

__ n (n — 1) . . . . ( n - r + 2 ,1 

|r • | n — r 

ss _, we have 

[r — r 

a = _l£Z7 

Lr l n - r 

17. To s/jowj that C r = C n _ r , or that the number of com¬ 
binations of n things taken r together is equal to the number 
taken (n — r) together . 

We have 

C = n -Jh • i_L ( n ~ r + i) 
r jy ’ 

and therefore putting n - r for r, _ 



n (n — 1) . . . . ( r + 1) 

\n — r 

n(n - 1)... . ( r + 1 ). r ( r - 1) .... 2 . 1 
| n -jr . |jr 



Hence (Art. 16, Cor.) C r = C n-r . Q.E.D . 

18. To the number of combinations that can be formed 
of n sets of things , in which there are p of one sort , q of an¬ 
other , r o/* another , <£c., taking one from each set. 

First, if there be two sets, p of one sort and q of another, 
we may place each of the former sort before each of the 
latter, and thus obtain p times q of combinations. 

The number of combinations is therefore pq. 

Again, if there be a third set containing r ^ 
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place each one of this set before all the above combinations 
in turn. 

Hence the total number of combinations thus formed is r 
times pq, or pqr. 

And so on for any number of sets. 

Hence, number of combinations required = pqr ... . 

19. To find the number of combinations of m things and n 
things when p of the former are combined with q of the 
latter. 

The number of combinations of m things taken p together 

= m ( m !) •••• ( m - p + 1) 

_ — 

And the number of combinations of n things taken q to¬ 
gether 

n (n — 1) . . . . (n - q + 1) 

Now each of the former combinations may be combined in 
turn with all of the latter. Hence the total number of 
combinations 

_ m (m - 1) .. .. (m - p -f 1) n (n- 1). . . . ( n-q + 1) 

ML ' \LL ' 

20. To find when the number of combinations is greatest . 
We have C r = n A n - —- 1 ) ••••(»-«■ + U 

In _ 

and C r _, = ” ~ 1)- (n - r - 1 + 1) 

IlL.il 

n (n - 1) . . . . (n - r + 2) 
j r^J 

Hence, 1>y division, = n -—L n ±-l - 1. 

C r _ l r r 

Now as r continually increases, ( ^\ ~ .} — 1 j continually 

diminishes, and therefore must eventually become less than 
■unity. 
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But as long as its value is > 1, the number of combinations 
found must be greater than the number previously found. 
Hence the greatest number of combinations will be for that 

value of r next before the one which makes -*) ^ ess 

than unity. 

When n + 1 - 1 = 1, of course C r = C r ~ and since the 
r 

next higher value of r will make^i-^^ — l) < 1, the value 

of r obtained from this equation will give the greatest 
number of combinations. 

Solving the equation, we have r = ; 

and, since r is integral, n must be odd. 

Hence, when n is odd. 

The greatest number of combinations is when taken —1-1 

J 

together , and also when taken — ~ together . 

2 % 2 

When n is even,' we inquire the value of r next before the 

one which makes n + A — 1 < 1 or - - + ^ < 2, or n + 1 
r r 

< 2 r, or r > — 

The value of r required is r = —. 

2 

Hence, when n is even, 

The greatest number of conibmalions is when they are taken 
- together . 


Ex. 1. Find the number of combinations of 7 things 
taken 3 together. 

Number required = ^ = 35. 

1 . 2.0 
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Ex. 2. How many words can be formed out of 10 conson¬ 
ants and 7 vowels by taking 4 consonants and 2 vowels for 
each word! 

Number of combinations formed by 19 consonants taken 
4 together 

19 . 18.17 . 16 
1 . 2 . 3 . 4 * 

7 6 

And number formed by 7 vowels taken 2 together = 1 *—• . 

w 1.2 

Hence (Art. 19), 

Number of combinations by taking 4 consonants and 2 
vowels . 

- ^ - * 1396 . 

Now each combination contains 6 letters, and these may 
(Art. 13) be permuted in |6 ways. 

Hence total number of words required = 81396 x |J5. 

'=* 58605120. 


Ex. III. 

4 

1. The number of permutations of some things taken 5 
together : the number taken 3 together :: 42 : 1. Find the 
number of things. 

2. How many different permutations can be made of the 
letters of the word Proportion taken all together 1 

3. How many can be made of each of the words Kilimaud- 
jaro , Hammada f 

4. Show that the number of triangles which may be 
formed by joining the angular points of a polygon is 

n (n - 1) \n - 2), n being the number of sides. 

5. How many different numbers can be made by using all 
the figures of the number 302342044 ] 

6. In how many ways can 10 persons be arranged about, 
a round table ? 
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7. The number of combinations of a number of things 
taken 5 together is the same as the number taken 7 together. 
Find the number of things. 

8 . The number of combinations of n things taken 2 to¬ 
gether exceeds by 6 the number of combinations of (re - 1 ) 
things taken two together. Find re. 

9. If P r represent the number of permutations of re things 
taken r together, show that, when m > 2 , 

(Pi - i) (P. - Pi) (P, - p,) (P, - p 3 ) .... (P m - P m _,) 
— P 2 P 3 P 4 .... P^_! . P m + J . 

10. The number of combinations of 2 re things taken re 
together 

0W 1 . 3 . 5 .... (2 re — 1) 

‘ " ' 1.2. 3. ... re 

11. The ratio of the combinations of 4 re things taken 2 re 
together to the combinations of 2 re things taken re together 

= 1 -3.5_(4 re — 1) 

(1.3.5 _ 2l^Tf 

12. Find the total number of signals which can be made by 
m needles, each of which can assume re distinct positions. 

13. Show that C r s = (l + 2) (l + _1_) C r _,.C r+1 . 

14. If "P r represent the number of permutations of re 

things taken r together, show that n + *P r - *‘P r - r ”P r _ v 

15. Show that 2 P 2 + 3 P 3 + kc. + rP r 

= (re — 1 ) (P 2 + Pj + kc. + P r ) _•*- P r 4 . 

16. At a Parliamentary election for tWo members there were 
four candidates; In how many ways can votes be recorded 1 

17. A firing party, consisting bf one sergeant and 12 
men, is to be chosen from a company of l00 men and 3 
sergeants; In how many ways can this be done 1 

18. In taking a handful of shot from a bag, show that the 
chance of getting an even number is greater than the chance 
of getting an odd number. 

(The truth of the Binomial Theorem may be 
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CHAPTER IY. 

ARITHMETICAL, GEOMETRICAL, AND HARMONICAL PROGRESSION. 

Arithmetical Progression. 

31. Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a common difference. 

Thus, the numbers 1, 3, 5, 7, &c., are in A. P., and so are 
the numbers 6 , 5|, 5, 4£, &c. 

In the first series the common difference is 2 , and in the 
second - £. 

If a be the first term, and d the common difference, the 
series is evidentl y a, a + d, a + 2 d, a + 3 d, &c., and the 
nth term is a + n - 1 . d. 

When the series contains n terms, the nth term is the last 
term. Hence, representing the last term by l , we have 

l = a + n - 1 . <7. 

23. To find the sum of n terms of an A. P. 

Let a be the first term, d the common difference, and S 
the required sum; 

Then S = a + a + c! + a + 2^ + .... + l ... . (1). 

And, writing the series in reverse order, and remembering 
that the terms will then diminish by d, we have 

S = l + l - d + J- 2cZ + .,.. + a.... ( 2 ). 

Then adding together ( 1 ) and ( 2 ) we have 

2S=fl+^ + rt+/+fl + /+ .,.i + ft + l y 
and, since there are n of the terms (a + l), we have 

2 3 - (a + l)n, orS = (a + 0 ”• 

Hence we have the • following practical rule to find the 

sum : 

j4c/c/ together the first and last terms , and multiply the result 
fyt ha/f the nu?nber of terms » 
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Cor. Sine© (Art. 21), l - a + n - I . cf, we havo 

. - 71 * ■ _ ji 

S = (a + a + n - 1 . d) ^ = (2 a + n - 1 . d) 

which expresses the sum of an A. P. in terms of the first 
term, the common difference, and the number of terms. 


23. To insert m arithmetic means between a ami b. 

As there are m means, there must be altogether m + 
terms. 

Hence (Art. 21 ), 

l = a + (m + 2) - 1 . d = a + m + 1 . d. 
Here l = b; 

and therefore a + m+ 1 . d = b, from which d = - %• 

9 m + 1 


Hence the means required are 
b - a _ . rt b - 


a -f 


m + 


T 


a + 


m + 1 


, <fec., a + m, 


b - 
m + 


a 

V 


o 


ma + b m - l . a + 2b x a + mb 

^TTY’ 5TTT 1 T *’ 5TTT 


Ex. 1. Find the sum of 16 terms of the series 2, 4, 6 , «tc. 

__ n 

Generally, S = (2 a + n — 1 . d) ^ 

Here a = 2 ) 



S = 12 (2) + 16 - 1 . 2 )-y- = (4 + 30) 8 = 272. 

Or thus, l = a + n — 1 . d = 2 + 16 - 1.2 = 32. 
Hence, by Rule (Art. 22), 

S = (2 + 32) = 272, as before. 

2 

Ex. 2. Sum the’series 12, 11J, 10J, &c., to 8 tevma. 

We hare S = (2 a + n - l.cZ)^- 


1 
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Here a = 


a = 12) 

<* = - if 

n = 8 ) 

••• S = {2(12) +m(-^)} | =(24- 2 i 1 )4 = 
Ex. 3. Insert 8 arithmetical means between 3 and 21. 
We have, Art. 28, d = b ~ a 


75 . 


Here 


H! 


+ 1 " 


a = 3 ' 

b 
m 

21—3 18 

d = - = — =2, the common difference. 

8 + 1 9 9 

And since the first term is 3, the 8 means are 5, 7, 9, 11, 
13, 15, 17, 19. 

Ex. 4. The sum of an A. P. is 140, the first term is 5, and 
common difference 2 ; find the number of terms. 

_ n 

We have S = (2 a + n - 1. d) ^ 

Here 

S = 140) , _ x n 

a = 5 >Hence 140 = | 2 (5) + n - 1.2 J j = (» + 4)n, 

or, transposing, n 2 + 4 n - 140 = 0, or 

(n - 10) (71 + 14) = 0; from which 

= 10 or - 14. 

The value n^lO tells us that, commencing from the 
first term of the series and counting 10 terms, the sum of 
the terms is 140. The valuer = - 14 tells that, commenc¬ 
ing from the opposite end of the series, and writing down 
14 terms, the sum of the terms is also 140. The following 
would be the two series : 

5, 7, 9, 11, 13, 15, 17, 19, 21, 23; 
and - 3, - 1, 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23. 

When the two values of n are both "positive tvnd integral, 
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the series must in both cases be commenced at the first 
term. It will always be found that the extra terms which 
are given by the larger value will of themselves give zero for 
a sum. 

Should one of the values of n be fractional, we may still 
give it an interpretation. This will be best understood from 
the following example: 

Ex. 5. The sum of an A. P. is 270, the first term 9, and 
the common difference 4; find the number of terms. 

We have S = (2 a + rT^l. d) | 

Here 

S = 270) f _ . n 

a = 9 V, 270 = | 2 (9) + n - 1 .4 j ^ = 2 n* + 7 w. 

Transposing, then 2 ?t 2 + 7 n - 270 = 0, or 

(n - 10) (2 n + 27) = 0; from which 
n = 10 or - 13i. 

The first value n = 10 gives the series 
9, 13, 17, 21, &c., 45. 

The second value, n = - 13J, being negative, tells us to 
commence with the opposite end of the series, viz., the term 
45, and write down 13 complete terms, and anothei' term 
which is made up of the 13th term and half the common dif¬ 
ference. The 13 complete terms beginning with the term 45, 
and writing from right to left, are 

- 3, 1, 5, 9, 13, 17, 21, 25, 29, 33, 37, 41, 45. 

The incomplete term is - 3 - £ (4) = - 5. 

And the sum*of the numbers - 5, - 3, 1, 5 is zero, agree¬ 
ably to the remark made in Ex. 4 above. 

Ex. IV. 

1. Find the 10th term of the series 2, 6, 10, &c., and the 
sum to 12 terms. 

2 . Find the last term of the series 3, 3%, 
terms. 
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Sum the following series : 

3. 10, 8, 6, <fec., to 9 terms. 

4. 5j, 6.^, 7j, &c., to 12 terms. 

5. 1, 3, 5, 7, &c., to 50 terms. 

6 . a + 6 c?, a + 5 cZ, a + 4 cZ, &c., to 13 terms. 

7. a; + 9 y, a + 7 y, # + 5 y, &c., to 10 terms. 

8 . 3^, 4j\, 4j|, <fec., to 14 terms. 

9. Insert 12 arithmetic means between 2 and 41. 

10 . Find the sum of 12 terms of the series whose 5th 
term is 14, and 10th term 31. 

11. The sum of 12 terms of an A. P. is 123, and the com¬ 
mon difference is 1£ ; find the first term. 

12. Given m the middle term of an A. P., and n the 
number of terms ; show that the sum of the series is mn. 

13. If P, Q be the and gth terms respectively, find the 
first term and the common difference. 

14. If S r represent the sum of r terms of an A. P., show 
that 

S 2n + 1 = S n + 3 + S„_,+ (n* + n - 2 )d. 

15. If P, Q, It be respectively the joth, ^th, rth terms, 
show that 

P (q - r) + Q (r - p) + It (p - q) - 0. 

16. There are m arithmetical progressions, the first term 
of each of which is 1, and the common differences respec¬ 
tively 1, 2, 3, &c., m, Prove that the sum of the nth terms 

_n - 1 . m 2 + n + 1 . m 
2 * 

17. If </> (n) represent the sum of n terms of an A. P., 
show that 

<f> (3m) = 3 | <£(2m) - <£(m) 

18. Show that <£ (m) + <£ (n +1) + <j> (n + 2) + (2 n) 

_ n (3 n - 1) „ , m (n - 1) (7 n - 2\, 

'i.r~ 
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19. Show also that 

+ *kJ?l —--il + &c., to n terms = na + 4 n (n - 1 ) </. 
n n - 1 

20. Find the sum of n terms of the series whose rbh term 
is 3 r - 5. 

21. The sum of three numbers in A. P. is 15, and the sum 
of their squares is 83. Find the numbers. 

22. The sum of four numbers in A. P. is 10, and the sum 
of their products taken two together is 35. Find the numbers. 

23. The result in Ex. 15 may be arranged thus : 

p (Q - R) + q (R - P) + r (P - Q) = 0. 

"What A. P. does this suggest; and what is the relation 
between the common difference of this series and the one in 
Ex. 15] 

24. How many terms of the series 4, 7, 10 , <fcc., amount to 
144] 


Geometrical Progression. 

24. Quantities are said to be in Geometrical Progression 
when they increase or decrease by a common ratio. 

Thus 2, 6, 18, 54, <fcc., is a G. P., and so is 12, 4, lj, «fcc., 
the common ratios being 3 and J respectively. 

It is evident that the common ratio may be found by 
dividing any term by the preceding term. 

Let a be the first term, and r the common ratio 
The G. P. would then be 

a, ar, ar 3 , ar 3 , <fcc. 

If there be n terms, the last or nth term = ai * “ \ 

Hence we have in G. P., I = ar” -1 . (1). 

25. To find the mm of a Geometrical Progression. 

Let a be the first term, r the common ratio, and S the 
sum of n terms; then we have 

S = a + ar + ai* + &c., + ar* 1 ” 1 , 
or multiplying each side by r, 

rS « ar + ar 9 + &c., + ar n " 1 * atf\ 

A—//» Q 
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Hence, subtracting the upper line from the lower, we have 
r S - S = ar* - a, or S (r - 1) = a (r n - 1); 

f* - 1 


Since a . 


S = a _ 

r - 1 

r” - 1 ar* - a 


( 2 ). 


r . ar *"* 1 - a rl - a 


r - 1 


We have also, S = 


r - 1 
rl - a 

T" 


r - 1 


r- r 

. (3). 


When r is less than unity, it is usual to write these 
results as follows, being obtained by changing the signs of 
numerator and denominator in each case and reversing the 
order: 


S 


a 


1 - r* 
1 - r 


a - rl 
1 - r 


W- 


26. To find the limit of an infinite G. P. whose common 
ratio is less than unity\ 

Def. The Limit of a series is that quantity to which the 
sum of the series continually approaches as the number of 
terms increases. 

We have (Art. 25), S = a . j ~~ 

1 — r 


But since r < 1, and n indefinitely large, the value of r* 
is indefinitely small, and becomes smaller and smaller the 
larger n is. Indeed, the value of r* continually approaches 
zero, as n increases indefinitely. 

Let 2 represent the limit of the sum of the series, then 
we have 



a 


i - r; 


27. To insert m geometrical means between a and b. 
Since there are m means , there must be m + 2 temis , 
Hence (Art, 24) l = ar” l+wl « + 
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And therefore, since here l = 6 , we have 



This gives the common ratio, and the means can therefore 
be easily inserted. 


Ex. l f Sum the series 2 , 4, 8, 16, <fec., to 10 terms. 

Generally, S = a . r — j . 

r — 1 

Here a = 2 ) 910 i 

r = 2 V /. S = 2 . g-li = 2 ( 2 10 - 1). 

n = 10 J 2 - 1 V ’ 

Ex. 2. Given the first term of a G. P. to be 5, the last 
term 160, and the number of terms 6 . Find the common 
ratio. 


By Art. 24, l = ar* 1 " 1 . 

n = 1 Hence, substituting, 160 = Sr 6-1 = 5 1 * 

J .-. t- 6 = 160 * 5 = 32, or r = v^32 = 2. 


a = 
w = 


Ex. 3. Find the value of the recurring decimal *666 <fcc. 

6 6 6 

The value required is the limit of the G.P. + — a + 

+ <fcc., to infinity. 

Now (Art. 26) 2 = JL -. 

1 - r 

Here a = ^« _ A _ A _ « s 

" = */'* 1 - A ~ A 

The meaning of this result is that J is the quantity to 
which the value of *666 <fcc. approaches as the number of 
decimal figures taken is increased. 


Ex. 4. Find the sum to n terms, and the limit to Vx&utoj* 
of the series: 

a + (<z + b) r + (a + 2 b) r 8 + when r < 
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We have 

3 = a + (a + 5) r + (a + 2 b)r* + <tc. + (a + n- l.&)r n ” 1 
And Sr =3 ar+ (a, + b)i* 4- &c. + (« + ?i - 2. 5) r" ” 1 

+ (a + n - 1.6) r". 

Therefore, subtracting, 

S(1 - r) = a + &r + fcr 3 + <fcc. + 5r"*" l -(a + n- 1.5)r*\ 
But (Art 25) the sum of the G. P. 

6 r + fo* + &c. + &r*- 1 = hr. ^ —. 

1 - r 


1 _ «__ i ___ 

1 (1 - r) = a + br. —--- (a + n - 1 . b) i*. 


+ br . 


1 - r 
l-i *~ 1 


1 _ r ' -(l_ r )« ^ + M 

If r be a proper fraction, the limits of r* “ 1 and r n , as n 


indefinitely increases, are evidently zero . 
Hence we have 


2 - 


0 


+ .—I-*).,— 

a br 


I - r (1 - 


Ex. Y. 

1. Find the 6 th term of the series 3, 6 , 12, <fec. 

2. Find the 5th term of the series 35, 7, If, &c. 

3. Sum the series 81, - 27, 9, <fcc., to 6 terms. 

4. Sum the series 2 f, 7, 174, <fcc., to 12 terms. 

5. Sum the series 6 , - 2, f, &c., to w terms. 

C. Find the sum of 10 terms of the series whose first 
term is 4 , and third term 

Sum to infinity the following series ; 

7. l+i + t + b + Sn. 

8 . + &c. 

9. 10 - 9 + 8-1 -.7-29 + &c, 

10. 6} + 1} + } + jV + &c ' 

JJ. *6 - + *0OS - 
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12. o’6 - a + \ - <fec. 

b 

13. (a 1 - V) + (a-b) + ° + &c. 

a + 6 

14. ( J5 + 2) + 1 + ( J5 - 2) + (9 - 4 ^5) + &c. 

15 - 1 + 14 4 + 


16. 

17. 


i + |+ i + J + iV + iV + 


J3 + 1 


+ 1 + 


^3 + 1 


x/3 - 1 

* 8 * i + A + rlT 4 ** 0 * 

19. If the sum of 10 terms of G. P. is 513, and common 
ratio is - 2 , find the series. 


20. Find the 5th term of the G. P. whose 3rd and 6 th 
terms are respectively a, b. 

21. If P, Q, R be respectively the pth, 5 th, rth terms of a 
geometrical series, then 

p,-r Q r-p = 1 


22. Show that the sum of 2* terms of a G. P. series may 
be expressed in the form 

o(r + 1 ) (r» + 1 ) (r* + 1 )_(j ^ -1 + 1 ). 

23. If ^ be the sum of an infinite series, and * 2 the sum 
of the squares of the terms of the series, find the series. 

24. If 8 p be the sum of p terms of a geometric progression, 
show that 


s* - s m = f»s n - r** m . 

25. If 8 m be the sum of the mth powers of an infini te geo¬ 
metric series, then 


L± L 
8 1 


— ± . . . . ad. inf 
*3 


1 ___ r 

a ± 1 a ± r 


26. If ma ± nh = g* + wc = mc + nd = to., w 
ma - nb mb - nc me - nd 
a, 4 c, d, &c., are in G. P. 
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27. If 8 P be the sum of p terms of a G. P., show that the 


sum of the products of every two terms = -- 8 P 

v + 1 

28. Show also that 

ns n + (s x + s 2 + 8 8 + etc., to n terms) 

= - 2) + ,rr~Y (*■“ -!)}• 


8 i> - ] 


If a, by c, d are in geometrical progression, show that: 

29. (a 2 + b 2 ) (c 3 + d 2 ) = b*(b + d)\ 

30. a 2 -f 6 2 + c 2 = (a + 6 + c) (a - 6 + c). 

31. 3 (a - b + c) 2 - (a 2 + 6 2 + c 2 ) = 2 (a - 6 + c) 
(a - 2 6 + c). 

32. (a + b + c + d) 2 = (a + b)> + (c + ct)* + 2 (b + c) 2 . 

33. a 2 (a - 2 6 + c ) 2 = (a - &) 4 

34. a 4 (a - 3 6 + 3 c - d ) 2 = (a - 5)«. 

35. Find the sum of n terms of the series whose nth term 

is 2 n + n . 

36. If a, b, c, d are in geometrical progression, show that 
(a - b) 2 y (6 - c) 2 , (c - d) 2 are in G. P. 


Harmonical Progression. 

28. Quantities are said to be in Harmonical Progression 
when any three consecutive terms being taken, the first is to 
the third as the difference between the first and second is to 
the difference between the second and third. 

Thus, if a, 6 , c be in H. P., we must have 
a : c :: a - b : 6 - c. 

We cannot make a formula for the sum of n terms of an 
H. P., as in the cases of Arithmetical and Geometrical Pro¬ 
gression. 

29. The reciprocals of the terms of an Harmonical Pro¬ 
gression form a series in Arithmetical Progression . 

Let a, h, c be in H. P. 

Then (Art. 28), a: c :: a - b \ b - c> 
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.*. a (b - c) = c (a - b) f 
or dividing each side by dbc y 

L _ I = 1 - ! 
c b b a* 

that is, the difference between the first and second of the 

terms —, 3 1 - is equal to the difference between the second 
a b c 

and third. 

Hence i , ~, - are in A. P. 
a b c 

30. To insert m harmonica! means between a and b. 

Taking the reciprocals i and i, we must first find m arith- 
a b 

metical means between — and i, and afterwards invert them. 
a b 

Let d be the common difference of the arithmetical series. 
I - Jl 

Then (Art. 23), d = = ( J + ~ $ ~ y 

The arithmetical means are 

L + a ~ 6 , 1+ + m(a ~ b \ or 

a (in + 1 ) ab a (m + 1 ) ab a (m+ l)a& 

a + mb 2 a + to - 1 . 6 ma + b 

(m + 1 ) ab’ (m + 1 ) ab 9 9 (m + 1 ) ab 

Hence, inverting, the harmonical means are 

(m + 1 ) ab (m -f 1 ) ab ^ (m + 1 ) ab 
a + inb 9 2 a + ~m - 1 . b* ’ ma + b ' 

31. If A, G, H respectively represent the Arithmetical , Geo¬ 
metrical, and Harmonical means between a and c, show that 


A : G :: G : H 

We have A - a = c - A, and .*. A = J (a + c). (1). 

Again, — = ^ , and G = Jao .(2\. 

a . tr 

Ako,a.e::H-a:c-H and'.*. H = - ac —. 

a -v c 
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Multiplying (1) and (3), we liave 

AH = \ (a + c) . 1^- = ac .(4). 

2 ' J a + c w 

And from (2) we get G 2 = ac .(5). 


(4) = (5), then AH = G 2 , or A : G :: G : H. 

Cor. A > G, and G > H. 

For, (l)-(2), A-G = £(a+ c)~ Jac 

= \ (a - 2 Joe + c) 

= h ( J a ” J C Y> a positive quantity. 

/. A > G. 

And hence, since A, G, H form a continued proportion, it 
must follow that G > H. 

Ex. 1. The 6th term of an H. P. is T ^, and the 1st term 
is i, find the intermediate terms. 

Inverting, we have 3 and 13 as the 1st and 6 th terms of 
the corresponding A. P. 

Hence 13 = 3 + 5 d t or d = 2. 

Therefore the intermediate terms of the A. P. are 5, 7, 
9, 11. 

Hence the required terms are J, h tV 


Ex. 2. If the first three of four numbers are in A. P., and 
the last three in H.P., then the product of the means equals 
the product of the extremes. 

Let a, b y c, d be the four numbers. 

Then, since a , b, c are in A. P., we have, by Art. 31, 

»“*(* + «). 0 )- 

And, since b, c, d are in H. P., we have also, by Art. 31, 


2 bd 

C b + d . 

Substituting in ( 2 ) for the value of b in ( 1 ), we have 

c = or be + cd - ad + cd; 

b + d 


( 2 ). 


or be = ad. Q.E.D* 
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Ex. YL 

1. Insert 7 harmonic means between 1 and 

2. Insert 6 harmonic means between 2 and f. 

3. Continue to 4 terms each way the series 2, If, If. 

4. If P, Q, It are respectively the /?th, gth, and rth tenns 
of an H. P., show that 

QR (q - r) + RP (r - j?) + PQ (p - g) =0. 

5. Given P, Q, the jt>th and gth terms respectively, find tlie 
wth term. 


6 . What quantity must be added to each of the quantities 
a, by c in order to form an H. P. ] 

7. If 8, 8 f be the sums of two infinite series whose first 

1 

term is 1 and common ratios r and r', then will 8 , 8 , --— 

beinH. P. r+I-2r, 

8 . If a, b , c are in H. P., show that 

a - b : a :: a - c : a + c . 


9. If G, H be the geometric and harmonic means between 
a and b f show that 

b = G - JGZJ*. 

JO + H + JO^TR 


10. The sum of three numbers in H. P. is If, and the 
sum of their reciprocals is 8 f. Find the numbers. 

11 . If H be the harmonic mean between a and b, and H 2 
the harmonic mean between a and H, and also H 2 the har¬ 
monic mean between H and b, show that 

Hj j H 2 \ \ & + 3 5:3d + b . 

12. If A lf A 2 , be the arithmetic means corresponding to 
the harmonic means H 2 in the last example, 

A 2 H 2 = A 2 H* 
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We observe—as on Page 1G4, (1), ( 2 ), Yol. I.—the following laws : 



1. The coefficient of the first term is unity; that of the second term the sum of the letters 
KK <kc., taken singly; that of the third, the sum of their products taken two together; 
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algebra, 


+ o .2 

r %'S 

■* ©a 

a > 

^ s^a 

a^ 1 

„ <13 2 
rS-3 * 

ill 

^ I § 

a-M 


^-§5° 

M 3* 


+ +•§ 
*C>* 

+ + 


*s ^ 

* 8 
© 

- 1 

° 1 

'S & 

8 .b 

-OS 

§+* 

& a <8 

§£? 

► |.3 

§ <H g 

2 r3 ^ ® 

s.S a g 

■♦* a © s 

3 §£ tfl 

• H 


If | J 

+ 11 b * 
« « 3 S 
i a a «§ 

S ^ 8 s 

ft. rt 

+ 8 -2 S 


3, _ O 

s + 
+ + + 
e ^ 

8 »0 * 


>nd so ^ s = -r-Z-K -' V &c. 
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Also p n = b . b . b .... to n factors = b\ 

Hence, substituting in (3), we have (a + b) n 

*= a* + na n ~ 1 b + 6 *+ ? ) ft —» 6 » 

+ &c. + 6 ”. Q.E.D . 

For exercises upon this formula, the student is referred to 
Ex. X., Yol I. 

Cor. 1. If a = 1, b =s a;, we have, since a n , a”” 1 , <fcc., each = 1, 

n i r y i , ljr , »( n - 1 ) r . , **(»-!) (»-2) . 

(1 + xy 1 = 1 + nx + —j—g+ j— 2—3 - ^ 

+ (fee. + £C n . 

= 1 + C x x + Cg? + Cgcc 8 + <fcc. + 

where C 1; C 2 , C„, &c., C n represent respectively the number of 
combinations of n things taken 1, 2, 3, <fec., n together. 

Cor. 2. Since the coefficient of the (r + l)th term is C r , we 
have, by Art. 25, 

The (r + l)th term of the expansion of (1 + x) n 
_n(n-\)(n-Z)...(n-r+l) r 

- -—-—- / af, or, as it may be written, 

u? 


n-r 


of. 


34. The coefficients of the terms equidistant from the 
beginning and end are equal . 

For (Art. 33, Cor. 1) the coefficient of the (r + l)th term 
from the beginning is C r , and that of the (r + l)th terra from 
the end is C w _ ^ 

Now, in Art. 26, we have shown that C r = C n _„ and 
hence the truth of the proposition. 

35. To find the middle term of the expansion of Q \ 
fl.) Let n be evm, 
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Then, as there are (n + 1) terms in the expansion, the 
middle term will be the + l)th term. 


Hence (Art. 33, Cor. 2) putting ™ for r, we have 
Middle term 

n(n - 1) (n - 2)-(n - *-+ 1) ^ 

= -:--- x\ 

1.2.3_“ 

»(»-l)(«-2)....(? + l) 

=-—--. 

1.2.3....? 




We may transform this expression thus: 
Middle term 

«(«-!) («-2)....(?+l).*(?-l).. 


.. 2 . 1 


« 

r* 


1 . 2 . 3 .. 2 . 


2 


n (n - 1) (n - 2)_4.3.2.1 i. 


(■.as....;)* 


or, separating the even and odd factors, 


_ fw(« - 2)- *.2} x — 1)-3.1 t t 

25 { ^ (? “ ! )- 2. 1 J. . {l. 3.5....(»-!)} 


(l. 2.3 .. .. 
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or, striking out common factors from numerator and deno¬ 
minator, 

= 2* 1 3.5.... (n - l )^y 
(2.) Let n be odd. 

As there are (n + 1) or an even number of terms in the 
expansion, there will evidently be two middle terms. These 

are the - * ~)th and ( - + l)th terms 


The coefficient of each may be easily shown to be 


n (n- 1) (n-2) . 

1.2.3 


71+1 

n-l 

«TT ,or 2 * 

2 


1.3.5_ 

1.2.3.... 


n 

1TTT 

2 


86. To find the greatest coefficient in the expansion qf 
(1 + x) n , n being an integer. 

Since (Art. 31, Cor. 1) C r represents the coefficient of the 

(r + l)th term, and we have shown that C r is greatest, if n 

n 7i—l 

be even, when r = - -; and if n be odd, when r = —— or 


n + 1 


2 

(see Art. 20), it follows that: 


(1.) When n is even, the greatest coefficient is the 

Q ♦1> ; 

(2.) When n is odd, the greatest coefficients are the 
(5-^i + l)th and ( —t 1 + l)th, or the (tL±i)th and 

the (-■■ * 3 )tb coefficients. - 

These evidently correspond to tto coefSic\£u.\& oi 
middle tenm 
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And generally, 
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We have therefore 
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► 


ien there is no restriction as to the value of m tnd n. 

Let n = - m, when m is a positive quantity. 

\W» f.hen have /(wt) ./(- m) = f(m - m) = /(0). 






But from (2), putting n = 0, we have/ (0) = 1, and hence 
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jcfr proves the Binomial Theorem for any negative index, 
have therefore shown it to be true for any index. 





38. To find, the sum of the coefficients of the expansion of (1 
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By Art. 33, Cor. 2, (r + l)th term 




n(n—l)(n-2).... (n-r+2) n - r + 
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0.ny teim as nearly equal to x times the preceding term as we please. (It must be remembered 
that we are not considering here the sign of the term). 
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Now (- -t— } _ l) x = 0, when r = n + 1, and this 

cannot be except when n is integral and positive. From this 
we learn that there are only (n + 1) terms in the expansion 
of (1 + x) n when n is an integer and positive, and that 
there is no limit to the number of terms when n is negative 
or fractional. 

It follows therefore that ivhen n is fractional or negative , 
there cannot possibly be a greatest term if x be > 1, since by 
increasing r sufficiently any term may approach as nearly to 
x times the preceding as we please, and there is no limit to 
the value of r. 

We will now consider separately the cases in which a 
greatest term is possible. 

It will be necessary only to consider x as positive; for 
when x is negative, we may put x = - y y and find the 
greatest term in the expansion of (1 + y) n y and this will be 
the greatest term required. 

I. Let n be integral and positive . 

Now when - 1V# = 1 we have r = 

(a.) Let ^ n x ~ + ~| X be integral. 

Then there is a term corresponding to the value of this 
fraction such that it and the next succeeding term have 
the same magnitude, and are the greatest terms of the 
expansion. 

Hence the rth and (r + l)th terms are the greatest terms 

when r = ^ n ——. ] x an integer. 
x + 1 

(b.) Let he a fraction . 

v 7 x + 1 

Then + - - l)oj < 1, when the value of r is the in- 
(n + 1) jtj 

teger next greater than ' -^—» 
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Hence the rth term is the greatest term for the value of r 

corresponding to the integer next greater than —— 

•C + i 


TL Let n be fractional and positive . 

It has been shown that when x is greater than unity there 
cannot be a greatest term. 

When x is less than unity the conditions are exactly as in 
I. above. 


III. Let n be negative. 

We have shown that here, as in II., there is no greatest 
term when x is greater than unity. 

When x is less than unity , let* n - - m. 

Then (» ±1 - l)«f = - + l)*. 

When f m -~ - + 1^ aj = 1, we haver = (”* x t 

(a.) Ze$ — - ^ X integral and positive. 

Then, reasoning as before, the rth and (r + l)tli are the 
greatest terms when r = — -1^-5 a positive integer. 

(5.) Ze£ fo . be fractional and positive. 

Then, as above, the rth is the greatest term for that value 
of r corresponding to the integer next greater than 

(r.) Let be negative. 

In this case, since x is less than unity, m 

unity. 
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40. To find the nth root of N, when N is very nearly an nth power of a rational quantity . 
Let N = a n + b, where b is small compared with a n . 




Then 
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( < »* + & , +2&c + c , >- = r 1 = c -(» + « jj _ ^i±l( 2 _^ + ?!±i s ) + («>+l) (w + 3). jj!l ...(2). 





t £jr with the quantity 
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We have then to show that is a proper fraction, and 

2 a 


therefore has no influence upon the integral value of the 
remaining figures of the root. 

We assume that b contains n digits; and therefore b 2 con¬ 
tains not more than 2 n digits. 

But a , since it contains the n + 1 figures of the root 
already found, and also n ciphers, occupying the place of 
those already to be found, must contain 2 n + 1 digits. 
b 2 

Hence — is less than 
2 a 


unity, and the proposition is proved. 


This result has been assumed and illustrated by an example in 

Vol. I., p. 186 . 


43. When n + 2 figures of a cube root have been obtained 
by the ordinary method , n more figures may be found by 
dividing the remainder by the next trial divisor , provided that 
the whole number of figures in the root is 2 n + 2. 

Let N be the number whose cube root is required, a the 
part already obtained, and b the part required. 

Then Z/N = a + b 

.*. N = a 8 + 3 a 2 b +3 ab 2 + b\ 
or N - a 3 = 3 a 2 b + 3 ab 2 + b* 

. N - a 8 _ , b 2 b* 

“3 d 2 a 3/ 

Now N - a 3 represents the remainder after obtaining 
the part a of the cube root, and 3 a 2 is the next trial divisor. 

Hence we see that on dividing the remainder by the next 
trial divisor we get the required quotient b , together with 

... b 2 b 8 
the quantity — + — 
a 3 ar 

Now, in order that this may not affect the integral value 
of the remaining figures of the cube root, we must show that 

— + -s—=- is less than unity. 
a oar 

Since b contains n figures, we must have b < 10*. 

And since a contains 2 n + 2 figures, a cannot be less 
than 10 2n + x but may be equal to or greater V\\*.w W n + 
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• I + JL « ^ l™")* + t 10 ’)* 

*' a 3 a’ — 10 J “ + * 3(10 2 “ +, ) a 

< ro + j~w^’ anA : - <h 

Hence the truth of the proposition. 

This result has been assumed and illustrated in Vol. I, p. 193. 

44. We shall now work out a few examples on the 
Binomial Theorem. 

Ex. 1. Expand to four terms the expression (1 + 3 x) ~ K 


(1 + 3a:) - * = 1 +(-§-). 3* + 


-K-l- 1 ) 


+ -17273- + 

= 1 - 5x + 20 ** - - 20 -a* + &c. 

u 

Ex. 2. Find the (r + l)th term of the expansion of 
(2 - 5 a;)" 4 . 

(r + l)th term 

= - iA - 4-1) (-4 — 2) ■ . . . (-4—r+1) 2~ 4 ~ r I- 5xY 

= iz ^ • j • 5 • 6 • • • • ( r + 3 ) o-i-r (- l)' . (5x) r 


1.2.3_ r 


_ , 4.5.6.. .. r (r + 1) (r + 2) (r + 3) o -*-r /r, „y. 

{ > * 1.2 . 3 . 4 . 5.6 .. .. r - 

or, since (- 1)*- = 1, 

_ (r+l)(r + 2) (r+3) (5 a:)- 
1.2.3 2 r+4 " 

Ex. 3. If * be very small, show that 

f 1 - * , 2 *)* . + (? . + IjL* = 2 - 4 *, uwftj. 

2 + 5x - (1 + 4x)i 
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Expanding and retaining terms containing the first poioers 
of x only, we have 

(1 + 2# + (1 + 3 a)* 

2 + 5* - (1 + 4 x)i 

(1 + 4.2 *) + (1 + i . 3 *) 

2 + 5* - (1 + $. 4*) 

- rr§? " (8 + ^ (1 +3x >~'i 

or, expanding as before, 

= (2 + 2 a?) (1 - 3a?); 

or multiplying out, and neglecting the term involving a?*, 

= 2 - 4a?. Q.E.D . 


Ex. 4. If p and q be very nearly equal, and n an integer, 
show that 

(P )l =. (» + V P .. + ( w ~ 11 1 nearly. 

v q > (n - 1) p + (« + 1) q * 

%P (P + 9) + (p ~ g) 

We have? = £+? = -- 2-LJ. _' 

q 2 q (P + q) - (P - <l) 

p + q P + 9 


1 +P-Z-1 

P + g 

i _ p - i 

p + q 

. ^i+£_z_2^ 

• (Z)n ^ P + l'_ . 

' (i 71 - E T 

\ p + q) 

expanding and retaining only two terms, since p - 5 -is very small, 

1 + l.P^Ul 

_ ^ + q _ n(p + q) + (p - q) 

~ 1 _ 1 p - g ~ »(i> + ?) - 0» - ?) 

n ' p + q 

(n+ l)p+(n-l) g 
(n - 1 ) + (w + 1 ) gr 
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Ex. 5. Find the limit of ^1 + - ^ > when x increases 
without limit. 

Expanding by the Binomial Theorem, we have 
V xf lx 1.2 o? 1.2.3 o? 




■'♦r’rf* 


1.2.3 


+ (fee. 


When x increases without limit, each of the quantities 
12 3 

-3 &c., decreases without limit, and beoomes ultimately 

os x x 


zero. 

. Hence, when x is infinite, 




1 


1 . 2 


1.2.3 


1 


1 + 1 + 1 . 2 + 1.2. 3 


+ (fee. 


It is usual to denote this series by the symbol e; it is the 
base of the Napierian system of logarithms. 

We therefore have 

Limit of ^1 + J when x is infinite = e. 

The approximate value of e is 2*71828. 


Ex. VII. 

Expand to four terms the six following expressions: 

1. (1 + x)\ 2. (3 + 2a:)*. 3. (4 - 5 a:)-’- 

4. (a + ba?)- 1 . 5. (1 - 2 a: + 3 a?)" s . 6. 

\x y / 

Find the middle terms of: 

7. (a + b) 9 . 8. (3 + 5 x) 19 . 9. (a 2 - b 2 )*. 

10. (x + i)*“. 11. (3 + jy. 12. (4 a* - 3 bW- 
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Find the general or (r + l)th terms of; 

13. (3-5*)-*. 14. (ax+ 15. (a* 

16. If m C p represent the jt>th coefficient of the expansion 
of (a + x) m , show that m C p + m C p+ 1 = m + 1 C p+ 1 . 

17. If P be the sum of the odd terms of the expansion 
of the binomial (a + x) m , and Q the sum of the even terms, 
then will P 2 - Q 2 = (a 2 - a 2 ) m . 

18. In the last example, 4 PQ = (a + xf m - (a - x)- m . 

19. Show that 1 + A + <fcc. = 4. 

20. If A, B are two consecutive coefficients of the expan¬ 
sion of (1 + x) n y show that the coefficients after B are 

g nB - A -g (rcB - A) (n - 1 . B - 2 A) ^ 
(n + 2) A + B’ ‘U + 2.A + B) (n + 3. A + 2B)’ 

/ 1\ 5 

21. Find the greatest term of the expansion of ^2 + - j. 

/ l\ -s 

22. Find the greatest term of the expansion of ^ 1 - - J 

23. Show that 

3 /—;— ifi.l x 1.4 a? 

1.4.7 a? . ) 

+ 3.6.9 (a + x) v / 

24. If n be a positive integer, prove that 

1 - 2» + 1)-‘. 


(a + *)* 


= (- 1 )— 

2 ( 121 )* 

25. If n be an odd number, show that 

, 2 n (2 n - 1) . 2 n (n - 1) (2 n - 2) (2 n - 3) 

1 + —0— + E 
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26. Show that 

1.2. 3....y. + 1 1 q 

(g + 1) (? + 2)....(p + S' + 1) p + 1 + (i) + 1) 0» + 2) 

. g (g - *) + &c + g(g~l)--2. 1 

+ (p + 1) (p + 2) + 3) • 0> + l)....(p + y+ f) 

1 p ~ P (P ~ 1) 

+ qTT + (9+ l)(g + 2) + (g + 1) (g + 2)17T3) 


+ <fcc. + 


P (P - 1)-2-1 


(g+ 1)- (p f q + 1)' 

27. If a, 6, n are positive integers, and b Jess than 
2 a - 1, show that the integral part of (a + Ja? — b) n is 
an odd number. 


28. Show that the integral part of (1 + N /3) Sm + 1 contains 
2 m +1 as a factor. 

29. Find the coefficient of as m in the expansion of 

p + qx 
q + rx 

in a series of ascending powers of x, and show that if P and 
Q be the coefficients of according as it is expanded 
according to ascending or descending powers respectively; 

thenPQ= -<ELZ*>\ 

q jr 

30. Prove that the coefficient of af in 

' (1 + 2 x + 3 as 2 + <&c. ad inf.) 3 

is ? (r + 1) (r + 2) (r + 3). 


31. Show that if R is the remainder, after taking n terms 
of the expansion of (1 - »)“ a , then 

( n + l) ajW nx n + 1 

(TT5F ' 

" / ~ l\ 2w 

32. Find the middle term of (as + -J , and sbovrthat the 
numerator contains 2 n as a factor. 

5—11. E 
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33. Show that il ,~ X T = 1 + , l - T . 

l!i \ n l n ~ 1 —« 

+-1_ _ — + &c. 

+ [ 8 . |»-2 •(!-*)» + 

34. Prove that ^a + 

= (* n + gr») + 2n ( a?n ~ t+ ^^=i) 

8 n (2^.) +&c . + 2 n.l-3.5 (2n-jj 
1:2 \ a*"- 4 / [n 

35. When a is small, show that C 1 + # + 0 ~ 2a |)* 

(1—3 a;)* 

= 2 + nearly. 

Z 

36. If a; be greater than a , prove that the sum of all the 
terms of the expansion of (x + a) n but the first two is less 
than (2 n - n - l)aa n ~\ 


CHAPTER VI. 

INDETERMINATE COEFFICIENTS AND PARTIAL FRACTIONS. 

Indeterminate Coefficients. 

45. If a + bx + cx* + dx* + &c. = 0 for all values of x, 
then each of the quantities a, b, c, d, &c., must he zero . 

Since for all values of x it is true that 

a + bx + ca? + da? + <fcc. = 0... f ...... f ...(l), 

$t must be true when x = 0. 

Putting, then, x = 0 , we have a = 0 . 

Hence, from (1), bx + pa? + da? + &c ? = Oj 
or, dividing each side by a;, 

b + cx + da? + &c f = 0 f 
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Since this is also true for all values of x , we may put x ~ 0 
We then get 6 = 0. 

And so we may show that c = 0, d = 0, &c. 

Cor. If for ^aU values of x we have 
A + Bx + Cx + Dx 3 + &c. = a + bx + cx* + dx 3 + &c.; 
then we must have A = a, B = b, C = c, &c. 

For, transposing, 

(A - a) + (B - b) x + (C - c) a? + (D - cl) a? + &e. = 0. 

Hence, by the above proposition, since this is true for all 
values of x, we have 

A - a = 0, or A = a; 

B - b = 0, or B = b; 

0 — 0 = 0, or C = c; &c. 

In many algebraical transformations the above proposition 
is especially useful. 

Ex. 1. Given x = y - 3 y 3 , find y in a series of ascending 


powers of x. 

Here x = y — .(1). 

Assume y = ax + bx? + cx? + dx? + &c .(2). 


We have not introduced a constant term into the series 
for y, for from (1) we see that, when x = 0, y = 0. 

Squaring (2), we have 

f = dx? + b 2 x? + &c. 

+ 2 aba 5 s + 2 acx? + <fcc. 

= arx? + 2 aha? + (b 2 + 2 ac)x? -h &c .(3). 

Hence, substituting in (1) from (2) and (3), 

x = (ax + bx? + cx? + dx? + &c.) 

- 3 {a?x? + 2 aba? + (l? + 2 ac) x? + &c. ]■ 

*= ax + (6 - 3 a?) a? + (c - 6 ab) a? + (a - 3 b 2 - 6 ah) x 4 + &o. 

Equating the coefficients of like powers of x on each side 
of this equation, we have 
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a = 1. 

ft - 3 a 2 = 0, or ft = 3 x 1* = 3. 
c-6a6 = 0, orc=6 x 1 x 3 = 18. 
<f-3ft 2 -6ac = 0, or<f=3x3 2 + 6xl x 18 = 135. 
&c. 

Substituting these values of a , b , c, <7, &c., in (2), we get 
y = x + 3x + 18 ie* + 135 a? 4 + &c. 


Ex. 2. Express the quotient of r— + > in ascend- 

1 — Z x + 7 ar 

ing powers of x. 

Let -— - * - x = a + bx + cx? + d& + ex* + <fcc.(1). 

1 — u X + t X* 


Clearing of fractions, we have 

1 + 5x = a + bx + cot? + dx? + ea£ + <fcc. 

- 2 ax - 2 foe 3 - 2 ccc 2 - 2 cfo 4 - d:c. 

+ 7ao a +7&c* + 7ca5 4 + &c. 

« a + (ft-2a)o; + (c-2ft + 7a);B* + ('7-2c + 7 ft)a^ 
+ (e - 2 d + 7 c) a 4 + <kc. 

Hence, equating coefficients of like powers of x, we have 
a = 1 

ft - 2 a = 5, or ft = 5 + 2 x 1 -5. 

c-2ft + 7a = 0, or c = 2x7-7xl=7. 

d-2c + 7ft = 0, or <7=2x7-7x7 = -35. 
e-2d+ f Ic~Q, or e = 2 (-35) - 7 x 7 - - 119. 
<fcc. 

Hence, by substitution in (1), we have 

_J_JtJj-g— = 1 + 7a: + 7a? - 35 a? - 119- &c. 

1 - 2 a + 7 a: 2 


Ex. 3. Find the square root of 1 - x + x\ 

Let - x + a? = a + bx+ ex? + dod + eX t + <kc.(l). 

1 - x + x? = a 9 + ft 2 ar* + cV + drc. 

t 2aft(c + + 2adar* + 2aeat + dre, 

+ 26c»* + 2ft<to 4 + &o* 
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Hence, equating coefficients of like powers of x, we hare 
o* = 1, a = 1. 


b* + 2 ac = 

i, . 

. 1 - b* 

' ° 2 a 

3 

8* 

2 ad + 2 be = 

0 , . 

» be 

. a = — - a= 

a 

3 

~ 16’ 

c*+ 2 ae + 2 bd = 

0 , 

<r*+2 bd 
'■ 6 2 a 

- 21 &C. 

64’** 


Hence, substituting in (1), 


<s/l -<c + » i, = 1 - ]-x + + <to. 

J o lo 04 


Partial Fractions. 


46. When the denominator of an algebraical fraction can 
be broken up into factors it is always possible to separate the 
fraction into two or more fractions having denominators of 
lower dimensions. The limits of this work will only allow 
space for one or two examples. We shall not enter upon the 
general theory. 


Ex. 1. Resolve 
Since 


3 x + t 


into partial fractions. 


assume 


ar* + as - 30 
ar 1 + as - 30 = (as - 5) (as + 6), 
3 as + 7 A B 

as - 


x + 6 


a? + as — 30 
Clearing of fractions, then 

3 a; + 7 = A(a; + 6) + B (as - 5) 


(!)• 

( 2 ). 


We may now proceed by either of the following methods: 

I. First Method . 

Collecting like terms, we have 

3a; + 7 = (A + B)as + (GA - 5B). 
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Equating coefficients of like powers of x, then 

and6A A - + 5B = 7 } > from which A = 2, B = 1. 

Hence, from (1) by substitution, 

3a; + 7 = 2 1 

a? + x - 30 aj - 5 a; + 6’ 

II. Second Method . 

To find A, we shall in (2) make the original denominator 
of A, viz. x - 5, equal to zero. And similarly for B. 

Thus we have in (2) 

3 x + 7 = A (a; + 6) + B (x - 5). 

Put aj — 5 = 0, or x = 5, then 

3 x 5 + 7 = A (5 + 6), or A = 2. 

Put a: + 6 = 0, or x = - 6, then 

3 ( - 6) + 7 = B ( - 6 - 5), or B = 1. 

Hence, as before, 

3a; + 7 = 2 1 

a; 2 + - 10 x - 5 x + 6* 

It is often more convenient to follow the second method. 

Ex. 2. Besolve ---—-—— -— into partial 

(x - l) 2 (x + 2) (a; + 3) * 

fractions. 

Assume 

1 _ A B 0 D n) 

(x - l) s (x + 2) (* + 3) («b-1) s *-l x + 2 x+3 . 

Then, clearing of fractions, 

1 = A (x + 2) (* + 3) + B (* - 1) (as + 2) (as + 3) 
+ C (as - l) a (as + 3) + D (x - 1) J (as + 2).(2). 

Put as - 1 = 0, or as = 1, then 

1 = A(1 + 2) (1 + 3), or A = ,*j. 

Put as + 2 = 0, or x = - 2, then 

1 = C (- 2 - l) s (- 2 + 3) = 9 C, or O = l. 
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Put x'+ 3 = 0, or a; = 3, then 

1 = D (- 3 - l) 3 (- 3 + 2) = - 16 D, or D = - 
We have thus determined A, C, D. 

We cannot thus find B, but shall proceed as follows : 

In (1) substitute the values of A, C, D just found, and 

transpose : then - 

x - 1 

i _ l _ 1 + _!_ 

(as- l) 2 (as + 2) (a; + 3) 12(a;-l) a 9(» + 2) 16(*+3)5 
or, simplifying, 

_'-7(»-l)(»+2)(»+3)__ 7 

144(*-l) f (x + 2) (®+3) 144 (a; - 1)’ 

,-.B = - 
- '144 

We have therefore from (2), by substituting in (1) the 
values of A, B, C, D, obtained 

_ 'JV _ 

(a; - l) a (as_+ 2) (<e + 3) 

l r 7 , 1 _ 1 

12 (x -,1)V” 144 (a: - 1) 9(* + 2) " 1C(*+ 3)' 

Ex. 3. Find the partial fractions of ,^ X 1 - . 

x + ar + 1 

The factors^ of the denominator are a? + x + 1 and 
a^-as+ 1. 

We shall assume the numerators of the required partial 
fractions to be of the form Ar + B and Cx + L> 
respectively. 

We then have 

3a; + 5 __ Ax + B Ca; j- D 

as 4 + as 8 + 1 ar* + a; + 1 or 1 — x + 1 v/ 

Or 3as + 5 = (Aa; -f B) (as 3 - as + 1) + (Ca; + D) (as 2 + a; + 1)...(2). 
Let x? + x + 1 = 0, or as 3 = - x - 1, then from (2) 

3a; + 5 = (Aaj + B)(-«-l-a+l) = -2Aar-2Ba; 
- - 2A( - a - 1) - 2 Bo; 

= (2A - 2B)a; + 2A. 
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Equating coefficients of like powers of x, then 
2 A = 5, or A = f; 

and 2 A - 2 B = 3, or 2B = 5 - 3 = 2, oi B = 1. 

And similarly we find C = — f, D = 4. 

Hence, from (1), 

3 a; + 5 _ 5 x + 2 _ 5 x - 8 

X* + x* + 1 2 (a? + x + 1) 2 (ar* - x + 1)* 


Ex. YIH. 

1. Find a: in a series of ascending powers of y, when 
y = 2x - 5 x*. 

2. Find by the method of indeterminate coefficients the 

,. . - 1 - 2 x 

quotient of —-—. 

(i - xy 

3. Find the cube root of 1 + 3 x + 4 a?. 

4. Express by a series the difference between (1 — 3 x )~ 1 
and (1+2 x)~ \ 

5. Find the sum of the series l 2 , 2 2 , 3 2 , <fcc., to n terms. 

C. Show that l*+2 J +3 , +4 3 + &c.+w 1 ' = | n ^ l 

Itesolve into partial fractions : 



x + 9 

8. 


1 


(x + 

3) (* + 5)' 


(*» - 

- 6) (or* + 8)* 



1 

10. 


1 


7? + 

6 a^ + 11 x + 6’ 

x (1 

+ a) 2 (1 + x + a?) 

4 x 2 

+ 03-1 

12. 

3 



3 a 3 - 

- 4 x'- + x 


i + 




1 

14. 


1 


^ + 

x) (03 4 - 1)* 


(x + 

a) (x + b) (x + 

<•)" 


X 

16. 


a 2 


(x + 

a) (x + b) {x + c) 


(x + 

a) (x + b) x + 

~+ 


1 

18. 


a? + mx + n 


«? + 

Gar 1 + 16a - 21’ 


(x + 

a) (a + b) (x + 




THE EXPONENTIAL THEOREM. 


73 


CHAPTER VII. 

THE EXPONENTIAL THEOREM.—LOGARITHMIC SERIES. 

Exponential Theorem. 

47. To expand a x in a series of ascending powers of x. 
a* = {l + (o - 1)}* 

= r+ + - 1) 1 

+ X J* Z J IJPL ZJ ) (a - 1)* + ic. 
1.2.3 

. 1 + *(« - I) - 1)’ 

t t - <„ - 1)' + 

Collecting the terms involving the first power only of x, 
we have 

a* = 1 + {(a - 1) - i (a - 1) J + J(a - l) 3 - «fcc.} * 
+ terms in or 1 , sc 3 , ike. 

Assume then 

a* = 1 + Ax + Bar* + Cos 8 + <fec.(1), 

Where A = (a - 1) - £ (a - l) 2 + £ (a - l) s - ike. (2). 

From (1), squaring and arranging, we have 
a 2x = 1 + 2 Aa? + (A 2 + 2B)sc* + (2C + 2 AB) a? + &c...(3). 
But from (1), putting therein 2 x for x , we also get 
a 2 * = 1 + A (2 x) + B (2 xf + C (2 a) 8 + &c. 

= 1 + 2 Ax + 4 Bos 2 + 8C^ + ike.(4). 

Hence the senes in (3) and (4) are identical, and we may 
therefore equate the coefficients of like powers of x. 

Hence 4 B = A 2 + 2 B, or 2 B = A 2 . Therefore B = 

1.2 
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AS A* 

8 C = 2 C + 2 AB,or 6 C = 2 A. -j—‘* C = 17273* 
Hence, substituting in (1), 


<fcc. 


«* -1 + Aaj + ~ + — 
* ~ 1 "T 1 .2 1.2.3 


+ (kc.. 


.( 5 ). 


Since this equation is true for all values of x, we may put 


1 


Ax = 1, and x = a* 

JL 11 

We then have aA = 1 + j- + |^ + j 2 3 
Hence, by Art 42, Ex. 5, 

= e, ora = e\. 


+ etc. 


.( 6 ). 

Taking the logarithm of each side of the equation to 
base e, we get A = log, a..(7). 

Hence, substituting in (5) for this value of A, we get 

«* = 1 + xlog ‘ a + (x log ' a f i ( a!lo g> a )* + &c 
1 1.2 1.2.3 

The (n + l)th term of this series is > and the for¬ 

mula itself is known by the name of the Exponential 
Theorem. 

Coe. 1. Put a = e, then since log, e -■ 1, we have 
* ** a* . 

1 + 1.2 + 1 . 2.3 + &C ‘ 

Cor. 2. Since in (7) we have A = log e a, it follows at once 
from (2) that 

log.® = (« - 1) - £ (a - l) 3 + } (« - !)* - 


Logarithmic Series. 

48. To show that log, (1 + x) = x - ^ x 3 + -^ x 8 - &o. 

2t o 

and that log, (1 - x) - - x - ~ x 3 - — x 8 - &c. 

A o 
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In Art. 47, Cor. 1, we have 

log, a - (a - 1) - ^ (a - l) a + - 1) J - <fcc. 

Put 1 + x for a , and therefore x for a - 1, then 

log. (1 + ®) = » - + - ^.(!)• 

Now put - x, then 

log, (1 - x) = - x -—** - - &c.(2). 

These series are not suitable for the calculation of loga¬ 
rithms. We proceed to obtain from them more convergent 
series. 

49. To show that log e (n + 1) 

-^• n + 2 {aTTT + S • (T5TTj> + 5 ' (2nTi)* +Ac *}‘ 

Now log, * + - = log, (1 + x) - log, (1 - x) 

I — X 

_ (_ « - &C-) 

= 2 (a? + ^ sc 3 + i + &c.).(!)• 

Since this is true for all values of a;, we may put 

j - + ? = and therefore also x = —-- • 

1 — x n m + n 

We then have log, ?? 

= 2 (?LrJ? + 1 + if—'V+ } (2). 

I m + n 3 \7?i + nJ 5 \m + w/ J 

Now put 77i =* ?i + 1, and therefore 

9» - n sa 1, and m + w = 2 n + 1 3 
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Then we have log, n + * 


_ o f 1 . 1 1 .1 1 , ) 

\2n + l + 3'(2 n + l) s ' r 6 * (2 n + 1)‘ + J* 
Hence, transposing, log, (n + 1) 

= log.n+ 2{ 2 —n+ g . ^ 2n+ jj*+ g • (2w+l) s + &C '} ; 

an important series', by which the logarithm of any number 
may be easily computed when that of the next lower is 
known. 

50. To show that log 9 (x + 1) 

= 2 log. x - log. (x - 1) - 2 { + \ . . 

We have in (2) of the last Art., putting 

m = x 1 , and n = a? — 1, and therefore 
m - n = 1 , and m + n = 2 x 2 — 1 , 

Io8 *arr"l = 2 { 2 1 + 3* (2 lc 1 - 1)* + 

But log. - log. (> - ^ _ T) 

= 2 log. a: - log, (x + 1) - (x - 1). 
Henoe 2 log,® - log, (x + 1) - log, (x - 1) 

= 2 { 2^-1 + 3 ‘ (2 a? - l) s + &C ‘ }‘ 

Or, transposing, log, (x + 1) 

‘ 210 -"*-‘»s-<*->>- 2 { sr=i + 3 + }■ 

This is a very useful formula, by which the logarithm of 
any number is found from the logarithms of the two numbers 
next preceding. 

51. To show that , when x is large , whatever he the base , 

2 log x = (x + 1) + log (x - 1) 

1 / - , 1 1 . ) , x + 1 

+ i!7i 1+ «? + 90? + M 
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Now, log. ^— x = - log.^- 1 = - log. (1 - 

/ 1 1 1 11 . \ 

" \ 9? 2 ' x* 3‘ a*~ **•) 

.( 1 ). 


And log, s LLl = log,-and therefore, by Art. 49 (1), 

X — 1 

( 2 ). 


= L+1.1+1.!. 

9 ? 2 9 * 3 9 *' 

l + i 


Dividing (1) by (2), we have, after performing the 
division, 


Now, log. 


9 ?-\ 


= 2 log. X - log, (x + 1) - log, (* - 1); 


x + \ 

Hence, multiplying each side of (3) by log*--, and trans- 

X — L 

posing, <fcc. 

2 log, x = log, (x + 1) + log, (x - 1) 

7 


lx { 1 + 6ar*' 


+ & c 1 w x + 1 
90 x 4 + *°' j g *^TI' 


.(4). 


Now it is shown (Art. 50) that 

log* x = log* a . log a x. 

Hence we may replace the base e in (4) by the base a , 
if we introduce the factor log* a into every term. Dividing 
each side of the newly-formed equation by this factor, we 
then get the formula in (4) expressed thus: 

2 log. x = log. {x + 1) + log. (x - 1) 

+ tz l 1 + 6 J ? + $h : + *°- } log *irr* 
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Logarithms to base e are called Napierian logarithms, 
from their inventor. 

It is evident that, by the series of the last articles, and 
by similar series, Napierian logarithms may be calculated. 
It will be necessary to use each series however for prime 
numbers only, since composite numbers may be broken up 
into their prime factors, and their logarithms easily obtained 
from those of their factors. 


Ex. 1. Find log, 2, log* 3. 
We have 


log™=2 {+&e. \ . 
n {m + n 3 \m + n/ b\m + n' ) 


Put m = 2, n = 1, and .*. 
We then have 


m-n 
m + n 


2 - 1 
2 + 1 


Or, reducing to decimals and adding 
= -6931471... 

Similarly, putting m = 3, n = 2, and 
we have 


m-n 
m + n 


1 

5’ 


or, since 


log. g = lo & 3 “ lo & 2 > 


we have, 

log.3 - log.2 + 2 {1. ♦!(>)% j(jy + fa}i 

or, performing the necessary reductions, <fcc., 

= 1 •0986122... 


Ex. 2. Find log, {>, log, JO. 

Put m = 3, n 4, and /. ff " ft = L then since 

m + n 9 
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5 

log* - = log, 5-2 log, 2, we have, by transposing, 

log.5. lk*S + + + 

or, reducing, &c., ' 

= 1-6094379... 

Again, 

log, 10 = log, (2x6) = log, 2 + log, 6 

= -6931471... + 1-6094379... 

= 2-3026860... 

Ex. 3. Find log, 16206. 
log, 16205 = log, (2» x 3‘ x 5 a + 5) 

= 3 log, 2 + 41og,3 + 21og,5 + log.( 1 + ). 

By substituting the values of log, 2, log, 3, log, 5, already 
found, and by developing log, (l + ~ ^ the re- 

quired logarithm is known. 

Calculation of Common Logarithms. 

52. To show that log*N = , . log a N. 

loga o 


Let N = a* = 6*.(1). 

Then we have, from the definition of a logarithm, 

x = log 0 N.(2). 

y = log ft N.(3). 


Again, we have in (1), a* - b*, or taking logarithms to 

se a, 

p » y loga &* 
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or, substituting from (2) and (3), 

log.N = log*N . lo g a b 

'■ l0&N "T5S6 1c&N ' 

Cor. Put b = 10, and a = e, then 

1 ”S» N - Ep,, 

Hence common logarithms may be found from Napierian 
logarithms by multiplying the latter by j— 

W e call this quantity the modulus of the common system 
of logarithms; and if we represent the 'modulus by p, we 
have 

1 1 

** log. 10 2-30258509... 


= -43429448... 


53. By multiplying by p the senes obtained in Arts. 
48, 49, and putting p log # = log 10 , we have, omitting the 
suffix 10. 

log(l + x) = n I* - i a? + ~a? - &c. | ...(1). 

log(1 -*)=/*{ -x-lx t -^a*-&c. |.(2). 

= 2/i + + |.(3). 

log ^t-2/i + J(-Z*)' + lC^) 6 + &c. ] (4). 

n \m + n 3'm + n' 5 \m + n' ) v ' 

•'•{irn ■♦ J(^)' + s(rrnr)W < 5 >- 

Jog (x + 1) 

" 2 log * - log (x - 1) - 2 | + 1 ( 2 ^ 1 ) + &c -} (6). 
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Proportional Parts. 


54. To find the logarithm of a number containing (n + 1) 
digits , when the table contains the logarithm of numbers con¬ 
taining n digits. 

We have 

log(n + S) - logn = log? 1 + - = log (l + 



1 

2 



1 

3 



Suppose n to be an integer containing 5 figures, and 8 a 
quantity less than unity. 

We then have, since p (= *434...) is < 

2 



1 

1 

and < *000000003; 

h 2n a 

4 ' 

10000 3 

8* ^ 

1 

1 

and < -0000000000002, &c. 

* 3«‘ 

6 * 

10000* 


Hence, at least as far as the seventh place of decimals, the 
omission of all the terms of the above series after the first 
■will not affect the result. 

We then have 

g 

log(n + 3) - logn = fi . -.(1). 

And, similarly, 

log (n + 1) - logn = fi . i = d suppose, .(2). 

n 

Then we have, 

log (n + 8) - logn = Sd .(3). 

Now d is the difference between the logarithms of two 
consecutive numbers; 

And 8 is the difference (less than unity) of two numbers, 
the logarithm of the greater of which is required. 

Hence we have the following rule: 

To find the logarithm of a number which lies between two 
consecutive numbers, multiply the difference of the given 
5—II. F 
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number and the next lower in the tables by the difference of 
the logarithms of the numbers next above and below the 
given number, and add this result to the logarithm of the 
smaller given number. 

This rule has been assumed in Vol. I. of this work, to 
which the student is referred for practical applications. 

Remark. Since the mantissse of all numbers, having the 
same digits, are the same, it follows that the above applies 
equally to numbers the integral part of which contains more 
than five digits. 

55. To prove that 

n r -n(n- l) r + ^"J) ( n - 2)' - »(n-lHn-2) (n _ s) , 

+ <£c. - |n, if r = n, and = 0, if r < n. 

We have 

(e* _ 1)« = e nx - n . e ln ~ 1)x + ~ D 

IJL 

_ w (» - 1) (n - 2) e+ &c 

li 

If we now expand each of the quantities e nx , e {n ~ l)x , <fcc., 
by the Exponential Theorem, and write down the coefficient 
of af in the whole expression, we have 
Coefficient of af in (e* — l) n 

n r __ (7i-l) r n(n - 1) (n - 2) r 

~TL \L. I?_ * \fL- 

_n(»-_lH»- 2) _ ( n -_3Y + . (1) . 

Again, (e* - l) n 

+ g + 1 + &c ->" 

= x n + terms involving higher powers of x .(2). 

Hence the coefficient of af 1 is unity ; and since the ex¬ 
pansion contains no terms with lower powers of x than the 
nth, we may say that 
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The coefficient of af in (e* — l) w = 1, when r - n, ) /«x 

and = 0, when r < n, j * * *' *' 

Hence from (1) and (3), equating the coefficients of af, 
rf _ n (n - l) r + n (n - 1) . (n - 2) r 

LL l r |2 | r 

_ n fa - 1) fa - 2) fa - 3) r . 

i» ' lr 

= 1, when r = Uj 
and = 0, when r < n. 

fa - 1)' + JLtlpI) (» - 2)' 

_ n_(n-l) fa - 2) (B _ 3)r + &c . 

= j_n, if r = w. 
and = 0, if r < n. 
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7. tt n+1 - n (n - l) n+1 + -1) (n - 2) n+1 - <fca 

1*2 

= - n I n + 1. 

2t - 

8. 1" - n. 2" + 3“ - &c. + (— l) n . (n + 1)- 

= ( - 1 )* 1 «. ’ 

9. l m + 2 m + 3”* + Ac. + n m = ~ + m .VLll + i K . 

m+1 2 1.2 

10. If q are each less than 1, show that —.— P\ is 

. lo S (1 - 2) 

less than —£-—, and greater than ? — HI, 

q - pq q 

11. If u r = r*, show that 

U! - mil + - u* + &c. + (- 1 ) n u n + 1 = (- 1 )" [n. 

( 1 \* 

1 + — ), when x is infinite. 

nx) 

is e n . 

13. Having given that 1.2.3.... n = J'Itt . w n+ * . e~" 
when n is increased without limit, show that 

1.3.5 _ (2 n - 1) = 2" + *. n n . 

when n is increased without limit. 

14. Hence show that the limit of 

1, 3 . 5 .. ■ (2 w - 1) 1 ifln _ 4 

2.4.6 ... 2 n 2 w- 1 * 

when n is increased without limit. 


15. Show that 

/I 25 25^ 25^ 19 25^ . P \ l /1 \ 

(1 + 2 “12 + 2 T " 720 - + &c - )log * (1 + *>=* 

16. If a = b - x, show that log e a 
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17. If a 9 + 1 = 0, show that 

(1.) «** + e~ ax = 2 | 1 + £| + ^ + &c.} 

(2.) e“ - «— = 2*{* + ^ + J+ &c. } 

18. If a , b, o are consecutive numbers, show that 

log 6 = | (log a + log c) 

, r i l l ,i l . 

+ ** \2«c+l 3 ' (2ac+l)* 5(2ac+l)" * C ' 


CHAPTER VTII. 

THE MULTINOMIAL THEOREM. 

56. It is often required to expand the powers of alge¬ 
braical expressions containing more than two terms. This 
may be done gradually by means of the Binomial Theorem, 
but the method is often cumbersome and inconvenient. By 
means of the Multinomial Theorem we are able to do this 
more concisely. 

57. To find the general term of the expansion of 

(a + b + c + d + <Lv.)\ 

Put bj=b + c + d + &c., 
andw = p + qj. 

Then the (q, + l)th term of (a + b,) n is 

”(»-!)- (±_ZJL t 1 ) 

I SL. 

» iJl - il ± !) aFb,- 

. L*. 

when q t is a positive integer. 

Put c, = c + d + e + &c., 
and q / = q +r r 


(i)» 
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Then the (77 + l)th term of b t % or (b + c 7 )*, is 

9j (?/ ~ 1)-(?/ ~ *V + 1) J, ( -r, c r 

lj> ' 

a 9i (h - !)• ■•;(? + = )-£-.&*<;»•,./o) 

li I_1 K 

where < 7 ,, < 7 , r, are positive integers. 

Hence, combining this with the expression in (1), where 
for b t *t we may substitute its general term, we find 
The general term of the expansion of (a + b + c 7 ) n 
= n (n - 1 ) , ■ . ■ (p + 1 ) aP . |fr_ ^r, 

I H>. ' \1 \H 

« a'b'cS, .( 3 ). 

Il II_ 

Proceeding in this way we shall find 

The general term of the expansion of (a+ b + c + d + <fcc.) n 

= ”("-!) . «w &0. 

I q £ &c. 

where r, &c., cure positive integers. 

Since w = p + q n q, = g + r,, r, = r + 8 n <fcc., we 
must have 

p + q + r + &c. = n } and q, r, 5 , <fea, positive integers . 

Cor. When w is a positive integer, we have 
General term oi(a + 5 + c + d + &c.) n 

= ^ i) • ■. • (p +1) • -1). -. • 1 ww ^ 

liL. L2_ l r ^ c * 

« 1 — _ a p b 7 c r <fco. 

| r <fcc. 

where jo + <7 + r + <fcc. = n. 

58. ^To expand (a 0 + a 2 x + + a#? + &C.)*. 

In the result of Art. 57, put a = o^, 6 = c^ce, 

0 = a^cc 2 , &c., then 
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General term of (a 0 + a x x + ap? + a-p? + <fcc.) n 

= -— 1 J — + ^ a 0 p fax)* {cupr) r (a#?)' Jcc. 

[£ | r 1 8 &c. ' ' x ' x 

- " ( V^"ii ( fe” ° w<,v “< A) - 


where p + q + r + 8 + &c. = n, and q, r, 8 , &c., positive 
integers . 

When 7i is a positive integer, this result, by Art. 5G, Cor., 
may be thus expressed : 

General term of (a 0 + a L x + ap? + a,^ 8 + &c.) n 

=-12_ afafafaj' . .. a? + 3r + 8 * + *°'...(B). 

\P \SL \L \1 &c * 

where p + q + r + s + &c. = ?i, and p , q } r , *, Jtc., are 
positive integers. 

Suppose now we are required to find the coefficient of the 
term involving x m . 

Taking the formula in (A) above, we have the conditions 
p + q+ r + e + &c. = 7 i, 
and q + 2 r + 3 s + &c. = m. 
where q, r, s, <fcc., are positive integers. 

Now, by assigning to < 7 , t*, s, <fcc., a# possible values , subject 
to the condition that they are positive integers, and that 
q + 2 t* + 3 s + &a = m, 


we may obtain sets of values of p , r, <fcc., which, when sub¬ 
stituted in (A), will give the partial coefficients of x m ) and 
the sum of these will give the whole coefficient. 


Ex. 1. Find the coefficient of a? in the expansion of 
(l-3cc + 4 a 3 2 -2 a*) 6 . 

As n = 5, a positive integer, we may uso the formula (B). 


We have 

p + q + ? + 8 = 5...(1). 

q + 2r + Zs = 6 .(2); 


We shall find it convenient to proceed as follows : 

1. Commence with the highest possible value of the 
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at the right of ( 2 ), viz., in this case, of 8 ; and take each 
lower value until we arrive at 8 = 0 . 

2. Then with the resulting equation—here with the equa¬ 
tion containing q 4 - 2 r —take first the highest possible value 
of r, and so on. 

3. Find the value of p from (1) by means of the values of 
q , r, 8 thus obtained. 

Thus »— 

Take 8 = 2, and :. q + 2r = 0, where we may have 
r = 0, q = 0, p = 3. 

Take 8 = 1, and q + 2 r = 3, where we may have 

r = 1 , q = 1 > 2 > = 2 , 

or, r = 0, q = 3, p = 1. 

Take s = 0, and .*. q + 2 r = 6 , where we may have 

r = 3, q = 0, = 2, 

r = 2 , q = 2,p = 1 , 

r = 1, q = 4,p = 0. 

These are all the possible solutions, and they are conveni¬ 
ently arranged thus: 


p q r 8 


3 

0 

0 

2 

2 

1 

1 

1 

1 

3 

0 

1 

2 

0 

3 

0 

i 

2 

2 

0 

0 

4 

1 

0 


Hence, from (B), since a 0 = \, = - 3, = 4, 

Og — - 2 . substituting the values of p, q, r, 8, and omitting 
from the formula every term containing a letter whose value 
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may happen to be zero, and remembering that = 1, we 
have 

Coefficient of of 

* _J® (1)* (- 2) ! + L| (1)* (- 3) (4) (- 2) 

ll L? I 2 

+ l£(l)(- 3) s (- 2) + _JI_ (1)*(4)* 
l? |2 |3 

+ 3)* (4)- + L® (- 3)« (4) 

L 2 I 1 Ll 

« 40 + 1440 + 1080 + 640 + 4320 + 1620 = 9140. 

Ex. 2. Find the coefficient of a 3 in (1 + 3 x + 6 of + 
10 of + Ac.)* 

Here n = J, a fraction ; we shall therefore use the for¬ 


mula (A). 

We have 

p + q + r + 8 + & c. = l .( 1 ). 

and £ + 2r + 3s + &c. = 3.(2). 


The equations (1) and (2) need not contain any letter 
beyond 8 ; for if we take another letter, as t, we have 

q+2r + 3s + 4:t = 3; 

and the only value of t possible is t = 0 , and so of any other 
letters. We shall therefore treat equations ( 1 ) and ( 2 ) as 
if they were written 

p + q + r + 8 = $. 
g+2r + 3« = 3, 

On trial we find the only solutions to be as in the annexed 
table: 
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so 


p q r 8 


2 

~ 3 

0 

0 

1 

5 

1 

1 

0 

3 




8 

3 

0 

0 

3 







1 9 , 


Hence the coefficient of a? 

= i (10) + (3) (6) + t-C= jHz J) (3)» 

1 1 I i) 

-S-4 + '.L 


We may verify this result. 

For 1 + 3 a; + 6 + 10 a ,* 8 + &c. = (1 - x )~ 3 

(1 + 3 x + 6 a^ + 10 sc 3 -r &c.)* = j (1 - a )” 3 
= (1 - x )" 1 = 1 + a; + ar* + a^ + &c. 


Ex. X. 

Find the coefficient of 

1. as 3 in (1 + x + ar) 4 . 

2. as 4 in (1 -2a; + 3ar i -4 sc 8 ) 8 . 

3. <** in (4 - 5 * + a?)* 

4. a^in(6 + 5a;-6 x 2 ) 5 . 

5. a? 4 in (a 0 + OyX + cfaar 2 + ago 3 ) 4 . 

6. ** in (l + 1* + + il* 3 + <fec.). 

7. a"6c s din (a + b + c + d) 7 . 
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8 . a 3 6 2 in (a + b + c + d) 5 . 

9. abc A jP in (a + b + c + d + e) 8 . 

10 . a® in (a 0 + a^x + op? + aj c 3 ) 4 . • 

11. a^in (1 + 2x + 3oc? + 4x? + &c.) “4. 

12. sc 5 in (1 + 4 x+ 10 ic* + 20 a? + 35 #* + 42 a^ + <fec.)~ 4 . 

13. Expand (1 — 3 as + 4 sc*)“* to five terms. 

14. Expand (1 + 7 a? + as 3 )* to four terms. 

15. Show that the coefficient of the middle term of the 
expansion of (1 + x + x*) m 

1 m(m - 1) ^ m(m - 1) (m - 2) (m - 3) 

12 W 


tn(m - !)....(» - 5) & 

( 13 * 

m(m - 1 ) ■... (m — 2 r + 1 ) ^ 

()_r) a 

16. If c r denote the coefficient of of in the expansion of 
(l + 2 a; + 2 a ; 2 + 2 as s + 2 as 4 + &c.) n , show that 

(tn + \)c m + 1 - 2 «c m - (w» - 1 ) c m _, = 0 . 

17. If c 0 , c lf c 2 , <fcc., be the successive coefficients of the 
expansion of (1 + 3 a; + 5 ar* + &c. + 2 jt? + I x p ) n , show that 

c 0 + c, + Cj + &c. + = (p + l) 2n . 

18. Show that the sum of the coefficients of the expan¬ 
sion of 

{l-3x-5x‘+ta?+9x t ... . + (- 1)* (4 m- 1) ar” 1 *- 1 }" 
*= 0 , of ( - 2 ) n , according as m is df the form 2p or 2p + 1 . 
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CHAPTER IX. 


INTEREST AND ANNUITIES. 


Interest. 

59. To find the amount of a given sum for a given number 
of years at a given rate , simple interest . 

Let P = the principal in pounds. 

r = the interest of £1 for 1 year. 
n = number of years. 

M = the amount. 

We have 

Interest of P for 1 year = P r. 

„ n years = Pnr. 

Hence M = P + P nr = P(1 + nr) ...(1). 

also P = ( 2 ). 

1 + nr w 

, M - P /o\ 

and r = ST . (3 >- 


and r = 


Cor. If interest be allowed for fractions of years the above 
formulae hold. 

60. To find the amount of a given sum for a given number 
of years at a given rate y compound interest . 

Let R = the amount of £1 for 1 year. 

.\ R = 1 + r. 

Also, the amount of P for 1 year = PR. 

„ P „ 2 „ = PR . R = PR 5 . 

„ P „ 3 „ = PR\ R = PR 8 . 

&c. = &c. 

Hence also,, P for n years = PR n . 

M = PR" 1 /i \ 


and log M = log P + nlogTX 
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We have also P = 

and log P = log 


M . ) 

R” > 

= log M - n log R j 


And again, It = 


& 


and log R = —(log M - log P)' 


( 2 ). 

•(3). 


We have also, R" = ^ 

and n = jogM_-logP 
log It 

Cob. If n be fractional, and interest be allowed for the 
fractional part of a year at the same rate, the above formulae 
require modification. 

For, let n - m + where - is a proper fraction, and m 
P P 

an integer. 

We have, by (1), amount for m years = PR”*. 

1 T 

Now amount of £1 for Z year = 1 +_ 

P P 

Hence, amount of PR m for i year, and 

P 

Amount of P for (m + years 

■ PK -0p 

It is easy to see here that interest is really reckoned in 
two ways, for whole years ; and for a fraction of a year. If 
it be agreed that interest is to be reckoned for every with 
part of a year, we obtain a different formula, as shown in 
the next article. 



61. To find the amount of a given sum at compound 
interest , interest being reckoned m times a year. 

In n years there are mn distinct periods, ior 
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pound interest is to be reckoned. We therefore have to 

find the amount of a sum P for ran periods of time, when - 

m 

is the interest of £1 for one such period 

Hence we have simply to apply formula ( 1 ) of last article, 

where we must put ran for n, and — for r. We then get 

ra 

m.p(i + r)~ 

x nv 

Cor. Let ra be infinite, that is, suppose interest to be 
considered due every instant, then 

( a. \*»t» 

1 + _ \ y when ra- oo : or, by Ait. 42, 

M = Pe™. 

Annuities. 

62. To find the amount of an annuity for a given time , 
reckoning simple interest. 

Let A be the annuity, n the number of years, r the 
interest of £1 for one year, M the amount. 

Then, amount due at the end of 
1 year = A. 

2 * = A + (1 + r)A 
3 „ = A + (1 + r)A + (1 + 2 r) A. 

&G. = &C. 

n „ = A + (1 + r)A + (l + 2 r)A + &c. + (1 +tT^ 1 . r)A. 
Or, M = {1 + (1 + r) + (1 + 2 r) + <fcc. + (1 + n - T . r)} A. 

= {2 x 1 + n - 1 . r}!?. A = nA + £ n(n - l)rA. 

63. To find the present worth of an annuity to continue 
for a given time , reckoning simple interest. 

I. Let P be the present worth of an annuity A, which is 
to continue for n years. 

Then if P be put out to simple interest for n years, its 
amount will be equal to the amount of the annuity for the 
same time. 
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Hence, P (1 + nr) = nX + A n (n - 1) rA. 

P - ^A + ^ (n- 1) rA _ ?iA 2^+ (>i - l)r 

1 + ?ir 2 1 + 7ir 


Therefore 
.(A). 


II. There is another way of solving this problem, which 
brings out a different result. It proceeds on the principle 
that the present worth of the annuity is the sum of the 
present worth oi the separate annual payments. 


Thus, present worth of A due 1 year hence = A._ 

1 + r 

a 

„ 2 

A 

” " V+Tr 

a 

„ 3 

A 

” ~ 1 + Sr 



<tc. = & 0 . 



A 

a 

„ n 

” 1 + nr 


Now, taking P as the sum of these, we have 

P = { V ++ &C. + -,- 1 — 1 A... 

I 1 + r 1 + 2r 1 + 3r 1 + nrJ 


(B). 


If this sum be put out to simple interest for n years, we 
shall find that its amount is not the same as that of the 
annuity for the same time. The reason appears to be that 
in reality we are reckoning both simple and compound 
interest. 


Thus, for any specified year, as the pi\i, the present value 

of a payment A = --. 

1 + pr 

It is true that at simple interest this sum amounts to A in 
p years, and we may allow this sum A to remain till the n 
years are completed. But this is equivalent to interest upon 
the interest gained in the first p years, in addition to the 
interest upon the principal merely. 

We shall presently find that when compound interest is 
reckoned throughout, the present worth of an annuity tW 
same by either method of procedure. 


i 
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64. To find the amount of an annuity , reckoning compound 
interest . 

We have 

Amount due at the end of 

1 year = A 

2 „ = A +AR 

3 „ = A + AR + AH* 

&c. =&c. 

n „ = A +AR +AR 5 +<fcc. + AR"” 1 

= 7 < R "- I) - 

Hence M = — (R" - 1). 
r 

65. To find the present worth of an annuity , reckoning 
compound interest. 

I. We shall proceed on the principle that if the present 
worth P be put out to compound interest for n years, it 
ought to amount to the same as the annuity for that time. 

Now, amount of P in n years = PR"; 

And, amount of annuity for n years = — (R" - 1). 

r 

Equating these we have 

PR" = £ (R“ - 1), 
r 

•• p = £(i - R-). 

r 

IT. We will now proceed on the principle"that the present 
worth P is the sum of the present worths of the respective 
annual payments. 

We have, Art. 60, . 

Present worth of A due 1 year hence = _= - 

R 
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n 


n 
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n + & + n* + ilc - 


A A 1 ~R » 
+ R* R , 1 

R 


= A (1-R—). 
r 


We thus see that when compound interest is reckoned, wo 
arrive at the same result, by finding the present worth on 
either principle. 


66. To find the present worth of an annuity to continue 
for ever. 

I. Reckoning compound interest. 

We have P = - (1 - R“"). 

r 

A 

When n = go , the limit of R“ n = 0; and then P = — 

r 

Hence, the present worth of an annuity A to contmuo 

, A 

for ever = — 
r 


II. Reckoning simple interest. 

Taking the formula (A) in Art. G3, we have 

2 1 1 

- + l 1 " n) r 


■p _ wA 2 + (n - l)r _ nA n 

~ 2 r+wr 

How, wnen n — oo , the limit of 

2 - + (i - - 1 ), 
n V n' 


Ur 

n 


Ur 

n 


_ 0 + (1 - 0)r _ , 
0 + r 

A 


Hence, the limit of P, when n = oo, = oo _ = oo. 

2 


This result shows that, reckoning so-called simple interest, 
an infinite sum of money is required to be left, in order to 
insure an equal annual payment for ever. 

It indicates therefore that the only correct rcve\\\cA 
oompvting annuities is on the compound interest 
IT- G 
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We should arrive at the same result by taking formula (B) 
of Art. 63. 


67. To find the present loorth of an annuity to commence 
in p years , and to continue for q years . 

Amount of annuity A to continue for q years 

= 7 (*- 1 ). 

Now, if P be the present worth, it will amount in (p + q) 
years to exactly as much money as the annuity, if left to 
accumulate for q years. 

And the amount of P in (p + q) years = P . It ,, + , ... (2). 

Hence, equating (2) and (1), we have 

P.R» + » = ^ (R» - 1), 

" P = t • R'f+V = t ( R ~' - 


Cor. If. the annuity is to continue for over, we have 
q = oo , and the limit of P “ p ~ q = 0. 

Hence the present worth of a perpetual annuity which h 

A 

to be entered upon in^> years = . P*“ p , 


Ex. 1. A sum of £a is borrowed for a period of m years, 
to be repaid by equal annual instalments, the first payment 
to be made after one year. Find the amount of the annual 
instalment. 

Let A be the annual instalment. 

Then the amount of this annual payment in m years 

= - - 1 }. 
r 1 J 

Again, if the sum a be allowed to accumulate for m years 
at compound interest, its amount = a . Ii m . 

Now, these two amounts ought to be equal. 

Hence we have 

^ - 1} = a R", 

r 
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Ex. 2. A debt a now due, is paid off in n years by a senes 
of n payments in arithmetical progression; reckoning com¬ 
pound interest show that, if b be the first of the n payments, 
the common difference of the arithmetical progression is 
aRV - b(R " - l)r 
R (R» - 1 - 1) - (n - l)/ ; 

If we suppose the debt and the whole of the payments to 
be allowed to accumulate for the n years, the two amounts 
should be equal. 

Now, amount of the debt a in n years = aR n .(1). 

And, amount of the n payments in the same time 
= 5R"-* +(b + d) R«- 2 + (b + 2d) R r - 3 + &c. + (6 
where d is the common difference of the A. P. 

But (Art. 27, Ex. 4) the sum of this series 

1 - 1 


m *- 1 


1 - 


i ‘ 
It 


dR n ^ 

it 


Rn- 




- (b + n - 1. c/)R n “ 1 . 


1 

R" 


1 - 


: -. R" 
r 

( 2 ) 
b 
r 


+ ~. (R“ - R) - j L +JL z. Li?. 
= (1), then 

~ (R» - R) - LtiLzJL 


( 2 ). 


:.R B + 

p 


r 3 
- R 


d 

- =~ a . 


or, 


- 1 


jrf = aR" - i(R* - 1) 


d = 


aRV - b (R n - 1 )r 
R(R n ~ 1 - i)"- (»■-"'!>■ 


Ex. XI. 

1. Find the compound interest on £530 for 12 years at 3J 
per cent. 

2. In what time will a sum of money double itself at 5 per 
cent., compound interest ? 

3. Find the amount of an annuity of £50 for 10 years at 

4 per cent. 

4. A corporation borrows £3,7G9 at 4 per Vo 
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paid in 30 years by equal annual instalments. What will be 
the annual payment ? 

5. Find the equated time for £320, £390, £450, due 
respectively in 6, 7, 8 months, simple interest being reckoned. 

6. In how many years will £1 amount to £5 at 6 per 
cent, per annum, compound interest 1 

7. A freehold bringing in £120 a year is sold for £1,920. 
Find the rate of interest. 

8. A debt of £1,200 is to be paid out in 20 years by 
annual payments, increasing in A. P. If the first payment 
is £70, what is the last payment] 

9. If interest be payable every instant, in how many years 
would £1 amount to £6 ] 

10. The present value of a freehold to be entered upon in 
5 years is £1,600. Find the rent, interest being reckoned 
at 6 per cent. 

11. A property is let out on lease for a years at an annual 
rental of £b, and after c years the lease is renewed on paying 
a fine of £d. What is the additional rent equivalent to this 
fine ? 

12. An annuity a is found to amount in n years to the 
same sum as when 6 is put out for the same time at com¬ 
pound interest. Express n in terms of a, b , r, where r is the 
interest of one pound for one year. 


CHAPTER X. 

CONTINUED FRACTIONS. 

68- Let x be any quantity, rational or irrational; and 
suppose that x = a 0 + I, x l - a r + x 2 = a 2 + —, <fec.; 

Xi X$ 

•where a 0 , a lt a 2 , a 3 , &c, are respectively the greatest integers 
in x, avj, x 3 , Sic. 
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We then have 


X = Oo +. 


or, as often written, 


a x + 


a 2 + 


1 


a 2 + <fcc. 


x = a 0 + 


1 _1 _JL_ 

<h + <h +. + 


JL_ 

&c. 


Such an expression is called a continued fraction , and it is 
rational or irrational according as the quotients a 19 a a , 03 , &c., 
terminate or not. 


The quantities a 0 , a ly a 2 , a 8 , &c., are called incomplete 
quotients ; the first of them, a 0 , may be zero, but each of the 
others must at least be equal to unity. 

The quantities x v x 2 , x 3i <kc., are called complete quotients; 
and when the continued fraction is made to terminate by a 
complete quotient, the resulting expression is identically 
equal to the given quantity x. 

When, however, it is made to terminate by the successive 
incomplete quotients, we get successive approximations to 
the true value of x. 


Thus— 

(1.) We may express the true value of the given quantity 
X in either of the following ways : 

Oq ■f —, cJq +-, a 0 + • — - —, &c. 

x l cq + x + a 2 + x 2 

(2.) We may express the corresponding approximations as 
follows: 

fl() + — , Uq + - —, <fcc. 

cq cq + a 2 

Cor. When the approximation to the given quantity x is 
expressed by terminating the continued fraction by an incom¬ 
plete quotient, we may obtain the true value of x by sub¬ 
stituting the corresponding complete quotient for the last 
incomplete quotient. 
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69. Conversion of a given fraction into a continued frac¬ 
tion. 

P 

Let - be the given fraction, and let the ordinary opera- 


tion of finding the Gr. C. M, of P and Q be performed. 
We will suppose the operation to stand thus: 

Q) P K 

«oQ 


p) Q K 

a } p 


g) p (tr. 


Then we have 
P 


r) <feo. 


Q Q p p q q 

By successive substitutions we therefore get 


P _ 

_ a 0 + — 
Q a x 


1 


Jl _ 1 _ 

a% + a% + 


1 

a r + 


It will be presently seen (Art. 72) that the approxima¬ 
tions obtained by terminating the continued fraction by 
the successive incomplete quotients are alternately less and 
greater than the given fraction; and further, that they 
gradually approach nearer and nearer to the true value. 
For this latter reason these approximations are called con¬ 
verging fractions , or convergents . 


The convergents of 


P 

3 


may be written as follows: 


a 0 a 0 a 1 + 1 + a 2 + a 0 , 

- , -;—= - > <**'• 

1 a x a x a 2 + 1 


If we look at the third of these, we notice: 
(1.) Its numerator is found by 
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of the second convergent by the third incomplete quotient, 
and adding the numerator of the first convergent. 

Thus, a 0 a x a 2 + a 2 + a 0 = (a^ x + 1 ) a 2 + ci 0 . 

(2.) Its denominator is similarly formed. 

Thus, a n a 2 + 1 = 01 ( 02 ) + 1- 

The existence of a general law for forming these con- 
vergents may therefore be suspected. This law is proved in 
the next article, and may be expressed thus; 


Law of formation of the convergents. 

(1.) To find the numerator of the (n + l)th convergent, 
multiply the numerator of the ?ith convergent by the next 
incomplete quotient, and add to the product the numerator 
of the (n - l)th convergent. 

(2.) To find the denominator pursue a similar method. 

In order, however, to apply this rule practically, it is 
evident that we require to have found at least two conver- 
gents by ordinary vulgar fractions. But if we make use of 
a fictitious convergent for the first, we may then apply the 
above rule when we know only one other. 


Thus, assuming — as the first convergent, we may form all 
the convergents by the above law, if we only know -5?, the 


first approximation, and the successive incomplete quotients. 
The accompanying table exhibits this to the eye at once. 


Incomplete ) 
Quotients. / 

«o 

«1 

a 2 

a z 

tkc. 

Convergents,.... 


a 0 

T 

^0^1 -f - 1 

"t" “I" (t>Q 

a x a 2 + 1 

ike. 

Order,. 

1st 

2nd 

1 ! 

3rd 

4th 

ike. 





Con. If we designate by P Q , P p 
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tors, and by Q 0 , Q v Q 2 , Q 3 , <fcc., the denominators, of the 
successive convergents, we have 

P o = P i = a o> P 2 = a o a i + P 3 = a o a i a 2 + a 2 + a o> &c - 
Qo = °> Qi = l, Q 2 = a i> Q 3 = a l a 2 + 1 , &c. 

70. To show that P u = _ 1 + P n _ 2 , 

and that Q n = a*Q n-1 + Q to _ a . 

We shall assume the rth convergent to be formed according 
to this law, and then show that the (r + l)th is formed 
according to the law. 

By the last Art. we represent the rth convergent by 

P r — 1 

Qr — 1 

We assume , then, that 

Pr — 1 = «r-l P r -3 + P r- 3 , *nd ) /I \ 

Q r __ i = a r _ jQ,. _ 2 + Q r _ 35 j . 

= a r-lPr-2 + Pr- ».(2.) 

Qr _ i c& r _ i Q r _j + Q r _ 3 

Now, Art. 68 , Cor., we can from this expression obtain 
P 

the true value of if we replace the incomplete quotient 

a r _ i by the corresponding complete quotient x r _ v 

We then have ~ = X -— 1 ^ r - ~ 2 — 8 » 

Q ^r-lOr-2 + Qr-3 

But, Art. 68 , x r ^ 1 = + ~; we therefore have 

x r 

P = (<v - 1 + ^. )P - , + P - , _ ayfa,-,P,-i + P,-,) + P ,-« 

Q K-,+ -)<^-.+ Qr-. ' + 


or, by (1), 


P _ ayP r _ i + P r —3 
Q _ * r Q r _i + Qr-J 
Now, replacing x r by the corresponding incomplete 
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quotient a r> we get the (r + l)th convergent Thus we 
find— 

The numerator, P r = a r V r _ x + P r _ 2 ; 

The denominator, = a r Q r mml + Q r _ * 

Hence, on the assumption that the law is true for the 
numerator and denominator of the rth convergent, we have 
shown it tc be true for that of the (r + l)th convergent 

Now, we know. Art. 69, it to be true for the 3rd and 4th 
convergents; it is therefore true for the 5th ; and hence for 
the 6th, <fcc. We conclude, then, that it is generally true. 


71. To show that T n Q a _ l - Q n P tt _! = (- l) n . 
We have 


P« - #«P» — 1 + 

Qn = »«Q rt — i + Q n — a* 


We easily get 

Pw ~ P«- 2 _ Pw^l 

Qn “ On-2 Q»- 1 


or, 


PnQn -1 ~ Qn-lP«-S ~ QtFn - 1 ~ ^n - lQn - 2 ) Cr i 
(P n Qn — 1 “ Q«P„_l) = P« - lQn - 2 “ Qn — l^n — 3* 


Or, multiplying each side by (- l) n_1 , we have 

(- l)"(PnQn-X - Qn^n-l) 

= (- l) n_1 (P„_iQ„_ 2 ~ Qn-lPn-2)* 

We learn from this equation that, whatever be the value of 
r, the quantity (- l) r (PrQr-! - QrP r _i) has a constant 
value . 


When r = 1, it becomes (-1) (PiQ 0 - Qi^o) 

= - (a 0 x 0 - 1 x 1) = 1. 

We then have 

Constant value of (- l) r (P r Q r-1 - (^Py^i) = 1. 
Put r = n, then we get 
P O -OP — __ = = 

Vfn-^n-l ^ jjn ^ 


(-1) H . Q.E.D. 
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Cor. 1. Hence, dividing each side by Q„Q„ _ u wo have 


P„ 

Qn 



= (-l)». 


1 

Q»Qn — 1* 


Cor. 2. All converging fractions are in their lowest 
terms . 


For we have P„Q„_i - Q„P„_i = (- l) n . 

Hence, if P„ and Q n have a common measure, this 
measure must divide unity. And the same may be said 
of the common measure of P n _ x and Q„ _ l9 if any. 


72. Of two consecutive convergents y the one is greater and 
the other less than the true value of the continued fraction , 
and each convergent approaches more nearly to the true value 
than the preceding . 

p p 

Let be consecutive convergents to a continued 

Qn-1 Qn 

fraction whose true value is x. 


Then we have 
a;„P„ + P„_,. 


X = 


^nQn + Q»-l 


; from which wc have 


x = ^Qn-l - Pn-l 

n Pn - *Q„ ’ 


or 


Qn 

Q»—] 


x n = 


Qn — 1 


.( 1 ). 


Qn 


- X 


Now Q n , Q n _j, x n are positive quantities. 

P P 

Hence, x - and - x are of the same sign. 

Q„ _ i Q w 

P P 

Therefore x lies between _ n ~t and which proves the 

Qn -1 Qn 

first part of the proposition. 

Again (Art. 65), x n (a complete quotient) is greater than 
unity. 

Also, - Q n must be greater than unity. 
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lienee, from (1), 


P 

that is, the difference between x and _ is greater than 

'dn — 1 

that between and x. 

Q n 

P 

Hence —- is a nearer approximation to the true value of 

Q» 

x than ~ 1 . 

Q»-i 

Cor. Since the first convergent is i, and the second y , it 
follows that: 

Convergents of an odd order form a decreasing series, and 
convergents of an even order form an. increasing series, each 
series gradually approaching to the true value of the continued 
fraction. 


73 . To find the limits of the error in taking — n - ~ - as an 

y*i-i 

approximation to the true value of x. 

By Art. 68, we have 

x = a?n ^ n + ^ w ~ 1 ; hence 
^nQn + Q u-1 

P„_l + P»-l 1 P»-l 

"Q.-1 . *nQ„ + Qn-1 Qn-1 

= / !« _£_ 

Qn —1 (SViQn + Qn-l) 

* (-!>**•- L l[- 

Qn-1 (Qn + 
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Now x n is > 1, and therefore — > 0 and < 1. 

Hence 

Coe. 1. Since Q»_, is < Q., and .-. Q ! B _, < Q*_iQ«, 
and Q»-jQ» < Qn 5 ; we have 

c; < q , ,. 1 ’ 2r 


Cor. 2. Hence if it he required to find a convergent 


Q»-i 


which differs from a; by a quantity less than any given 
quantity 1, 'we must find the successive convergents until 

Cb 

we reach one whose denominator Q*_ l is §= Ja. 


74. Any convergent ~ approaches more nearly to the value 
of x than any other fraction whose denominator is < Q n . 

p 

Let £ be any fraction which lies between and x. 

q Qn 

If ^ be a convergent, then (Art. 72) q is necessarily > Q„. 

q 

But if — be not one of the convergents, then, since x lies 

p p p 

between ~-£-and and 2 lies between and x f it follows 

Qn Qn — l 9 On 

that 

£ lies between 5? and . 
q Qn Qn — 1 

Hence ?~ ^ Q " P — 1 . 

9 Qn — l Qn Qn —1 QuQu-1 

•But (Aiii. 68) neglecting the sign, PnQn-i* 4 
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P 

9 



< 



or 


*>Qn-l ~ ?Pn-l < . (1). 

Now pQ n -i *» g'Pn-i cannot be equal to zero, for then 

p 

— = ■ w - ~ 1 , which is contrary to our hypothesis. And hence, 

9 -1 

since p, q, P„ _ i, Qn -1 are all integers, 

pQn -1 ~ gP« _ j cannot be less than unity\ 
Therefore the condition in (1) is impossible, if q < Q*. 
Hence no fraction P- can approach more nearly to the value 


of x, than the convergent 


P» 

Qi’ 


if q is < Q* 


75. To solve the indeterminate equation 
ax + by = c 

by mean8 of a continued fraction. 

Let a - be converted into a continued fraction, and let - be 

b q 

the convergent immediately preceding the last (viz., Then 

we have (Art. 71), 

aq - bp = ± 1, or a(± cq) - b(± cp) = c. 

Or, adding and subtracting abt, we have 

a(bt ± cq) + b(± cp - at) = c. 

Comparing this with the original equation, we see that 
tho given equation is solved by putting 

x = bt ± cq 
y - + cp - at. 

Ex. Reduce to a continued fraction, axA 


convergent#. 
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3 
7 
15 

1 

25 

1 

7 

4 


The continued fraction ia 

3 + L JL 1 _L 1 . 1 1 

7+ 15 + 1 + 25 + 1 +' 7 + 4 * 

And the convergents 

3 22 333 355 9208 9563 76149 314159 
1’ 7 * 106 ’ 113’ 2931 ’ 3044’ 24239’ 100000 
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EX. XII. 

Reduce to continued fractions: 

1. 41?- 2. f|ji 3. *1-3?. 4. *1H- 

5. Why is f J \ a nearer approximation to i r than \f 1 

6. Show that = ?" + 1 P "-h 

Qn Q» + l - Qn-l 

7. If a n _ i be the nth incomplete quotient, prove that 

a n -J ( p * " P -»> K ~ Qn- 2 ) 


^»-l • 0* - 1 


p 

8. If ~ represents the (r + l)th convergent, show that 

(P»Q»-1 -QnP„_l) (P„-lQ« - 2 ” Q« - lP„ - 2 ) • • • • to Ti factors 

= (_ 1 )J «(» + n 

p 

9. If -fz represents the [r + l)th convergent to the frac- 

Qr 

p 

tion q, show that the (n + l)th complete quotient 

__ PQn^l - QPn-l 
QP n - PQn • 


10. Prove that 

1 _ 
Q? nQ 2 n — 1 


P 2 » _ Pn = 

Q 2 n Qn 

_ l _ + _ l _ 

Q 2 «-lQ 2 »-a Qg n - 2 Q 2 n -1 


- <fcc. + 


iy-» . _ l _ 

Qn + lQn 

11. If P be a convergent to a given quantity as, show that 
no fraction having a less denominator than q can be a nearer 
approximation to x than P. 

12. Solve in positive integers the indeterminate equation 
3a?-5y=ll. 
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Reduction of Quadratic Irrational Quantities to 
Continued Fractions. 


76. Every quadratic equation with rational coefficients 
may be reduced to the form 

aa? + 2 bx + c = Q t 

where a, b , c are integers, either positive or negative. 


Sohong this equation, we get 


written 


*”■* n/ b ac “ b i • v i * 
x = --, which may be also 


x = 


J b* - ac q: b 


± a 


If we put N =* b* - ac, we have 


y - 6 2 

a 


c, and x = 


+ a 


Hence, since for the purposes of continued fractions we 
need consider only the magnitude of these roots, and since, 
too, we may so choose the sign of a that x shall be always 
positive, we arrive at the following result: 

The roots (neglecting the sign) of a quadratic equation 
having rational coefficients may, when irrational, be always 
referred to the form _ 

*. 

s 

where 

(1.) p and q are integers either positive or negative, the 
sign of q being so taken that x shall be positives 

(2.) ?LlLi? is an integer. 

Continued fractions developed from such irrational quan- 
tities are called irrational continued fractions of the second 
degree. 
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77. To express — ^ as a continued fraction , p 0 and 

q 0 

q 0 being integers , and the sign of q 0 being so taken that the 
expression shall be positive , and where also ———^ is an 
integer . 


Let a 0 be the greatest integer in 


. J N + 

in - — 0 = x , 


suppose. 


The na: = a 0 + (^±B-a 0 ) = « 0 + 


N - (a 0 ?o - P 0 Y 
a ° y 0 {*y N + («o?o - ft); 

y - (<V7o - Pg)" 

. % 

° vy + ( a oio - Po ) 


0 VN + ft. 

where y l = g - (a o?o ~ 

?o 

and 7 ^ = a 0 j 0 - p 0 . 

__ , 1 1 

We then have a; = a 0 + -7—- = « 0 + — 

^ lN + P i 




We may notice that has the saww ybrm as the given 
quantity x; and we may therefore in the same manner 
obtain as complete quotients x 2 , x 3 , <fcc., expressed in the 
same form as x. 


We may then write x = 


<J N + 


* = «o + h 


^ = «. + 1 , 
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Xo =-* 

n/N + 

& = a, + 1, 

etc. = 

92 

etc. 

~ X 3 

= 

JN + 

<ln 

— = «» + — — » 
*» + l 

<tc. = 

<fcc. 

- 


where « 0 , a v a 2 , etc., are all positive integers; and where 
x v Xy <kc., are a ^ so positive quantities greater than unity. 

We hence have 

,111 1 

x = a n + - --- .... - .... 

cq + Ot 2 + #3 + _ ci n + 

the required continued fraction. 

/17 . 3 

Ex. 1. Reduce — — - to a continued fraction. 

4 

The expression is positive, p 0 and q 0 are integers, and 
N - p? = 17 - 9 = 4 
q» 4 

It therefore answers the required conditions. 

We have, since unity is the greatest integer in the given 
surd, 

Jll+J = i + (VA 7 jtJ _ i) = i + ,^ 7 .=J 

4 • 4 ' 4 

= 1 + =1 + _1_. 

4(^17+!) + 1 

1 * Tirn.(»• 

4 


V 17 J_1 = J + ( An + 1 _ j) = ! + A17_-j 

= 1 + 

= 1 + 


4 

17 - 9 = 1 + _ 2 _ 

4 ( >/l 7 + 3) ^17 + 3 

1 


Ai 7 jj' 

o 


( 2 ). 
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J 17 + 3 


== 3 


+ J±L - 3 _ 


3 + 


1 


.yi? + 3 
4 


(3). 


/ 17 + 3 

We have thus arrived at a quantity -—^-exactly the 

same as that with whicli we started. The quotients will 
therefore recur. 

We then have, by successive substitution, 

jn + 3 _ 1 1 1 1 1 

4 1+ 3+ 1+ 3+ ’ * “ 


Ex. 2. Reduce J2<5 to a continued fraction. 

Here p 0 = 0, q 0 = 1, and the given expression answers 
the required conditions. 


n/ 26 = 5 + ( ^26 - 5) = 5 + 
Hence J2Q + 5 - 10 + 


26 - 25 
x/26 + 5 

1 


= 5 + 


1 


x/20 + 5 


V26 + 5 

And so, by successive substitutions, we get 

J-26 = 5 + 10 ~ •••• 

78. To show that (L) p n = a^q^ - p n _i 
(ii-) q n qu-i = N - p u 2 . 

We have, in the last Art. 

x/N + P n , 1 

= -— = «» + .. 

S',. x n + i 

Putting n - 1 for n, then 

+ Pn - 1 = a H-1 + — ; from which 

-1 X n 

X n = 

(1) = (2), then 

+ />, _ 


y.-i 


»/N - - Pn-l) 


(!)• 


( 2 )- 


<1 »-1 


- K-iy»_i - y*-!) 


*, ov, veA\\£Ycv^ 
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N - pMn-lln-l ~ P«-l) ~ “ Pn-l-P.) 

= q«q*~ i- 

Equating the rational and irrational terms, then 
(an-iq«-i-Pn-i-Pn) ,/N = 0, and 
and N - p n (a K _ l q n _ 1 - p„_,) = or 

- 1 = N -J°n-^» = N - p n \ 

The expressions (i.) and (ii.) just proved contain the law of 
formation of the complete quotients, and hold for all positive 
integral values of n . 


79. The quantities p x , p a , p s , <fcc., and q 1? q 2 , q 3 , <tc. f are all 
integers , and moreover , after a certain value of n, p n and q tt 
are positive integers . 


We have (Art. 72) x n = -” ^ w - + -^ w ~ 1 . 

1 «n Q» + Q»-l 

Hence also, replacing the incomplete quotient a H by the 
complete quotient x n9 we get 


x = 


X H Q n + Qn-l 


(1). 


But x = P\ x n 

Vo 


■J'S+Pn. 

” ) 


then we have from (1) 


P« + P„_ 1 

y/N + J> 0 _ _ _ P«. y/N + P B j>n + P B -lg . 

y. «/g +P. Q +Q Q«VN + Qh^. + Q.-,?. ‘ 

q« ' * " -I 


Reducing, then 

Q. • N + Po(QnP» + Q n-tfn) + (Q»Po + QnPn + On -1?„) 

= P«?o • v/N + q» (P.i>» + P„_&). 

Equating the rational and irrational parts, we have 

Q»p» + Q hPh + Qn-iq . = P.?..(2). 

Qh - N + p 0 (Q n p n + Qn-1?«) = ?o(P*P« + Pn-l?,)--- (3). 

From (2) we have 

<a,A + Qn-lq» = P.?o - Q*Po‘, and from (3) 

- QnP„)p» + (P,-i?» - Q»-iP*Yl*= 





REDUCTION OP QUADRATIC IRRATIONAL QUANTITIES 117 


Solving for q n we get 

(P.Q*-1 - Q*P«-l)<?0 • = (Pnlo-W - Qn- N. 

Hence, since (Art. 70) P w Q n _! - Q H P n _i = (- l) n , we have 

= 7-4yrr {( p .?o - QnPoY - Q» ! N}; 

V ?0 


but 


(-!)• (-1)' 




And so 


*. ^ { (^0 - Qn^o) 2 " Qn 2 N }. (4). 

?0 


_(-!)’ 




{ Q» - iQ„N - (P„ _ ,q 0 - Q„ _ J^,) (P„7o - QnPo)} •• (5). 


Now the expressions in (4) and (5) may be easily expressed 
thus: 

q n = (-1)» { ?;-q a - 2 V n Q nPo - QJ . *T£l \ , and 
l 9o i 

Pn = 

(-!)"{ Q.-lQn. - P-xP«2, - PnQn-,Po ~ Q»P-.Po } • 
IN } ^ 

Now — ZjP±. is by hypothesis integral; and hence, since 

?o 

all the other quantities in these expressions are integers, it 
follows that p n and q n are integers . Moreover, after n has 
reached a certain limit, they are positive integers. 


For from (2) 

Qf» - l?rt = “ Q«^0 QnPn ) 

but x n = or q n = y^-± p -a. 

Qn X n 

Therefore, substituting, 
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5^=1 = x n 


(I" *-r)-p» 


Qn “ JX+Pn 

p /N + » 

Now —is the (n + l)th convergent to x , or y. - -- 0 ; and 

Q» 9 „ 

it differs the less from x, the greater the value of n (Art. 70). 

p 

Hence by taking n large enough q 0 -p 9 may be made 

'wi ( 

to differ from ^/N by as small a quantity as we please. 

Hence, when n has attained a certain limit, 

fi” -- - 1 differs from ~? n by as small a quantity as we 

Q» +Pn 


Now if p u is negative, x n . —£? is greater than unity, 

JN +p n 

and therefore > V. or Q„ _ a > Q n . 


But this is impossible, and therefore p^ cannot be negative. 
Hence p H is a positive integer, after n has reached a certain 
limit. 

And so we may show that q n is a positive integer, after n 
has reached a certain limit. 


80. The continued fraction is periodic after a certain 
number of quotients . 

For (Art. 78) we have#. + p n - t = a n _ l q n _ l .(1). 

and q n q n -i = H .(2). 

Now, by the last Art., after a certain limit, p n and q n are 
positive integers. 

We shall consider only the portion of the continued frac¬ 
tion beyond this limit. 

We have then q n , q n _ 1} each positive integers. 

Therefore from (2) p H < a/N *. 
and therefore, also, p>n~\ < 

Hcncc from (1) we have a n *. i q, x ~\< 2 */n! 
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Now a n _ 1 is a positive integer, and q n -i is such. 
It must therefore follow that a n _ 1 < 2 J N, 
and q n _ x < 2 J N. 


Or, putting n for n - 1 , we find that for all values of 
a H , p H , beyond a certain limit, we must have 

p n < tTK, a n < 2 V N”, f.cWN. 

Hence the values of a*, jt? n , q n are limited, and the complete 

quotient x n = - — must have a finite number of differ - 


ent values , as must also the incomplete quotient a n . 


Therefore commencing with the first complete quotient in 
which p n and q n are positive, the values of a n , p n , q n will 
recur, and the number of quotients in the period cannot 
exceed 2 x ^/N, or 2 N. 


Cor. Since from (2) we have q n q n _ x < N, 
we have also q n _ N. 

Hence, if q n _ l > nAN, we must have q n < \T5T, and 

7n-l< 


Hence , (/* any denominator' of a complete quotient is 
> n/~N, denominators immediately preceding and follow¬ 
ing are each < \AN 


Ex. 1. If N = a 2 -f 1, find \/~N in the form of a con¬ 
tinued fraction. 

i 


\pS f = a + (Va 2 +i-a) = a + - - V -— = a + 

>s/a 2 + 1 + « 

Itence, by successive substitution, we get 

VN = « + * . . 1 — . 

2 a + 2 it + .... 

Ex; 2. Develop —-- as a continued fraeiiou*. 


n/N + » 
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V27 + 3_ 4 . a/27-527-25 (1> 

2 4 + 2 4 + 2( ,/27 + 5) -s/27 + 5 U 

? ffi ± l ? = 10 +^ 2 *~ = 10 + 2 ^_~ 25 = 10 + -=£-( 2 ) 

1 1 */27 + 5 -J21 + 5 


i/ 27 + ® = 5 + ^ 27 ~- 5 = 5 + = 5 + -7=i-( 3 ) 

2 2 2(^/27 + 5) «/27 + 5 ' 7 

Hence, by successive substitutions from (1), (2), (3), we 

to _ 

2 10 + 5 + 10 + 5 + . , 


81. Every 'periodic continued fraction is the development oj 
one of the roots of a quadratic equation . 

Suppose the period to commence after the quotient x m -i, 
and to consist of x terms. 


Then we must have x m = x m+xf . 


Also we have x = + - . 

X mQm + Qm-l 

Lnd x = + 

aJ m+ai / Qm+z / + Qn*+x'+l 

'Well, ly (1), ' 

X mQm+a{ + Qm+tf-l 

From (2), solving for x mi we get 
x .. ^Qm ~ F m 

F m -i — irQm-i 


which, by (1), 


0 ). 

( 2 .) 

(3). 


And from (3), solving for x m , we get 

x = frQm- fx'-P mW_ 

^m+a , -l” aj Qw+*-l 

Equating these, we have 

X Qm F»> _ _ *^Qw+j/ Pgrf 3/ 

Pm—1 —1 P»n+*-l ^Qm+i'-l 

fiom which we get oj as one of the roots of a quadratic 
equation. 
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Ex. If x = 1 + —— -A— -J_ *- express x 

os the root of a quadratic equation with integral coefficients. 

Put y = -A- ---, then we have 

3 + 4 + .. .. 


x - 1 + 


2 + y 


and x = 1 + — _ -A- — 1 ..(2 

2 + 3 + 4 + y 

From (1) y = ^-^; and from'(2) y = 

tt v 3 - 2 a; 43 - 30 a; . . 

Hence we have-— = --- ; or, simplifying, 

x — 1 7 x — 10 

16 ar* - 32 x + 13 = 0, from which x = — 

4 


Ex. XIII. 

Develop as continued fractions : 

I. Vlo. 2. 717. 3. s/ro. 4. s/2S. 5. — r 

5 

« v^22 + 4 - ^28 + 5 on/3+1 

3 ‘ ’ 3 ' ’ J3 - r 

Express as continued fractions the roots of the six follow¬ 
ing equations: 

9. 3ar*-8a;+2 = 0. 10. 5 ar - G a; - 7 = 0. 

II. 2ar - 5x + 1 = 0. 12. ® = — 4 - + 1. 

x x + 2 

13. a; + \/a; + 2 = 3. 14. ar — 4 ax + 3 or = 1. 

1 1 
10 +" 10 +_* 


15. Find the value of 5 + 
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16. Show that the product of the infinite continued 
fractions 


111 1 

2+3+44-2 +_' 


and 4 + -i- 
«> + 


i i 
2 + 4 + . . . . 


17. Show that 


(± J- ± —!—) + -L _L J. —*—\ 

V m + n + p + £ + wt + ..../ V ^ + wi + q +. . . . / 


n + g + npq 
m + p + mnp 


18. Show that 

(a + — ___ ) (a - -i-1-)= JaT-1. 

V 2a + 2a + -/V 2 a- 2 a- _/ v 


19. Find the value of 2 + -i- ^ 


1 


1+ 2+ 3+ 2+ 3 + . .. . 


20. Find the first four convergents to the greater roots of 
the equations in examples 9, 10, 11. 

21. Show that the roots of a quadratic which can be ex¬ 
pressed as a recurring continued fraction are of contrary or 
the same sign, according as the recurring period commences 
with the first quotient or not* 


22. When the two roots of a quadratic are developed as a 
continued fraction, the quotients of the recurring period 
occur in reverse order. 

F P P 

23. If t fie successive convergents to the 

Qn-a '‘vn — 1 y* 

continued fraction 


tti a, 

t>i + 6 3 + 63 + . ... 

siiow that t w ^ w ~ 1 9 an d find whether the 

Qn »«Qn - 2 + &nQn-l 

successive convergents are necessarily in their lowest ternis. 
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24. If — — r— - be a periodic continued 

a+ 6 + a + 6 + . . . . 

fraction, show that 

Pf» + 2 + _ Qn + 2 +__Qn - 2 . O 

P» Qn 


CHAPTER XI. 


SERIES. 


82. A series is said to be convergent or divergent accord¬ 
ing as the sum of n terms has or has not a finite limit , when 
n is increased indefinitely. 


Thus, the series 1 + ~ + A + &c. is convergent 



And hence, when n = oo , 2 = - (1 -0) 


3 

2 * 


Again, the series 1 + 3 +. 9 + <fcc. is divergent 

*orSL = =i(3"-l)- 


And, when n = do , we have A (3 tt - 1) = co . 


83. If ail the terms of an infinite series are of the same 
sign , and each term is always greater than some given finite 
quantity , the series is divergent 

Let each of the terms be greater than a given quantity ft. 
Then, the sum of n terms > nh 



124 


ALGEBRA. 


Now, if n be indefinitely increased, nk is greater than any 
assignable quantity. 

Hence there is no limit to the sum of the series when n is 
infinite, and therefore the series is divergent. 

84. If the term of an infinite series be alternately positi ve 
and negative , and the terms continually decrease , the series is 
convergent . 

Let a-b+c-d+e-f+ &c. be the series, where 
the quantities a, b, c, d , &c., continually decrease. 

We then have 2 = (a - b) + (c - d) + (e — f) + <tc.,.... (1), 
and 2 = a-(b-c)-(d-e) - & c.,.....-. (2). 

From (1), since a > b, c > d, & c., we learn that 2 > a -b. 

And from (2), since b > c, d > e, <fcc., we learn that 2 < a. 

Hence 2 lies between a and a - b, and therefore is finite; 
and the series is convergent. 

85. When the terms of an infinite series are such that after 
some finite number of terms , the ratio of each term to the pre¬ 
ceding is numerically less than some proper fraction , the series 
is convergent. 

Let a 1 + a 2 + a 3 + &c, be the portion of the infinite 
series, after a finite number of terms, in which the ratio of 
each term to the preceding is numerically less than a given 
proper fraction k. 

Then we have a 2 < ka v a s < ka 2 , &c. 

Hence 2 < a Y + ka x +. + <tc. < • 

This portion therefore of the infinite series has a finite 
limit. Now the sum of the finite number of terms before 
the terms a v a v a 3 , &c. is necessarily finite. Hence the sum 
of the whole series is finite, and the series is convergent. 

Cor. 1. In the same manner it may be shown that 

When the terms of an infinite semes are such that after some 
finite number of terms , the ratio of each term to the preceding 
& numerically greater than unity , the series is divergent. 
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Cor. 2. So also we may prove that 

When after some finite number , the ratio of each term to the 
\preceding is unity , and the tenns have all the same sign , the 
series is divergent . 


Case when the Batio of each Term to the Preceding 
approaches Unity. 


86. When the ratio of each term to the precedbig is less than 
unity , but still approaches unity , the series may be convergent 
or divergent . 


87. To show that the series + J_ + Jl + dc. is con - 

^ in Om 


vergent when m is greater than unity , and divergent when m 
is equal to or less than unity. 


The ratio of the nth to the (n - l)th term 



1 ^ 1 
n m ’ 


This ratio is less than unity, but continually approaches 
unity as n is indefinitely increased. 


(1). Let m be less than unity. 


Now, S„ 



And the least of these terms is — . 

n m 

Hence, S n > n times - > n l ~ m . 

n m 


+ 


1 _ 

n m ' 


But since m is less than unity, 1 - m is positive, and the 
value of n l “ m increases indefinitely as n is increased. 

Hence, as n is indefinitely increased, the sum of n terms 
becomes greater than any assignable quantity. 

The series is therefore divergent. 
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(2.) Let m be equal to unity. 

TUe»2.1 + + (-' + j) + (J + J + i+j) 

+ (-J- + » + -”- + r) + *°- 
•• '> 1+ i +2 (l) +4 (?) + 8 (i 1 6) tfe 
> 1 + ? + 1 + 4 + S + &c - 

Hence 2 is greater than any assignable quantity, and the 
series is divergent . 

(3 ) Let m be greater than unity . 

We have 2 = 1 + ( 1 + 1 ) + ( 1 + I. + 1 + i-) 
+ ^ + •••• + T5») + &c - 

.■.3<l + s(i) + 4 (p) + 8(p) + ^ 

1 


^ ^ **" ()m-i + 92 m- 


2*» 


+ &c. 


Now this is a geometric series whose common ratio is —_ . 

It has therefore a finite sum. Hence the given series has 
also a finite sum, and is convergent. 


88. If two seiies, u* + u 2 + u 2 +-, v 0 + x 1 + v 2 + , 

he such that tJi£ limit of—when n becomes infinite is a finite 

quantity , then the two series are both convergent or both 
divergent . 

Let ^ = k 0J -i = k , . . . ., — = k n , &c. 

tJo V l V n 

A nd let I be the limit to which k n continually approaches 
n Is increased indefinitely. 
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We have 

u n + u n + A + u n +1 + . . . . = k n v n + k H + jr„ + ! 

+ ^» + 2 V n + 2 + .(!)• 

Now, as h is the limit to which Jc n continually approaches, 
all the ratios h ni k n + lf . . . ., must lie between k + h and 
k - h where h may be as small a quantity as we please. 

Hence, k n v n + k n + Y v n + 1 + k n + 2 v n + 2 + .... lies between 
(k + h) (v H + v n + 1 + r n + 2 + ....) and 

(k - h) (v n + v n + l + v n + 2 +-), 

where A is as small a quantity as we please. 

Hence, from (1), u n + u n + 1 + u n + 2 + .... lies between 

(k + h) (v n + v tl + 1 + v n + 2 +-) and 

(k - h) (v n + v n + l + v H + 2 + ....), 
where A is as small as we please. 

Hence the series u n + u n + 1 + n„ + 2 + .... will have a 
finite limit according as the seiies v n + v n + x + v n + 2 + .... 
has a finite limit. 

The two series, u n + u n + l + u n + 2 + . . . . , and 
v n + v n +1 + v n + o + . . . ., are therefore both convergent or 
both divergent. 

And since the finite number of terms preceding u n and v n 
cannot affect this conclusion, it follows that the given series 
are either both convergent or both divergent. 

89. The series (1) + <j> (2) + <j> (3) + <j> (4) + <kc. 9 and 
(1) + m <f> (m) + m~ cj> (m r) + m 8 <£ (m 8 ) + <£c., 
are convergent and divergent together, when <f> (x) is positive , 
and continually diminishes as x increases , m being a positive 
integer. 

By extending the first series we may write it thus 
<£(1) + </>( 2) + <£(3) + <#>( 4) + <fcc. 

= *(i) 

+ { 4> (2) + <£ (3) + . . . . + <j> (m) J- 
+ {<£ (m + 1) + 0 (m + 2) + .... ; 

+ {<f>(m 3 + 1) + + 2) + . . . . -V . 
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But since the quantities (1), <£(2), (3), «fcc. ai*e positive, 
and continually diminish, we have 

(2) + (3) + .... + <f> (m) > (m - 1) (m), and 

<(».-i)^(i), 

</>(m + 1) + 4 >(m + 2) + .... + > (m* - tn) <£(»r), and 

< (m 2 - ffc) </> (w), 

</> (m 2 + 1) + <£(»r + 2) + .... + <£(m 3 ) > (»i s - m~) <£(m 3 ), and 

< (wi 3 - wr) (wr), 

&c., <fcc. 

Hence, adding these inequalities, we have, by (1), 

<f> (1) + <f> (2) + <f> (3) + (4) + &e. 

> <£(l) + (»»-l) + m<f> (m 2 ) + m-<f> (m 5 ) -f <fcc.}, 

and > <f>(l) + (w- 1) {<£(1) + (»») + m 2 <j>(ni 2 ) -h &c. J. 

Or, arranging, we have 
</>(l) + <f>(2) + cf> (3) + </>(4) + <fcc. 

> - </> (i) 

m 

+ 7? ~ ~ " fofl) + + m 2 <£(m 2 ) + + &c.}.... (2). 

And< <#>(1) + (m- 1){<£(1) + + m 2 «£(wi 2 ) + <fcc.}... (3). 

From (2), we learn that when the second series is divergent, 
the first is divergent; and from (3), that the first is con¬ 
vergent when the second is convergent. 

Ex. The series + u 2 + u s + ,.«. is convergent when the 

limit of i? is greater than unity, and divergent when 

log n 

the limit is less than, or equal to, unity. 

By what has just been proved, 

The two series u L + u 2 + w 3 + . . ., and ~ ^ + g w 

+ . . . . are both convergent or both divergent, if the limit, 
when n is infinite, of the ratio u n • ^ is a finite quantity. 
Let A be this limi t. 
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Then, when n is infinite, we have 

u n .n m = k , or log u n + m log n » log k; 

— log u n log k 

or — ° w = m - r-2— ; 
log n log n 


or, since 


the limit of = 0, the limit of u * = ^ 
log n log n 


in. 


Now, by Art. 86, the series i + I + ^ +-is 

convergent when m is greater than unity, and divergent 
when m is less than, or equal to, unity. 

Hence, since m is the limit of 7 u » and in that case 

log n 

the convergency or divergency of the series u x + u 2 + v 3 
+ . . . . depends upon that of the series ~ + JL + JL + <tc., 
it follows that the series u x + u 2 + u 3 + .. .. is convergent 
when the limit of — Un is greater than unity, and diver- 
gent when equal to, or less than unity. 


Ex. XIY, 

Test the convergency or divergency of the followirg 
series:— 

L iT3 + FT? + §:ti + • • • • 

o 1 + 2 + 3 

*H Li TI 

o 1 1.3 1.3.5 , 1.3.5.7 

BIT 


4. 


2 a 9 


+ 

3 a 8 


IS 


|q + 1 Ja +_2 \a + 3 


A JL.+ 


a + b "(a + b) (a+ 2 b) + (a + b) (ci + ‘2<A ^vv^by 
5— IT. 1 
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1 


a (a + 6) (a + b) (a + 2 6) (a + 2 b) (a + 3 b) 

+ • • • • 


+ . . . 


7 * 1 + ® + m + IT2T3 


0 , , 2«(2n-l) ; 2w(2n-l) (2«-2) (2w-3) , 

ts. 1 +-j-2-+-1.2.3.4-' + '-' 

0 35 ^ 2 8 35 2 SV 

2 fTl 3~1 


4* .... + 


7l 9 + 1 


+ . , 


10. i + * a + + .... 

6 6 ( 6 + 1 ) 6(6 + 1 ) (6 + 2 ) 

11. Show that the series whose wth term is </>( n)ocf is 

convergent or divergent according as the limit of ^( w ) 

<f>(n - l) 

when n is infinite, is less or greater than unity. 

If the limit be negative, or unity, what is the test you 
apply! 

.,,.,11 l 

+ .... is con- 


12, Show that the 1 + —L + 


1 1.2 1 . 2.3 

vergent, and that the error in taking the first n terms for 

the series is less than .- - - ? . 

(n - 1) - 1 


Recurring Series. 

90. The series a 0 + a^x + age + .... is called a recur¬ 
ring series, when the relation existing between every set of 
(r) consecutive terms can be expressed by the equation 

#n + Pl<ln-1 + Pvfln — 3 +-+ Pr-l^n-r + l = 0; 

where p v p 2 , p z , .... p r _ l are constant quantities, and 
where n may have any integral value. 

It is usual to call 1 + ^35 + pp? + , . . . + pr-v*?" 1 

the scale of relation . 

A simple case is an ordinai-y geometric eerier 
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Thus, in the series 1 + 2# + 4ar + 8 :K s +....,we have 
a 0 = 1, a x = 2, a 2 = 4, &c., a n = 2 n , <fcc. 

Hence = 2, or a„ - 2 a„_ l = 0. 

«*-i 2 n 1 

This equation expresses generally the relation existing 
between any two consecutive terms. 

So we have a, - 2 a 0 = 0, a 2 - 2 a x = 0, a 3 - 2 a 2 = 0, &e. 
And scafe o/ relation of the series is 1 - 2 a?. 

The following examples will illustrate the method of find¬ 
ing the scale of relation of a given series. 

Ex. 1. Given the series 2 + 2 x - 4 a* 2 - 22 of - 46 x K - <fcc., 
find the scale of relation. 

We can see that the given series is n<5t an ordinary G. P., 
and therefore its scale of relation will consist of more than 
two terms. 


Assume it to be 1 + p x x + p 2 sc 3 . 

Then we have - 4 + 2 p L + 2 p 2 » 0. (1), 

— 22 — 4 p x + 2 = 0. .(2), 

- 46 - 22 ft - 4 ft - 0. (3). 


From (1) and (2) we get p x = - 3, p 2 = 5, and these 
values also satisfy (3). Hence we conclude tliat our as¬ 
sumption is correct, and that the scale of relation i3 
1 - 3 x + 5 cc 3 . 

We might have found that the value of p x and p 2 in (1) 
and (2) would not satisfy (3), and we must then have made 
another assumption. 

For instance, we should have assumed the scale of relation 
to be 1 + p x x + p 2 a? + pg?. 

In that case we must have had given us another term in 
the series; for we should have required three equations to 
determine the values of p v p 2 , p v and a fourth to verify our 
results. In the next example we shall assume the 
relation to oonsist of four terms, as on tv\aV \t 
found 1 + p } x + ppr would not answer the 
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Ex. 2. Find tlie scale of relation of the series 
1 + 10 'x+ 34 x*+ 67 a 8 + 115 sc 4 + 247 ar* + 716 a? + &c. 

Assume the scale of relation to be 1 + pp + p 2 a? + pp?. 
Then 67 + 34 p x + 10 p 2 + p z = 0. 

115 + 67 pi + 34 p 2 + lO^g = 0. 

247 + 115jt?i + 67 p 2 + 34jt? s = 0. 

716 + 247 pi + 115 + 67 p 3 = 0. 

From the first three equations we find = - 3, y> 2 = 4, 

jp s = - 5 ; and these values satisfy the fourth equation. 

Hence the scale of relation isl-3as + 4o a -5o s . 

91. To find, the mm of a recurring series. 

Let a 0 + aiX + a 2 cc 3 + .... be the series, whose scale of 
relation is 1 + p x x + pp? + ....+ p r ~ 

We have then 

a . + Pfi.-l + P^n-i + • • • • +Pr -+ l = 0.(1), 

where n has any positive integral value. 

Let 2 = ao + ap + ap?*. . . . + a r _p?- 2 + a rmml of~' 1 +.... 

Multiplying each side of the equation by 1 + pp + pp? 
+ . ., . p r -p?- \ we have 

(1 + pp + pp? + .... +p r -P?" 1 ) 2 

OtQ *4* opc + (tp? *4* .... + _ 2®** ^ *4* ei r __ p? "4“ .««• 

+ p\ap + ppxp? + . ; ., +pia r _pf~ 2 +p l a r ~p?- 1 + .... 
+p&p? + .... +p& r _p?- 2 +ppi r -p! r ~ l + .... 

+ . 

+Pr-&P?~*+Pr-* a P?~ l + •••• 
+iV-i a o® r “ 1 + • • • • 

Collecting the coefficients of like powers of x, and remem¬ 
bering that the coefficient of af “ x , viz., 

«r-1 + Pl<*r- 2 + P0r-i +-+ Pr - fh + Pr-1 <*0> 

all succeeding coefficients are each equal to zero, as we 
team from (1) above, we get 





x'<l + x) 


K£ctm&ift<* semes. 
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+ 1 

•i .1 « ' 


3x + 5 x 1 
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Ex. 2. Find the sum of the infinite series 
1 +10 x + 34 or* + 67 ar* + 115 a 4 + 247 of + 716 x* + 

We found the scale of relation to be 1 - 3 x + 4 as 2 - 5 a,*. 

Hence, by (3) above, 

2 = 1 + j 10 ~ 3 (1)} x + {34 - 3 (10) + 4 (1)} s 3 
l-3# + 4£c 2 -5as 3 
= 1 + 7 x + 8a 2 

l-3aj + 4cc 2 -5a^* 

Since, by the process of long division, or otherwise, the 
expression found in (A) above will give the original series, 
we give to the value of 2 there found the name of the gene¬ 
rating function of the series. 


92. When the scale of relation can be broken up into simple 
factors , it is easy to find the general term of the series and the 
sum to n terms. 

Let the scale of relation be capable of being broken up 
into the (r - 1) factors, (1 - b l x) ) (1 - b&), &c. 

Then the generating function can be resolved into partial 
fractions having these factors for denominators. 

Thus we have 


2 - P >. + P * + 



1 - b x x \ — b]X 

1 — b r _ \X 


= Pi(1 + bypc + biO? + . . . 

, . + b* + . . 


+ P*j(l + b.pC + 6 3 2 £ X? + . . , 

+ &c. 

, . + 5 2 n " 1 £C n "" 1 + . . , 


+ P r-1 (l +6 r _ 1 « + 6 r-1 2 £C a + . . , 

, . + & r _"" V*"" 1 + . , 

...) 


We thus find the nth term of the series to bo 

(PA n - i +p 2 6 a n “ i +_+p r _ 1 & r _r- i )* n - 1 . 

Also, the sum to n terms, 

= pj 1 - M 


+ p i-_M + . 

1 - 6 & * ‘ '1 - b t v 


, p 1 - 

• '1 
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Ex. Find the sum to n terms and to infinity of the series 
8 - 29 z + 257 ar - 1691 a* + 12053 a; 4 - <kc. 

The scale of relation is easily found to be 1 + 5 x - 14 

. y _ 8 + { - 29 + 5(8)}* _ 8 + 11* 

1 + 5* - 14* 3 (1 - 2*) (1 + 7*)' 

Resolving into partial fractions, we have 

v __ 3 _5 

. l - 2 x TTTx 

= 3 {l + 2*+ (2*) s + .... + (2 *)" _ 1 + ....} 

+ 5{l-7* + (7*) 2 + .... + (-7 *)"- 1 + ....}• 

Therefore sum to n terms, or, 

S = 3 . i-ZJI?)- + 5 . 

1 - 2 as 1 + 7 a; 


When the given recurring term does not contain the 
powers of as, but is of the form a 0 + % + a 3 + ....» we 
may first find the scale of relation and the sum of the 
series a 0 + a *x + a#? +...., and put x = 1 in the 
result. 


Summation of Series. 

93. Certain series may be summed by particular artifices. 

In the series + u 2 + . .. . + u n , suppose u n to be 
broken up into the difference of two terms, one of which is 
the same function of (n - 1) as the other is of n % 

I. Thus, suppose u n = U n - U n _ 1 . 

Then, putting for n all values from 1 to n, we have 

S = (U t - TJ 0 ) + (U a - UO +.... + (U. - U«-i) 

= XT. - U r 


II. Suppose «„ = U„_i - U n . 
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We have, similarly, 

s = (u 0 - uo + (u, - u 2 ) +.... + (u._ x - v H ) 

= Uo - Un- 
Ex. 1. Sum the series 

1.2 + 2.3 + 3.4 + .... + 7i (ii + 1). 

We have 

u n = n(n + 1) = J 72(n + 1) {(71 + 2) - (n - 1)} 

= J 71(71 + 1) (t& + 2 ) - J (n - 1) n (n + 1) 

= U n - U..,, 

■where U n = J 7i(n + 1) (?i + 2), 

and therefore H 0 = £ (0) (1) (2) = 0. 

Hence, S or U n - U 0 = J n (n + 1) (n + 2) - 0. 

S = J n (n + 1) (n + 2). 


Ex. 2. Sum the series 
1.3 + 375 + 5 77 + 


1 


Here u n = 


1 


2 ’ 2 7i - 1 2 

whereU - = iT^ri’“d 

Hence, by II. above 

S - 1 1 1 

2 ~ 2 ‘ 2FT1 


' (2 n - 1) (2 n + 1)' 

= 1 (2»+l) - (2 w- 1) 

n - 1) (2 n + 

= U.-i - IT,, 


(2 n -1) (2 w+l) 2 ‘ (2 n- I) (2 n + 1) 

1 1 1 1 

2 »+ 1 


1 


U„ = -‘ 


1 


2 2 ( 0 ) + 1 


71 

2 7 i + r 


94. When the nth term of a series is of the form 
i/ M = (an + b) (a , n + 1 + b) , . . . (a. n + m - 1 + b), 
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where a, b are constants, and m the number qf footers , then 
S = U n - U 0 , where 

TT __ (an + b) (a. n + I + b) . . . . (a . n + m + b) . 
(m + f) a 

that is, U n is found by taking (me factor more, and dividing by 
as many times the common difference as there are then factors. 

F ° r Un = (m+l)a | (a. n + m + b) - (a. n - I + b) J 


u n (a . n + m + b) _ (a . n - 1 + b) w n 
(m + 1) a (m + 1) a 


- ( an + b) (a. n + 1 + b) .... (a. n + m + b ) 
(m + 1 )a 


(a . n - 1 + b) (an + b) ; ... (a . n + m - 1 + b) 
(m + 1) a 

- Un - TT,.* 

whereU rt = i ' an + b > : n + l + b ) - (a.n + m + b) 

74 (m + 1) a ' 

Hence, by Art. 93, S ~ TJ„ - TJ 0 , where U n has the 
value in (1). 


Ex. 1. Sum the series 

3 5.7 + 5.7.9 + .... + (2n + 1) (2 n + 3) (2n+5). 
We have u n = (2 n + 1) (2n + 3) (2 n + 5). 

Here the common difference is 2, and with one more 
factor, the number of factors will be 4. 


Hence IT - + 1) (2w + 3) (2 n + 5) (2n + 7) 

= 1 (2n + 1) (2 n + 3) (2 n + 5) (2 n + 7). 


Therefore XT, = g (1) (3) (5) (7) = . 
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S = -? {(2 n + 1) (2 n + 3) (2 n + 5) (2 n + 7) - 105} 

= 2 w 4 + 16 n z + 43 n* + 44 w. 

When u n consists of the sum of several terms of the form 
in Art. 94, it is evident that U n must also consist of the sum 
of an equal number of terms, each obtained according to the 
law there proved. The next example is an illustration. 

Ex. 2. Sum the series l 3 + 2 3 + 3 3 + .... + n\ 

We have u n = n z = n {(n - 1) (n + 1) + 1} 

*= (n - 1) n (n + 1) + n. 

Hence TJ - (” ~ H w ( n ± 11 ( ra + 2 ) + w ( w + j) 
4(1) 2(1) 

= -i n 1 (n + l) 3 . 

Therefore U 0 = 0. 

Hence S or U n - U 0 = i v? (n + l) 2 = j (n + 1) j . 

95. When the nth term of a series is of the form 

_1_ 

(an + b) (a . n + 1 + b) . . . . (a . n + m - 1 + b)* 

where a, b are constants , and m the number of factors , then 
S = U 0 - U n , where 

U n =-=----— - - - - -• 

(m - l)a.(a.n + 1 +b)(a.n + 2.b).... (a.n + m - 1 .b) ’ 

that is, where TJ n is found by omitting the first factor , and 
dividing by as many times the common difference as there are 
factors remaining . 

For u n 

_ 1_ (a . n + m - 1 + b) - (an + b) 

(m-l)a (an + b) (a . n + 1 + b) - (a . n + m - 1 + b) 





jjx. 2. Sum the series 
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Here u n = 


2 71 - 1 


n(n + 1) (n + 2) 

2 


(n + 1) (n + 2) n(n + 1) (n + 2) ’ 
Therefore U* = - ^ * 


1 (1) (n + 2) 2(1). (n + 1) (n + 2) 

m _2_1_ 

n + 2 2 (n + 1) (n + 2) 

4n + 3 

= 2y+i)y+'2y 

H ““ U *-5(1)15)-}• 

Therefore TJ, - V.crB , » - 

4 , ? 

«... 4n + 3 « 

Hence also, since -- - -r-,- - -- = 

* 2 (?i + 1) (n + 2) 


2(n + 1) (1 + ~ n ) 


~ 0, when n = oo , we have 2 = -. 

4 


Figurate Numbers. 

96. We give the name Figurate Numbers to those of the 
following series, where the nth term of any series is the sum 
of n terms of the preceding series :— 

1st order, 1, 1, 1, 1, &c. 

2nd „ 1, 2, 3, 4, &c. 

3rd „ 1, 3, 6, 10, &c. 

<fcc. 

For the first order, we have S n = n. 

And for the second, S B - |.n(n + 1). 

This is the nth term of the 3rd order. 

Hence, to find the sum of n terms of the third order, we 
have 

“ £»(» + iv 
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Therefore (Art 94), 

tt _ 1 » (n + 1) (» + 2) _ «(» +1) (n + 2) 

" 3(1) ~ 1.2.3 ’ 

And therefore U 0 = 0. 

Hence U. - U, or S„ = . 

To find S* for the rth order, 

Assume that for the pi h order, S„ = -I). *~ 

1 » 2 • • • • p 

Then for the (p + l)th order, u n = “ D t 

1.2 .... p 

Therefore 

jj _ n (n + 1) . . . . (n +p) _ n(n + 1) .... (n + p + 1 - 1) 

(i> + l). lT27.../> 1.2... .^n 

and U 0 = 0. 

Therefore U„ - U, or S. = !Li n + :-: J”-jLg+lri >. 

1 . 2 ... p + 1 

Hence, by assuming S w to be formed according to a certain 
law for the pth order, we have proved it to be formed accord¬ 
ing to the same law for the (p + l)th order. Now, we know 
it is true for the 2nd and 3rd orders. It is therefore true 
for the 4th, and therefore for the 5th, and so generally true. 

Hence for the rth order, 

n n (n + l) . . . . (n + r - 1) 

IT 2 .... r 


Polygonal Numbers. 

97. These numbers are called linear, triangular, square, 
pentagonal, and generally polygonal, from the fact that vf a. 
dot be taken to represent unity, they may a5\ 
in the form of the corresponding polygons. T\vo&— 
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Linear Numbers , 

Triangular „ 

Square „ 

Pentagonal „ 

The first order of polygonal numbers is the series in which 
each term is unity , 

And hence, by observing the above diagrams, it is easy to 
see that the several orders may be arranged as follows:— 

1st order, 1, ,1 ,1 , <fec. 

2nd „ 1, 1 + 1, 1 + 1 + 1, 1 + 1 + 1 + 1, (fee. 

3rd ,, 1, 1 + 2, 1+2 + 3, 1 + 2 + 3 + 4, &c. 

4th ,| 1, 1+3, 1 + 3 + % 1 + 3 + 5 + 7, &c. 

5th „ 1, 1 + 4, 1 + 4 + 7, 1 + 4 + 7 + 10, &c. 

&c. 

The law is evident. The nth number of each order after 
the first is the sum of n terms of an A. P., whose first term is 
unity j and the common difference in the rth order is r - 2. 

Hence the nth term of the rth order 
= l+(l+r-2 ) + (l + 2. r - 2) + <fcc., to n terms 

= 12 + n~^~l . (r - 2) | ” 

= n + l n(n - 1) (r - 2). 

Hence, for the rth order, we have u n 

= n + £(r - 2) . (n - l)n. 

Hence, U n \( r - 2) . (” ~ !) ”(» + 0 

2 3 

and U 0 = 0. 

Hence (Ait 93) for the rth order, 

s n =”(n + 1) {(,r - 2) {n-\) + 


ALGEBRA. 

. . • 4 < , <fec., or 1, 2, 3, 4, &c. 

A a\ , <fec., or 1, 3, 6 , 10, &c. 

n rTl , <fcc., or 1, 4, 9, 16, <fec. 

• / • 11 , A’c., or 1, 5, 12, 22, <kc. 
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Cor. Let r = 3, 4, 5, successively, then, 

For triangular numbers, S n = in(n + l) (n + 2). 

„ square „ S M = $n(n + 1) (2 n + 1). 

„ pentagonal „ - \n(n + 1) (3 n - 3 + 3) 

= \r$(n + 1). 

98; To find the number of earmon balls in a pyramidal 
heap, 

(1.) When the base is an equilateral triangle. 

Let n be the number of balls in a side of the base. 

Then, number of balls in lowest layer 

= 1 + 2 + 3+ .... + 92> — ^ 9i(?i + 1), 
the nth triangular number. 

Hence, by Art 93, S w - \ n(n + 1) (n + 2). 

(2.) When the base is a square. 

We have, similarly, S„ - J n(n + 1) (2 n + 1). 

(3.) When the pile is deficient , the first m courses being 
removed. 

Here, if S n = the number in the complete pile, 
and S m = the number in the removed courses, 

S n - S» = the number in the incomplete pile. 


99. To find the number of balls when the base is rectan¬ 
gular, and not square. 

The pile will now terminate in a single row at the top. 
Let l be the length of the top row. 

Then, the nth row, reckoned from the top, will contain 
l *f n - 1 balls, and its breadth will be n. 

Then, number of balls in the lowest or wth layer 
= (l + n - 1) n 

Hence u n = (l + n - 1) n = l. n + (n - 1) n. 

Therefore (Art. 94) 

tt j n(n + 1) , (n - l)n(n + 1) , rv 

V„ = l. '-^- 3 ~ v -' , or, ^ 
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K j n(n + 1) A (n - 1) n(n +1) w * 

# 2 ** 3 

= \n(n + 1) |3/+ 2(re -1)} 

= J re(re + l){3(f + n-l)-n + l} 

= J tt(» + 1) (3 lx - W + 1), 
when l x is the length, and n the breadth, of the lowest row. 


Method of Differences. 


100. Suppose we have to find the sum of the series 
3, 6, 11, 18, 27. 38, &c. 

Taking the differences of each two consecutive terms, and 
then the differences of each two of these differences, and so 
on, until the differences become a series of identical terms, 
we have *, 

Series,. 3, 6, 11, 18, 27, 38, &c. 

1st order of differences, . 3, 5, 7, 9, 11, <fcc. 

2nd order of differences,. 2, 2, 2, 2, &c. 

It will be seen that the nth term of any of these series is 
the sum of its 1st term, and the first (n - 1) terms of the 
succeeding series ... (A). 

Thus, in the 1st order, 

u n = 3 + 2 (n - 1). 

Therefore, by Art. 94, U M = 3 . ^ + 2 . ( w ~ ^ 

= 3.? + 2. ~ or,since TJ 0 = 0 

X l • tj 


s. 


3 71 + 2 ( n " !) n 
1 + " ' 12 


BL-i = 3 . + 2 


1 


(re - 2) (n - 1) 

1.2 


Hence, by (A) above, in the given series, 

n - 1 (n - 2) (n - 1) 


U n r=r 3 + 3 


+ 2 


1 
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; JJ - 3 n + 3 ( n ~ l ^ n i o ( n * 2 ) ( n - ! ) n . 

■ * • I + ‘ 1.2 + 2 -1T2T3-» 

or, since U 0 = 0, 

S a = 3 » + 3 . w ( w - ! ) + 2 . - 11 ( w - 2 > , 

1.2 1.2,3 

= g(w> + 3 » + 13). 

We shall in the next article give the general theorem. 

101. If Uj, u 2 , n 3 , <t'c. be a series , and d 1? d 2 , d 3 , dc. the first 
terms of the successive order of differences , the differences in the 
Tth order being identical, then we have 

S !„ = ««, + + n ( " 7 ^< y - > * +.... 

w (w - 1)-(w - r ) , 

|r + 1 

In the (r - l)th order, we have u n = c/ r _ 2 + (n - 1)4* 
Therefore U n = ^ d r \ and therefore, sines 

TJ 0 = 0, S„ = + - ~ 1 ^d r . 

1 1.2 


Therefore S n _, = - 
In the (r - 2)th or 
= d r _ 

Therefore U »=jd r 

and therefore, since U 0 = 0, 

a - n d A n -V n ,i + (»-2)(w-l)w , 

- T rf r _ a + +—r.2.3— ^ 

We may easily show therefore by indwcl’iow \Jcv».V—- 
it, K 


Id 

1 + " 

■ 2 ) (« 

"Ad 

— u r 

— 1 ^ - 

1 . 2 


we 

therefore have 


n 


+ 

IT 

■2)<n-l), 
1.2 " 

(n- 

:2hV , 

+(»- 

2){n-\)n d , 

1 

.2 r_1 

1 

.2.3 * 
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For the (r - ^>)th order 

Q _ n , (n - 1 )n , 

fc5 n + j 2 ®»’—P + 1 "*'•••• 

(w-y) (w-y+1)- 

1 . 2 _ (p + 1 ) 

Put p = r, then for the series preceding the 1st order of 
differences, that is, for the given series, since d 0 = we have 

S "~T % + _ TT2' l+ l."2T3— 

(w-r)- (w-1)m . 

1.2_(r+1) " 

_ .w(w-l), , n(n- 1) (n-2) , , 

® w««i + — 2 ~ - ®i + -j—23- - + * • • • 

^ w(-l)-(»-»•),, 

** -i-i- 

|r + 1 


Ex. XY. 

Find the generating functions of the following six series : 

1. l + 8x + 22 a? + 50 a? + 106 ** + .... 

2. l + 3x + a?-5a?-7a?-.... 

3. 2 + 13 x + 38 a? + 61 a? - 22 **-.... 

4. 3 + 11 x + 57 a? + 309 a? + 1683 + .... 

5. 9 - 11 x - 52 a* + 129 a? + 235 at -_ 

6. 6 + 16a;+25ar l + 17a s -33a^-142a*-277a*-.... 

Sum to n terms, and to infinity, the following eight series: 

7. 3 - 13 x + 69 3 s - 337 a? + 170 a: 4 -_ 

8. 6 - 33 a? + 249 a? - 1707 a? + 12021 a* - . 

9. l-2x+7a?-8a? + 37 a* - Ua* + 2Ua* + .... 

10. 1 -7x + 22a?~ 703 s + 2113!*-637^+ 1912 a"-..,. 

11 2 - 11 x + oi 9? - 271 a? + V ^ a*- 
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12. 1 + 4 x + 10 a? + 34 a,- 3 - 2G x 4, + . .: / 

13. 3 + 14 x + 36 x* + 69 a 3 + 113 a 4 + 168 a 5 

+ 234 ocP + . • . • 

14. 4 + 29 x + 131 x 3 + 491 + 1679 a 4 + 5459 a* 

+ 17231 jc® + . • • . 

15. Find the scale of relation of the recurring series 

l 2 + 2 a + 3 2 + 4 2 + . . . . 

16. Find the generating function of the series 

a + (a + b)x + (a + 2 b)a? + (a + 3 b)a? + , . . . 

17. If a 0 , a,, a* . . . . form as A. P., and 6 0 , 5 X , 6+, .... 

form a G. P., show that the series 

^ ^ ~ + . « . . is recurring. 

b 0 b x b 2 

18. If 1 + p x x + p&? is the scale of relation of the scries 

a 0 + a x x + a,#? + + . . . . , show that 

®» « - «»-l®n + l) + «n-l («»-!«,,+ 2 ~ «„®» +1) 

+ Ct n _ 2 (®^n + 1 - a n a n + i) = 0. 

Sum to » terms the following ten series: 

19. 1.3.5 + 2.4.6 + 3.5.7 +- 

20. (x + 1) (x + 2) (x + 3) + (x + 2) (x + 3) (x + 4) + . . . . 


21. 

1 

+ 

1 

+ 

1 

2.4.6 


3.5.7 


4.6.8 

22. 

4 


7 


10 

2.3.4 


3.4.5 


4 . 5.6 

23. 

l 3 + 1 

+ 

2 3 + 1 

+ 

3 3 + 1 

2 


3 


4 

24. 



1 




24. ___ 

(a + b) (a + 2b) (a + 3b) 


+ (a +26) (a +36) (« + 46) + ' *** 

25. I 5 + 3 2 + 5 2 +- 

26. I s + 3 3 + 5 3 + .... 
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go 1 + - 

m m(rn-\) 


1.2.3 1.2.3.4 

[2 3 n 2 + 2 n - 4 

-—+....+ -j-X- « 

4 ti + 2 


nrk 1 m — n (m — n)(m — n—l) , , ,, 

29 +-- + v — -—la— -—— + ..to m -Ti + l terms. 

m m(m - 1) m(m — 1) (w - 2) 

on 1 1.3 1 , 1.3.5 1 , . . „ 

2.4 2.4.64 2.4.6.84* 

31. Find the number of shot in a triangular pile, each 
side of whose base contains 10 balls. 

32. There are 12 balls in the length, and 8 in the breadth 
of the base of a rectangular pile, and it terminates in a single 
row. Find the number of balls. 

33. Find the number of balls in a rectangular pile when 
<ni, n represent respectively the number in the length and 
breadth of the base, and there are p layers. 

34. If a: ■* {(1 - xy — cx\ be expanded in a series of 
ascending powers of x , show that the coefficient of x r is 

r(l + + 

(2.3 2.3.4.5 

+ 2 . 3 . 4 . 5 . 6.7 / 

35. Show that 

- &c. +(-l)”- 1 — 

m m + p 12 m+2p m + np 

\np n 

m (m + p) .... (m + np) * 

36. If p r be the coefficient of the (r + l)th term c 2 
(1 + x ) n , where n is a positive integer, then 


&+|ft + *£¥ + .... + J^L = I«(» + 1), 

Po Pi Pi P «-1 1 

and \p 0 + Pt) (pt + (Pi + p t ) + • • • • (Pn-i + Fn) 


_ Pi Pi Pi ( n . jy> 

1.2.3 .... n' ' 
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CHAPTER XII. 

Scales of Notation. 

102 . An ordinary number as 6437 may be thus written: 

6 . 10 3 + 4 . 10 a + 3 . 10 + 7. 

We call 10 the radix of the decimal system of notation. 

And generally, if r be the radix of any other scale, and 
p 0 , pi, p 2 , ... . p n „ ly the n digits commencing with the one 
at the right hand, we may express a number N thus : 

N = Pn-il”- 1 + Pn-sr" -2 + ....+ p#* + PjT + p v 

It is easy to see that in order to express all numbers in 
any given scale, it is necessary and sufficient to have, besides 
zero, one digit less than the radix of the scale. 

Thus, in ordinary notation, we have 9 digits. 

Hence also, for the duodenary scale we shall require 
characters to represent ten and eleven. It is usual to re¬ 
present them by t and e respectively. 

Ex. Express 1420 (senary scale), and Ite 3 (duodenary 
scale), as common numbers. 

1420 (senary scale) = 1.6 3 + 4.6 2 + 2.6 + 0 = 372. 
l*eS (duodenaryscale) = 1 . 12 3 +10.12 2 + 11.12 + 3 = 3303. 

103 . To transform an integer from any scale of notation to 
any other scale . 

Let N be the number, and r the radix of the scale in 
which we are to express it. 

We shall therefore have 

N = P n -lf"~ X +Pn--fi*~' 1 +-+ P4* +p 1 r + p 0 .... (1), 

where p 0 , p ly p 2 , &c., are the digits whose values are required. 

From (1), dividing each side by r, we have 

Quotient =p n - 1 r n “ 2 + jt? rt . 2 y w “ 3 + . * . . -V 
and remainder = j?q. 
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We obtain then the first or right hand digit by dividing 
the given number by the proposed radix, and taking the re¬ 
mainder . 

Again, dividing each, side of (2) by r, we get— 

Quotient = pZ-fi 1 ~ 3 + + . . . . + 2V-*(3), 

and Remainder = p v 

Hence, we obtain the second digit by dividing the first 
quotient by the radix , and taking the remainder . 

And so we may proceed until we have found all thq digits. 
We have therefore the following rule:— 

Rule.— Divide the given number by the proposed radix , 
then the quotient so obtained again by the radix , and so on. 
Then the successive remainders are the respective digits re¬ 
quired, commencing with the right hand one . 

Ex. 1. Transform the common number 3526 into the 
ternary and septenary scales^ 


3 

3526 7 

3526 

3 

1175 .... 1 7 

503 .... 5 

3 

391 .... 2 7 

71 .... 6 

3 

130....J 7 

10 .... 1 

3 

43 .... 1 7 

1 •... 3 

3 

14.... 1 

1 

• # • • 5 

3 

4 ... o 2 


3 

1....1 



....i 



Hence 3526, in the common scale, is expressed by 
11211121 in the ternary scale, and by 13165 in the sep- 
tenary scale. 
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Ex. 2. Transpose 35 et from the duodenary scale to the sep¬ 
tenary scale. 

First method. 

Expressing 35 e< as a common number, we have 
35 et = 3 . 12* + 5 . 12* + 11 . 12 + 10 = 6046. 


Then, as in the last example, 


7 

7 


. 7 


7 

7 


6046 


863 


123 


17 


...5 
• • • 2 
...4 
•.. 3 

o 


Therefore, the number required in the septenary scale is 
23425. 


Second method. 

We may proceed to divide the given number, 353; at 
onoe by 7. Thus— 


7 

7 

7 

7 

7 


35 et 
5e 
1 3 
15 
2 


. ..5 

...a 

...4 
... 3 


I .. .2 

The operation requires a little explanation. Dividing 35 
by 7, we get 5, and 6 over; for 35 in the duodena.'rj to&a 
is 3 x 1 2 + 5 or 41 in the common seals. 


i 
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Then dividing 6 e by 7 we get e , and 6 over, for 
6 e - 6 x 12 + 11 =83. And so on. 

In the next examples, the student is recommended to 
work out, as above, the process for himself. 

Ex. 3. The numbers 357 and 76 are in the duodenary 
scale; find their product. 

357 

76 


1896 

2031 


21 e*6 


Ex. 4. Find the quotient of 1420422 divided by 241, both 
numbers being in the senary scale. 

241)1420422(3502 

1203 


2134 

2125 


522 

522 


Ex. 5. Find the area of a room which measures 27 ft. 9 in. 
by 10 ft. 10 in. 

Expressing these in the duodenary scale, we have 

23*9 

16 '£ 


lelO 

11*6 

239 


37676 = 376-76 sq ft. duodenary scale. 
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This expressed in the common scale 

= (3*12 a + 7*12 + 6) sq. ft. (7 x 12 + 6) sq. in. 

= 522 sq. ft. 90 sq. in. 

104. To transpose a given proper fraction from any scale of 
notation to any other scale. 

If we transform the numerator and denominator each 
into the new scale, we transpose the fraction into the new 
scale. 

It may, however, be required to transform it into a frac¬ 
tion having the form of a decimal in ordinary notation. 
Such fractions are called radix fractions. 

We proceed to investigate the method of doing this. 

Let F be the given proper fraction, 

And let q 19 q 2 , q 3 , &c., be the digits of the radix fraction, 
commencing from the left. 

We then have 

F = £ + £? + 2» + & c .(1). 

r r 2 r z 

where q lf q 2 , q 3) &c., are integers whose values are required. 
Multiplying each side of (1) by r, we have 

Fr = ?1 + ?? + q * + &c.(2). 

r r 2 

Hence, the first digit, q l9 of the radix fraction is found by 
multiplying the given fraction by the proposed radix, and 
taking the integral portion. 

The remaining fractional part is — + ~ -f <tc., and it is 

r r 2 

therefore evident that the second digit q. 2 of the radix frac¬ 
tion is found by multiplying this by the radix. And so on. 

Hence we have the following rule for bringing a given 
fraction to a radix fraction. 

Rule. — Multiply the given fraction by the radix , and the 
integral portion of the product is the first digit . Multiply the 
fractional part by the radix , and the integral portion oj* the. 
product is the second digit . And so on. 
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Ex. 1. Transform ’8125 from the common scale to the 
scale whose radix is 8. 

•8125 

8 


6*5000, .*. q x = 6. 

8 


4-0 , q. 2 = 4. 

Hence the required radix fraction is *64. 

Proof !—*64, in the scale whose radix is 8, 
= -75 + *0625 = ‘8125. 


6 

8 


4 

8 a 


Ex. 2. Transform 713*44 in the scale eight to the scale 
six. 


713 


■u 

n 


114 .. . 

ll 

CO 

O 



3*30, . 

*5 

II 

CO 

14 . . . 

• 4 = p„ 

6 

2 . . . 

oj 

II 

o 

2-2 

G 

•• <h = 2. 


• 2 = p* 

1.4 , . 
6 

’• ?3 = 1- 



3*0 , . 

'• = 3 ; 


Hence the number required is 2043*3213. 

105. A number whose radix is r is divisible by r - 1, when 
the sum of its digits is so divisible . 

Let the number N be such that 

N = + p«_ s r+ -+ p.jr + p,r + p 0 ... (1), 

where p 0 , Pi, p 3 , . . . . , p n -u are the digits commencing at 
the right hand . 
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We liavo 

X=Pu-i(f*- l -l)+Pu-t(f*- % - 1) +-1*1 (^ - 1) 

+ ^ (r - 1) + (p n _ 1 + jt> n _ 2 +-+ i?2 + Pi + i> 0 ). 

Now each of the quantities r*" 1 - 1, r n “ 2 - 1, , 

r 2 - 1, r - 1, is divisible by r - 1. Hence the whole of 
the right side of this equation is divisible by r - 1, if 

(p»-i + Pn -2 + . . . . + p 2 + Pi + Po) is so divisible; i.e. 9 

N is divisible by r - 1, when {p n -i + Pn- a + . . . . + P 2 
+ + jt? 0 ), the sum of its digits, is so divisible. 

Cor. Hence also f a number whose radix is r, will leave the 
same remainder when divided by v — 1, as the sum of its 
digits leaves when divided by r - 1. 

106. A number whose radix is r is divisible by r + 1, when 
the difference between the sum of the digits in the odd places 
and the sum of the digits in the even places is so divisible . 

We have 

N=jp n l 1 r n - 1 +^ n „ 2 r n “ 2 + ... * +2h' t * + Pf 1 +Pi r • • (1)* 

+ Pz + 1) + j?3 (** - 1) + jPl { r + 1) 

+ {PO ~ Pi + Pi - PZ + - • • • + (-l) n-1 Pn-l}. 

Now (Yol. I., Art. 30) each of the quantities r + 1, r 2 - 1* 
r 8 + 1, . * 4 . , r?" 1 - ( - l) n “\ id divisible by r + 1. 

Hence the whole of the right side of this equation is 

divisible by r + 1, if {po~lh+P*.-Pz + • ■ ■ • (- 
is so divisible. 

teut pt - pi - pi - p 3 + ... . + (-l) n ~ 1 p,,~i is the 
difference between the sums of the digits in the odd and 
even places. 

Hence N is divisible by r + 1, when the difference be¬ 
tween' the sums of the digits in the odd and 
so divisible. 
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Con. Hence, also, when a number , whose radix is r, is 
divided by r + 1, it will leave the same remainder as the dif¬ 
ference between the sums of the digits in the odd and even 
places will leave when so divided . 


Ex. XVI. 

1. Express the common numbers 654 and 387 in the 
senary scale. 

2. Transform 372 and 516 from the denary to the septenary 
scale, multiply the results together, and divide the pro¬ 
duct by 516 (septenary scale). Express the quotient in the 
denary scale. 

3. Transform 4163 from the septenary to the scale whose 
radix is eight. 

4. The number 86 expressed in another scale is 95. Find 
the radix. 

5. The number 172 expressed in a different scale is 124. 
What is the radix. 

6 . If the number 516 be divided by 2, the quotient when 
expressed in another scale has the same digits as the original 
number. Find the scale. 

7. Transform 79*875 from the denary scale to the scale 
whose radix is 8. 

8 . Express 4521 (senary scale) in the duodenary scale. 

9. Find the area of a room measuring 52 ft. 9 in. by 30 
ft. 7 in., expressing your result in the duodenary scale. 

10. Simplify , the number being in scale 

45 t ^j- x 210 

six. Give your answer in scale seven. 

11. The number 52614 is in scale seven. Find its square 
root in that scale. 

12. Reduce *32 (scale six) to a vulgar fraction in the 
same scale. 
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13. Show that 1331 is a cube number in any scale above 
three. 

14. The difference between any number and the number 
composed of the same digits in reverse order is divisible by 
r - 1, where r is the radix of the scale. 

15. Show that the difference between two numbers having 
the same digits is divisible by r - 1, whatever be the order 
of the digits in the second number. 

16. Given a system of weights 1 lb., 3 lbs., 3 a lbs., <fcc., 
(one of each kind); show how to weigh 1135 lbs. 

17. If <f> (n) represent the remainder after dividing a 
number n by r - 1, show that 

{<Hp) ■ £(?)} = 

18. If the digits of a number n be added together, the 
digits of the result added together, and so on, until the sum 
is represented by one digit; and we represent the final result 
by F (n), show that 

F (n) . F (p) . F (g) . . . . and F (npq . . . . ) 
are either equal or differ by a multiple of (r — 1). 

19. If a number whose digits are p 0} p 19 p 2 , is a perfect 
square in any scale, find the relation between p Q , p 19 p. 2 . 

20. Show that if the sum of two numbers is a multiple of 
the radix, the sum of the last digits of their cubes is equal 
to the radix. 

21. Every number having its digits repeated in threes, 
and being in any scale of the series— -four, seven, ten, thirteen, 
&c.—is divisible by 3, and the quotient contains a factor, the 
sum of whose digits is equal to the radix. 

22. The sum of the numbers (scale s) represented by the 
permutations of any three digits of the scale amongst each 
other, is always divisible by the number (si) of the scale 
whose radix is (s + 1). 

23. Every number less than 2 W + 1 can be expressed by the 
sum of certain terms of the series 
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24. Every number less than 3 n + 1 can be expressed by 
terms of the series 

1, 3, 3 2 , , 3 n , 

the coefficients of the terms being either ± 1. 


CHAPTER XIII. 

Properties of Numbers. 

107. By the term number in the present chapter we mean 
a positive integer. 

Owing to the extensive nature of the Theory of Numbers 
we shall be able to give in this work only the more 
elementary propositions. 

A Prime number is one which has no divisor except itself 
and unity.. 

Two numbers are said to be prime to each other when 
they contain no other common divisor than unity. 

108. If a number a be prime to each of the numbers b and 
c, it is prime to their product be. 

For suppose a , b } c to be each broken up into their 
elementary factors. 

Then a contains no factor except unity, which b contains; 
and neither does it contain any factor except unity, which c 
contains. 

Now, be when broken up into elementary prime factors 
cannot contain any other such factors than what can be 
found in b and c. 

Therefore a contains no factor common to be other than 
unity. 

Hence a is prime to be. 

Cor. 1. Hence if a be prime to any number of quantities 
b, c, d, <fec., it is prime to their product bed, &c.; and if a 
be prime to any quantity 6, it is prime to each of the factors 
of d. 
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Cor. 2 . If a be prime to 5, it is also prime to bbb . . . . , 
that is, to any power of b. 

Cor. 3. If a be a divisor of be, and be prime to b, it must 
be a divisor of c. 

Cb d n 

Cor. 4. If - is a fraction in its lowest terms, then % is in 
b b n 

its lowest terms. 


109. If % be a fraction in its loicest terms, and ~ = C ; 
b b d 

then will c and d be equimultiples of a and b. 

For ~ is the fraction 4 reduced to its lowest terms . 
b d 

Now in order to express 4 in its lowest terms we have to 
d 

divide numerator and denominator by the greatest common 
measure x, suppose. 

We must therefore have -= a, or c = ax; 
x 

and - = b, or d - bx. 


110. If N be an integer, and jtfN a surd, we cannot express 
the latter by a fraction . 

a a n 

For suppose = -, we then have N = — , .(1). 

Now if ? be not in its lowest terms, we may so reduce it. 

Then we shall have-— in its lowest terms, and also a fraction. 
b n 

Hence in (1) we have, an integer = a fraction, which is 

absurd. 


111. Any number is prime if it cannot be divided by some 
number equal to, or less tha/n, its square root. 

For every number N which is not a prime is composed of 
two factors, as a and b, so that we have 

N = ab . 
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Now if a = b, we have a = b = \/N, so tliat N is 
divisible by J] N. 

Again, if a > 6, we have 6 < \/N; 

And, if a < 6, we have a < \/N. 

Hence, for every number not prime, there always exists a 
divisor, either equal to, or less than, its square root ; and 
therefore, every number not having such a divisor is prime. 

Ex. To determine whether 101 is a prime number. 

We have jWl < 11. 

Now, as 101 is odd, we need only try the prime divisors 
3, 5, 7 , and we find it is not divisible by either of them. 

Hence 101 is a prime number. 

112. No rational algebraical formula can contain •prime 
•numbers only . 

For, if possible, suppose that the expression 

p + qx + rx* + &C 3 + <fec. 

expresses prime numbers only. 

Suppose that when x = m, the expression equals P; and 
when x = m + nP, the value of the expression is P x . 

Then we have 

P = p + qm + rm 2 + «m 8 + <fcc. (1), 

and P i = p + q(m + riP) + r (m + nPf + s(m + nP) 3 + &c. 
= (p + qm + rm 2 + sm z + &c.) 

+ (qn + 2 rmn + 3 sm 2 n + &c.) P 

+ (m 2 + 3 smn 2 + <fcc.) P 3 + <fcc. 

= P + terms containing P as a factor. 

Hence P x is divisible by P, and therefore not prime. 

And hence the algebraical expression 

p + qx + rx 2 + fisc 3 + <fcc. 
cannot represent prime numbers only. 

Mem ark. There are several remarkable algebraical formulae 
which represent a large nujnber oi prime's, 
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Thus x* + x + 41, by making x = 0, 1, 2, 3, &c. 39, 
will give a series of forty numbers, all primes, 
a? + x + 17 gives similarly seventeen primes. 

2 sc 2 + 29 gives twenty-nine primes. 

2 n + 1 is prime for n = 1, 2, 4, 8, or 16. 


113. 77*3 member of primes is infinite. 

For suppose to be the greatest prime number. Then 
the product of all the prime numbers up to p is 

2. 3. 5.7... .p. 

And this product is divisible by each of the prime numbers. 
Hence 

(2. 3.5. 7_ p) + 1 

is divisible by none of the prime numbers 2, 3, 5, 7,... . p . 

Now, if this quantity is a prime, it is a greater prime than 
p; and if it be a composite number, it must have a prime 
factor greater than p, since none of the prime numbers 2, 3, 
5, 7, .... p will divide it. 

Hence, in any case, there exists a prime number greater 
than any supposed prime p. 


114. If x be prime to b, and each of the terms of the semes 
b, 2b, 3b,.... (a - l)b 
be divided by a, all the remainders will be different. 

For suppose any two terms of this series, nib and m x b, to 
have the same remainder, where m and m x are of course each 
less than a. 

Then their difference (mb - mfi) will be divisible by a. 

But since mb - mjb = (m - m x ) 6, it is composed of two 
factors, one of which is prime to a , and the other of which is 
less than a. It therefore cannot be divisible by a. 

Hence no terms of the given series can leave the 
remainder when divided by a. 

5—n. L 
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Cor. 1. Since all these remainders are less than a, and 
they are all different, and since there are (a - 1) terms in 
the given series, it follows that the series 

1, 2, 3, .... a - 1 

represents the remainders, not regarding their order. 

Con. 2. If a be prime to 6, the terms of the A. P. 

b + c, 2 6 + c, 3 b + c, -(a - 1) b + c, 

when divided by a, will give for remainders the series 
1, 2, 3, .... (a — 1), 
no regard being had to their order. 

Fermat's Theorem. 

115. If tl be a •prime number , and N be a number prime to 
n, then N a_1 - 1 is divisible by n. 

We shall give two demonstrations of this important 
theorem. 

First proof. 

By Art. 114, Cor. 1, the terms of the series 
N,2N,3N, _, (n - 1) N, 

when divided by n, give for remainders (disregarding their 
order) the series 

1, 2, 3, . . .. , (n - 1). 

Hence, assuming q 1} q. a q 3 , .... , q n - X as the quotients 
corresponding to these remainders, we must have 

N.2N.3N_(n - 1) N 

= (1 + q x n) (2 + q 2 n) (3 + q z n) - (n-l + q n - x n) ; or, 

N n_1 . 1 . 2.3.... (n - 1) = 1 . 2 . 3 . . . . (n - 1) + terms 
containing n as a factor 

= 1.2. 3.... (n- 1) + Mn, suppose. 

(N*- 1 - 1) . 1 . 2 . 3_ (n - = Mn. 
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Now n, being a prime number, is prime to each of the 
factors 1, 2, 3, . . . . , (n - 1). And hence 
M . 

-is an integer, 

1.2.3 _ (n - 1) , ° ’ 

since N n_1 - 1 and n are integers. 

Hence we have N”"" 1 - 1 = Pn, when P is integral. 

... -1 __ i i s divisible by n. 

Second proof. 

We have .N n = { (N -1) + 1 J. w = 

(N-1)" + »(N-1)"- 1 +... + w ( w ~ 1 1 )^-( w ~ r + 1 ) (N - l)“- r 

+ .... + »(N-1) + 1. 

Now every term of the second side of this identity, ex¬ 
cepting the first and last, is divisible by n. 

For the general coefficient ZiLtl) i 3 an 

1.2 ... r 

integer, and is so divisible, since r is < n, and n is prime. 
Hence we have 

N n = (N - l) ft + 1 + P 0 n, where P 0 is an integer. 

.*. N n - N = (N - l) n - (N - 1) + P 0 w; 
or,putting successively, N - 1, N - 2, . . . . , 2, for N, we have 
(N - l) n - (N -1) = (N - 2) n - (N - 2) + PjW, 

(N - 2) n - (N - 2) = (N - 3)* - (N - 3) + P a ?i, 

&c. = <fec. 

2 n - 2 = l n -l+P n _ 3 
where P 2 , P 2 , (fee., are integers. 

Hence adding these equations, we have— 

N n - N = l n -1 + (P 0 + P 2 + P 2 +_P n _ 2 )n 

= Pti, suppose, where P is an integer. 

Or,N (N- l -l)=Pn. 

P 

Now n is prime to N, and therefore — ia integral 
Hence N*~ 2 - 1 is divisible by n . 
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Extension of Fermat's Theorem. 

116. If n be prime to N, and (f>( n) represent how many 
numbers there are less than n, and prime to it, then 

N^( w ) — 1 is divisible by n. 

Let a, b, c f d, . . . . m, .(1). 

be the <p (n) numbers which are less than n and prime to it. 
Then if the series be multiplied by N we have the second 
series 

aN, 6N, cl ST, . . . . , rf, .(2). 

Now it may be shown, as in Art. 114, that if the terms 
of the series be severally divided by n , we shall have for 
remainders, neglecting their order, the series (1). 

Hence, as in Art. 115, assuming q a , q b , q c , &c q n as the 
quotients corresponding to these remainders, we must have 
aN . 6N . cN_mN 

= (a + q.n) (b + q 2 n) (c + g- 3 n)- (m + q m n) ; or, 

abc _ m . 

= abc . . . . m + terms containing n as a factor 
= abc . .. . m + Mw, suppose. 

. m = Mw. 

Now each of the quantities a, b, c, . . . . , m is prime to n 
and less than n. Hence n is prime to the product abc .... m. 

Therefore N^ n ) -1 is divisible by n. 

Cor. Fermat’s theorem follows at once from this. 

For suppose n a prime number, then the numbers less than 
n and prime to it are 

1 , 2,3,....,(»-l). 

Hence, here (n) = n - 1. 

Hence, if n be a prime number* and n be prime to N, 

N w ~* -1 is divisible bv n. 





Wilsons theorem. 


165 


Wilson’s Theorem. 

117. If n be a prime number , then 
| n - 1 + 1 

is divisible by n. 

Let a represent one of the numbers of the series 


1, 2, 3, . . . . , (n - 1).(1). 

a is therefore prime to n. 

Multiplying each term of this series by a , we have the 
second series 

a, 2 a, 3 a, .... (n - l)a.(2). 


Now (Art. 114, Cor. 1) if the terms of this series be divided 
by n, we have for remainders, not regarding their order, the 
series in (1). 

Hence some one of the numbers in series (2) give unity 


for a remainder when divided by n. 

If we represent this number by ma, we have 

ma - 1 divisible by n — b Q n, suppose.(3). 

Now m cannot be equal to a, except 

a = 1, or a = n - 1.(4). 


For suppose we have m = a, we then have from (3) a 2 - 1 
= b 0 n or (a + 1) (a - 1) = b 0 ?i. 

Now n is a prime number; 

Hence either a + 1 or a - 1 is divisible by n. 

But a is less than n, and hence when n divides a + 1, W3 
must have a - n - 1. 

And so, when n divides a - 1, we must have a = 1. 

Hence, leaving out the numbers 1 and n - 1, we may say 
that it is always possible that any one of the numbers 

2, 3, 4, . . . . , (n - 2), 

may be multiplied by some other number of the s&cme 
bo as to form a product of the form. b 0 n -v 1% 
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Suppose then we multiply these numbers so as to form such 
products as bji + 1, b 2 n + 1, &c. By multiplying together 
these products we have 

2.3.4 .... (w - 2) = (b^n + 1) {b*n + 1). 

= Mw + 1, 

where M n represents the terms having n as a factor. 


Hence, multiplying each side by n - 1, we have 

1.2.3 _ (n - 1) = (M» + 1) (» - 1) 

= M(?i - 1) n + n - 1; or 
1.2.3 _ (n - 1) + 1 ={M (n - 1) + 1 }n. 

Hence | n - 1 + 1 is divisible by n. 

Cor. Hence (l . 2 . 3 . . . . n ) ± 1 is divisible by 

n, when n is prime, and > 2, the upper or lower sign being 
taken as n is of the form 4 m + 1 or 4 m - 1. 

Since n is integral, we have 

!.2.3,.“!.(»-l) 




w -1 \ /n + 1 n + 3 


6 


• n-3 ,n-2»n- l) 


= 1.2.3 {(« - —y-) M-3-M-2.M-lJ 

- 1 . + (-1)"-? 1 1.2.3... j. 


= 1.2.3_ 


where Mrc represents terms containing n as a factor; 

= ^1.2.3.... -y-)M m + ( - 1)^(1.2.3.... 
or, adding unity to each side, )n - 1 + 1 
= (l. 2 .3.... + (-1)^ .(l. 2. 3.. 1. 


How we have just shown that \n - 1 + 1 is divisible 
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Hence (-1) 2 ^1 . 2 . 3 . . . . n ^ + 1 is divisible 
by n. 

Now ( - 1) 2 = ± 1, according as n is of the form of 

4 n + 1 or 4 n - 1. 

Hence the truth of the proposition. 

118. If a, b, c, 1 are a series of numbers prime to 

each other, and <f> (n) represents how many numbers there arc 
which are prime to n and less than it, then 

$ (abc_1) = <f> (a) . (b) . </> (c)_</> (1). 

First, suppose N = ab. 

We may arrange the numbers from 1 to ab in b columns 
thus: 


1, 

2, 

3,. 

V 

. . . a, 

a +1, 

a + 2, 

a + 3,. 

.. a + k ,. 

. . 2 a, 

2a + 1, 

2 a + 2, 

2 a + 3,. 

.. 2 a+ k,. 

.. 3 a. 

(6 - 1) a + 1, (6- 

l)a + 2, (b- l)a + 3.. 

. . (b - 1 )a + k, 

... ab. 


If we consider any column as the one commencing with 
1c, we see that all the numbers in it are prime to a, or all 
the numbers contain some factor common with a, according 
as k is prime to a or not. 

Hence the number of columns which contain all the num¬ 
bers of the column prime to a is equal to the number of 
quantities in the series 1, 2, 3, . . . k, . . , a, which are prime 
to a. And no other column contains any number prime 
to a . 

Hence <f> (a) is the number of columns containing numbers 
prime to a out of all the numbers from 1 to ab .(1). 

Again, by Art. 114, Cor. 1, if the numbers in any column, 
as that commencing with 1c, be divided by b, the remainders, 
when k is prime to b, will form the series 

h2, 3, . 
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Hence in every column there are as many numbers prime 
to b as there are of such numbers in the series 1, 2, 3,.... 

(b-iy 

Therefore <f> (b) is the number of quantities in each column 

which are prime to b .(2). 

Hence from (1) and (2) we conclude that— 

The number of quantities in all the columns which are 
prime to a and prime to 6, and therefore prime to ab, is 

<t>(a).<Hb). 

Therefore <f> (ab) = <j> (a) . </> (b). 

If N = abc ... . we have 

4> (abc . . . , l) = <f> (a) . <j> (be. . . . 1) 

= <j> (a) . (b) . <f> (c . . . 1) - &c. 

= <f>(a) . <f> (b) . <j> (c)-</>(£). Q.E.D. 

Note. It will be seen that we consider here unity as prime 
to a, by c, &c. 

119. To find the number of j positive integers which are less 
than N and prime to it. 

Suppose N = a p b q c r . ... 1% where a, b, c,... ., l are prime 
factors. 

Now the number of positive integers which are less than 
a p and prime to it is found by subtracting from a p the num¬ 
ber of quantities in the series 

a, 2 a, 3 a, . . . . , a p ~ or a p . 

The number of these is evidently a p ~ l . 

Hence we must have <j> (a p ) = a p — a p ~\ 

or <f> (a p ) = a p (\ —and so 

= K i - 1 )> 

$(?') = « r ( 1 -?)> 

&c., = &c. 

m = K 1 '!) 
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Hence, multiplying, we have 

-»•(>-*><>-{) (\-D-0-n 

But by last Art., 

*(N = ) =</><*').</, (&•).*(<>•). . ..*(?> 

Hence * (N) = N(l -1) (l - I) (l - -J - ]). 

120. To number of divisors in a given integer. 

Suppose N = a p b 9 c r . ... , where a, b, c ... . are primes. 
Now N is divisible by every power of a not greater 
than a p . 

Hence, including unity as one of its divisors, N is divis¬ 
ible by every term of the series 

1, a, a 2 , ... , a p . 

And so it is divisible by every term of each of the series 
1 , 6 , 6 2 , . , . , b 9 , 

1, c f c 2 , • • • , c , 

&c. 

N is therefore divisible by every combination of the terms 
of these series. 

Hence N is divisible by every term of the product 
(1 + a + o? + .... a ps ) (1 + 6 + & 2 + ...« + b 

(1 + C + C 3 +- + C r ) .... , 

and by no other quantity. 

Now the number of terms of this product is found by 
putting a = b = c = &c. = 1. 

Therefore, number of divisors of N, including itself and 
unity 

= (> + 1) (q + 1) (r + Y) . . .. 
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Cor. 1. Since every divisor has a corresponding divisor for 
a quotient, it follows that the number of ways in which N 
may be broken into two factors is half tho number of 
divisors. 

(L) When N is not a perfect square , 

One at least of the indices is odd, and therefore 
(p + 1) (? +1) (»• +1).... 

is even. 

Hence, number of ways in which N may be broken up 
into two factors 

= i (p + !) (? + l) ( r + 1) — 

(ii.) When N is a perfect square , 

All the indices, p, q, r, . . . . are even, and therefore 
{p + 1) (q + 1) (r + 1) . . . . 

is odd. 

But v/5? is a divisor, and hence, since N = \/N . n/N, 
there is one way of resolving N into two factors, by means 
of one divisor . 

Hence, number of ways in which N may be resolved into 
two factors 

= i {CP +1) (? + !)(»• +)...• + !}• 

It must be remembered that (1ST, 1) is one of the pairs of 
factors. 

Cor. 2. The sum of the divisors of any number N, includ¬ 
ing among them itself and unity, 

= the product (1 + a + a 2 +.... + a p ) (1 + b + b 2 + .. .. + 5 s ) 

(1 + c + c 2 f- +c r ) - 

_ a p + 1 — 1 &» + l - 1 c r f 1 - 1 

a - l ‘ 6-1'* c-1 

Cor. 3. If n be the number of prime factors, a , 6, c, &e. 
(not including N or unity), in N, 

The number of ways in which N may be resolved into 
two factors prime to each other = 
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For we must have a p in one factor of any pair; and so 
we must have b q , c r , &c.; and we cannot have any lower 
powers of a, b, c , <fcc., in any of the factors which are prime 
to each other. 

Hence the number of ways in which we may resolve N 
into two factors prime to each other is the same as that of 
the number abc . . . .; 

We have therefore, by Cor. 1, making there p = q = r 
= &c. = 1, 

Number of ways in which N may be resolved inta two 
factors prime to each other, 

= \ (1 + 1) (1 + 1) (1 + 1) .... to n factors = 2 n “ 1 . 
Ex. XVII. 

1. If any number divide each of two other numbers, it 
will divide their sum and difference. 

2. If two numbers be prime to each other, then will their 
sum and difference be prime to each of them. 

3. If a square number be multiplied by a square, the 
product will be a square. 

4. All numbers belong to one of the forms 3 n, 3 n ± 1. 

5. Every square number is of the form 5 n or 5 n ± 1. 

6. Every cube number is of the form 7 n or 7 n ± 1. 

7. A number which is a perfect square will divide by 5 
without a remainder, or will leave 1 or 4 for a remainder. 

8. Show that n (n? + 5) is divisible by 6, when n is an 
integer. 

9. Show that n(n 2 - 1) (n 9 - 4) is divisible by 120, when 
n is an integer. 

10. All even square numbers are of the form 16 n or 
4 (4 n + 1), and all odd squares of the form 8 n + 1. 

11. Every number of the form 4 ?i -v 1 is 
squares. 
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12. If the difference between a and b is divisible by p, a 
is said to be congruous to b , for the modulus p. Hence 
show that if a EE b (mod. p ), and c~d (mod. p ), then 
a + c EE b + d (mod. p). 

13. If a = b (mod. p), then a n EE b n (mod. p), and ma EE 
(mod. jo). 

14. If wza = mb (mod. p ), what is the condition that a EE: 3 
(mod. p) 1 

15. If the congruence (as) = 0 (mod. p) is satisfied by 
x = a, show that every number of the form a + mp is also a 
solution, and that among these numbers there always exists 
one, and only one, between the limits 0 and p - 1 inclusive. 

16. If ax + b =E 0 (mod. p), how many solutions are pos- 
* sible in the three cases : (i.) when a is prime to p; (ii.) 

when a and p have a common measure, which will not 
divide b ; (iii.) when a, b , p have a common measure ? 

17. If p be a prime number, show that 

(x + 1) (x + 2) (x + 3) . . . . (x + p - 1) 

EE x p ~ 1 - 1 (mod. p), 
and hence deduce Wilson’s theorem. 

18. If 2 n - 1 be a prime number, then will 2 n_1 (2 n - 1) 
be a perfect number—that is, a number which is equal to the 
sum of all its aliquot parts, or its divisors. 

19. If 3 . 2 n — 1,6.2- — 1,18 . 2 2n - 1 are prime num¬ 
bers, show that 

2 n + 1 (18 . 2 2 * - 1), and 2” + 1 (3 . 2 W - 1) (6 . 2’* - 1), 
are amicable numbers—that is, numbers each of which is 
equal to the sum of the divisors of the other. 

20. Any power of the sum of two squares may be sepa¬ 
rated into the sum of two squares. 

21. If a, 5, and n are positive integers, and b less than 
2a- 1, show that the integral part of (a + Jo? - b) n is an 
odd number. 

22. It n be a prime number, and m be odd, show that 
+ 4 cannot be a perfect square. 
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23. If (N) is the number of integers not greater than N 
and prime to it, and 1, d l9 d 2 , &c., are all the divisors 
of N, then 

<#>(1) + ^dj + <f> (d 2 ) +_= N. 

24. If p be the G. C. M. of m and n, then x p - 1 is the 
G. C. M. of x m — 1 and af - 1. 

25. If p be a prime number, and a one of the numbers 
1, 2, 3,.... p - 1, then a + hp contains square numbers 

p_—_ l 

or not according as a 2 - 1 , or a 2 + 1 , is divisible by p. 


26. With the notation of Ex. 23, show that, when N is 
an odd number, p(2 N) = p (N). 

27. Find the sum of the positive integers which are less 
than a given number (N) and prime to it. 


28. Show that the sum of the squares of these integers 

- tO %) 0 - p (' -;)•••• + 1' 1 - *> (' - s > <> 


> 


and that the sum of their cubes 

where a, b, c> .... , are the prime factors of N. 

29. If p be a prime number, then the congruence 
a 0 x m + a x x m ~ l + a<p m ” 3 + .... + a m = 0 (mod. p) 

cannot admit of more than m solutions less than p. 

30. The congruence x p = l (mod. p) has always f> (p - 1) 
roots, where p (n) represents the number of integers less 
than n and prime to it, and where p is a prime number. 
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CHAPTER XIV. 

THEORY OF INDICES. IMAGINARY QUANTITIES. 

Indices. 

121. In the first volume of this work we have not alto¬ 
gether omitted this subject; we shall here complete the 
theory as far as space will permit. 

I. Positive integral indices . 

It is convenient to conceive of a m , where m is a positive 
integer, as the result of multiplying unity by m factors each 
equal to a. 

Thus a m = 1 (a . a . a . *. . to m factors). 

II. Negative integral indices. 

Here, remembering that negative is the reverse of positive , 
we shall be quite consistent if we allow a - ” 1 to represent 
the result of dividing unity by a, and the quotients succes¬ 
sively by a for m operations. 

Thus, a~ m = 1 -r (a . a . a . .. . to m factors = —. 

’ v a m 

We get from this a m x a~ m = 1. 

Now, by assuming that the formula a m x a n — a m + ", 
which we know holds for positive integral indices, to also 
hold when 

n = we have a m x = a m ~ m — a 0 ; 
and we conclude that a 0 = 1. 

We have no need, however, to assume the principle at all. 

For, referring to our definitions of a m and a~ m > it at once 
follows, since a m represents the result of multiplying unity 
by a, and the successive products by a for m operations, and 
that a~ m represents the result of dividing unity by a, and 
the successive quotients by a for m operations, that 

a°represents unity neither multiplied nor divided at all by a; 
that is, a 0 is consistently interpreted to mem 
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Hence, whether m be a positive or negative integer, or 
zero, a m admits of the same interpretation, provided we 
remember the. algebraical meaning- of positive and negative. 

Again, the law that a m x a n = a m+n holds good if either 
m or n, or both, be negative integers. 

For, suppose n = - p> when is a positive integer, we have 

1 a m 

a m x a n = a m x a~ p = a, 1 * x — = —. 

a p a* 

If m > p, then — = a m ~ p = a m + n . 

If m < 97, then — = —?— = a~ (p ~ n) = a m ~ p = a m + 

1 _ a p a p ~ m 

Hence a m x a n = a m + ", when n is negative. 

And it may be similarly shown when both are negative. 

Fractional Indices. 

122. If m and n are any integers, it follows at once from 
the above that 

(a m ) n = a mn = a m x n . 

Hence, a mn or a mxn is the correct symbol for the nth 

m 

power of a m . And therefore a m + n or a n will consistently 
represent the nth. root of a m . And this is true whether m 
and n be either one or both positive or negative. 

fi s fir 

(L) We shall now show that a 9 x a‘ = a q + , 9 where p , q, 
r, 8 are integers, and thus show that the law cc m x a n = a m + M 


holds when m and n are fractional. 

p_ ♦ 

We have a 9 = = %/(a P Y = .(1). 

and a* = Ja r = % (a r ) 9 = */aT . (2). 

P_ r 

p 9 x a* = VJa*" x a qr = Xja 1 * + ^ 

- P»+_tr 2+1 
*=• a q * = a 9 \ 
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(ii.) We shall now show that (a 9 )* = a q \ where p, q, r , s 
are integers, and thus that the law (a m ) n = a mn holds when 
m and n are fractional. 


We have (»<)• = 
or by what has just been proved, 



J 9 / pr 9» / pr pr 

= i\ v a = \/ a -O'". 


Hence it has been universally established that the laws 
(L) a m a n = a m + n , and 
(ii.) (a m ) n = a mn , 

are universally true, whether m, n be integral or fractional, 
positive or negative. 


Imaginary Quantities. 

1S3. An expression of the form a + b s/ - 1 is called an 
imaginary quantity, a and b being real quantities. If we 
allow that b J - 1 vanishes when b = 0, then the whole 
expression vanishes when a — 0, and 6 = 0. 

Conversely, when a + 6 J - 1 = 0, we must have a »= 0, 
b = 0. 

For, transposing, a = - 6 J - 1; or, squaring, 
a* = 6 2 (- !) = - 6 a ; or, 
a 2 + 6 9 = 0. 

And the only values of a and 6 which satisfy this 
equality are 

a = 0, 6 = 0. 

124. If a + b J - 1 = c + d -s/ - 1, then a = c, and b = d. 

For, transposing, 

(a - c) + (6 - d) J - 1 = 0, 
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Hence, by the last Art., a - c = 0 , or a - c. 

and b - d = 0, or b - d. 

125. Def.—T wo imaginary expressions are conjugate when 
they differ only in the sign of the coefficient of »J~- 1. 

Thus a + b J - 1 and a - b \A^~1 are conjugate expressions. 
It follows, therefore, that 

(L) The sum of two conjugate imaginary expressions is 

REAL. 

For (a + b - 1) + (a - b J - 1) = 2 a. 

(ii.) The difference of two conjugate imaginary expressions 

18 IMAGINARY. 

The square root of the product of an imaginary expression 
by its conjugate is called its modulus. 

Thus, since (a+b *J~- 1) (a - b J - 1) = a 2 + £r, 
we call Ju* + b 2 the modulus of a + b J - 1 , or of a - 6 V ~T. 

126. 7/*M (p) and M (q) represent respectively the moduli 
of p and q, then 

M(p).M (q) = M (pq). 

Suppose^ = a + b J - 1, 
and q — c + d J - 1. 

Then M (pi) = \la 2 + b 2 , and M (y) = Jc 2 + d 2 . 

Therefore M (p) . M (q) = f(d 2 + b 2 ) (c] + t¥) .(1). 

But pq = (a + b *J -\) (c + d J -\) 

= (ac - b'd) + (ad + be) J - 1. 

M(p^) = J(ac - bdf + (ad + bef 

= JJa 2 + b 2 ) (c 2 +~d?) .(2). 

Hence from (1), 

M(p).M(q) = M (pq). 

127. The addition , subtraction , multiplication } or division 
of quantities of the form A + B J - I gives a result of the 
same form. 

5 — 11 - M 





178 


ALGEBRA. 


Let a + b n/^ 1 and c + cl J - 1 be the quantities. 

(i.) Addition and subtraction. 

(a + b \T^l) ± (c + d J - 1) = (a ± c) + (b ± d) J - 1. 
(ii.) Multiplication. 

(a + b \A-1I) (c + d \A-~1) = (ac - bd) + (ad + be) y -1. 
(iii.) Division. 

a + b J - 1 _ (a + bs/ -\) (c - d J -V) 
c + dJ~T\ ~ (c + d J- 1) (c - d sT^T) 

_ (ac + 6d) + (be - ad) J-l 
c 2 + d 1 

ac + bd be - ad f — 7 
c 2 + d* fTffi 

128. To find the powers of f - l. 

Every number must be of the form 4 m, 4m + 1, 4m + 2, 
or 4m + 3. 

Now (V^“I) 4m = {(n/‘ Z 1 2 )} 2 ” i = (-l) 2m = 1. 

(J^l ) 4W + 1 = = i.^—i = V-l. 

(n/ — 1)4 m + 2 __ (JZTiym , ( = 1 ( - 1) = _ 1. 

(V^l) 4m + 3 = (V^) 4 M^) 3 (jv/^) 

= 1(-1)^ = - V-1. 

129. Zb jfoid the cube roots of unity. 

These will evidently be the three values of x which satisfy 
the equation ar* = 1, or x* 3 - 1 =0. 

We have 

(x - 1) (ar + x + 1) = 0. 

Therefore x - 1 = 0, and ar* + x + 1 = 0, will both 
furnish solutions. 

From the former, x = 1; 

And from the latter, x = \ 1 4 -V\. 
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Hence the cube roots of unity are 1, J (- 1 ± \/-3). 

We may verify this result by cubing these quantities. 

In each case the cube is unity. 

Cor. Similarly, the cube roots of - 1 are 
- 1 , h (! ± n ^ 3 ). 

And so, the fourth roots of 1 are ± 1, ± J - 1; 
and the fourth roots of - 1 are ± — ~ *L — - . 

fa 

Miscellaneous Examples. 

1. Show that abc is > (a + b - c) (a + c - b) (b + c - a), 
except when a = b = c. 

2. If the number w be divided into any two parts, the 
difference of the squares of the parts is n times the difference 
of the parts. 

3. Find to five places of decimals the value of x from the 
equation 

_JL + _J_ = 4. 

3 + x b - x 

4. Show that 

(a 2 + b 2 ) (c 2 + d 2 ) (e 2 + f 2 ) 

= (culf + bcf + bed - ace) 2 + (bee + aed + acf - bdf) 2 . 
b. Prove that 

25 {(y - z) 7 + (z - x) 7 + (x - y) 7 } 

x {(y - ») 3 + (* - *) 3 + (* - y) 3 } 

= 21 {(y - «)' + (z - x)‘ + (x ■? y) 5 } s . 

C. Clear of surds the equations 

fa + fa + fa = 0, and 

fa + fa + fa + fa = 0 . 

7. Find x and y from the equations 

lx 42 , 

x + /- = —, and 

Sly y 

2 x*y + Sx^/y = 3^4, 
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8. Prove that 

i _ . «>» - 15 ) + »>* - i 2 ) ( * 3 - 3 + -o 

l w + p 2 a + l 3 . 2 2 .3 3 

when n is a positive integer. 

9. Show that the sum of the squares of the coefficients of 

(1 - x + as 2 )* 

a« / 1 + + ....1. 

I 2 ]4 j 


(In) 1 


10. For what values of a; is a? + — > or < 4 : and find 

x 

the least value of Q—t ^ ^ + . 

3 + x 

11. If a, f3 be the roots of the quadratic ax 1 + bx + c = 0, 

show that the equation whose roots are and is 

pa 

a*ca? - 6 (6 4 - 5 ab 2 c + 5 a 2 c 2 ) x + ac 4 = 0. 

12. What is the interpretation of the expression 

13. Show that unless a = b = c = . . . . , then 

. • • • cicd • « . • 


(6 - a) (c - a) (d - a) ... (a - b) (c - 6) (d - b ). . .. 

+ &c. = 1. 

14. Sum the series l p + 2 P + 3* +....+ 

15. Show that 

t {(* - vY + (y - Z Y + (* - *) 5 } 

=l {(* - y )''+(y - *)*+(* - x Y } {(* ■- yY+(y - z Y +(* - ■ X Y }• 

16. Show that 

a n + 2 f 6 W + 2 ^ c n + 9 

(a - 6) (c - a) + (a - 6) (6 - c) + (6 - c) (c - a) 

is always equal to the sum of the homogeneous products of 
n dimensions of a, b } c. 
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17. The integral part of (1 + N /3) 2n * + 1 is divisible by 

18. If E“ = y + jTTtf, then y = “. 

19. Eesolve into factors the expression 

1 + Oo + (1 + a 0 ) «i + (1 + a 0 ) (1 + Oj) Oa . . . . 

+ {(1 + a 0 ) (1 + Oj)-(1 + a„_i 

20. Show that 

\/| + <>/a6 - a 1 + \/g - Jab - a a = J2 a. 

21. Show that = 2, if « 

be a multiple of 3, and is equal to -1 if n be any other 
integer. 

22. Show how to sum the series a m x m + a m + n x m + * 
+ a m + 2 n xm + 2 n + &c., when the sum of a 0 + ajx + a.p? 
4" » r i» is known. 


i 

23. If (a + b ^A-^l) n = c + d J - 1, then 
(a - b J~\f = c - d sT^l. 


24. If Op o 2 , Oj, <fcc., a n be unequal, and m < n - 1, 
then 

__+_«£_ 

-(«!-««) -(«!!-««) 

+ . + «■." _ = o 

(«» - «l) -K-o»-i) 


25. If- 
a 

them 


ad - be _ ac - 5c? 
-6-c + d a - 6 - d + c* 

= £(a + 6 + c + d). 


then each of 


26. Eesolve into partial fractions 

_ a? + mx + n 

(x + a) (x + 1) (x + c) 
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27. Find the number of homogeneous products of n 
quantities a, b, c, <fcc., of r dimensions. Hence find the 
number of terms in the expansion of (a + b + c + &c.) w , 
n being integral. 

28. Find a factor which will rationalize afr - and 
extract the square root of 37 - 20 s/3. 

29. If 03? = by* = cz 3 , and - + i + — = -, show that 

x y z a 

03? + hf + a? = (at + 61 + <?) 5 d?. 

30. If a debt a at compound interest is discharged in n 

years by annual payments of — , show that 

‘ m 

(1 + r) n (1 - mr) = 1. 

31. If x = h >/? + *0075 a 2 , find the value of x when 
h = 28-4 metres, e = 3*2 metres, a = 5-2 kilometres. Of 
what dimension is x ? 


32. Show that t % + r 8 lies between the greatest 

a + 6 + c + d 

and least of the fractions 2. _?, —? , but differs from the 

abed 

average value of those quantities. 

33. If « r = + 1 • • L ~ 1 , show that 

JT__ 

g+l.£+'S..»»a + n -a 

W-. + Wr» + •••• + = -:.. . • -I 

III 

34. Show that the minimum Value of 

<t±A£-±Jl 

X 

35. If 10* = 2, find a; as a continued fraction. 

36. Calculate T from the following formula: 


T = 


2 A 

= 8^5 


when A = 3503-6 sq. ft., 8 = 13 532 sq. ft, m = -548, 
y. = 32-1998 ft., H = 6-3945 ft. 
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37. Seduce to its simplest form 

(yz - ax) 2 - (ac — ij) (ab - s 2 ) 

(be - a?) (yz - ax) - (xz - 6y) (xy - cz) 

38. If p and q are each less than 1, show that 

M ~ P l » > and < - P - 

log (1 - q) q q - pq 

39. If a: = — 2 ah ± — and y = T — ~ 6 ’ - Ti , 

a 2 + ab + b 2 9 a 2 + ab + b 2 

that a? + y = if + x. 

40. Prove that 


tog. * - 1 . “S m (- 
n \i 


■-1 




show 


n "" \m (zf* + 1)” 
where r S mi /*(m) denotes the sum of r terms of the series 
whose mth term is f (ra). 


42. If- = ®- = 


+ i + 7 = 1( thcn 


41. Show that the integral part of (5 + J24) n is odd if n 
be a positive integer. 

s 2 

. .. + 

x y z a £ 

A 2 B 2 C 2 _ A 2 + B 2 + C 2 

a 2 b 2 c 2 x 1 + if + 

43. Write down the coefficient of tf 2 " in the expression 

1 - - 1) + i W “ l) a - 

1 


2 n + 1 


( e « _ l) 2 * - &c. 


44. On a sum of money borrowed, interest is paid at the 
rate of 5 per cent. After a time £600 of the loan is paid 
off, and the interest on the remainder reduced to 4 per cent., 
and the yearly interest is now lessened one-third. What 
was the sum borrowed ? 


45. If y = x - £ cc 3 + £ of - \ a? + &c., find x in 
terms of y by the method of indeterminate coefficients. 

46. Show how the solution of the equation ax + by - c 
in positive integers may be obtained by tbe 



184 


Algebra. 


continued and converging fractions. Solve 17 x + 19 y = 250, 
in positive integers. 


47. In the equation of 1 +p 1 af l ’~ 1 + p.p? l ~ 2 +....+ p n = 0, 
find the value of a?/3 + a 2 y + fi 2 a + (Py + <fcc., where a, 
/3, y are the roots of the equation. 


48. If 


a 3 , P* , y 3 

(a-/3) (a — y) (/3-a) (/J-y) (y-a) (y-/3) 


= L, 


a< _l_ + y 4 _ 

(a-/3)(a-y) (fi-o.) (/J-y) (y-a) (y-/J) ’ 

* 6 | F y 8 „ - F 

(a-/3) (a-y) (/3 - a) (]3-y) (y - a) (y - /?) 

show that LN - M 2 = a 2 /? 2 + a 2 *)/ 2 + /^y 2 - a/3y (a + ft + y). 


49. Sum to w terms, and to infinity 

a? ckc 

(! + x ) (1 + ax) (1 + ax) (1 + a?x) 

a?x § 

>)- -s-- *4- (Jj3i 

(1 + a?x) (1 + a*x) 

50. Show that the result of eliminating x, y, z from tha 
equations 


a x x + b$ + c x z - 0, 
cufc + I# + c& = 0 , 

+ % + CgZ = 0, 


is the same as the result of elimination from 


a x x + a.$j + a& = 0, 

bjX + bjy + = 0 , 

ccs + c.yy + c 3 cs = 0. 
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CHAPTER I. 

FUNCTIONS OF THE SUM AND DIFFERENCE OF ANGLES. 

MULTIPLES AND SUB-MULTIPLES OF ANGLES. 

1. To express the sine and cosine of the sum of two angles 
in terms of the sines and cosines of the angles . 

We shall first take the case where the sum of the angles 
in question is less than a right angle. 

Let Z AOP = A, Z POQ = B. 

Then Z AOQ = A + B; and considering OA as the 
initial line, OQ is the hounding line of the compound angle 
(A + B). 



In the hounding line OQ take any point Q, and from Q 
draw QR perpendicular to OP, and meeting it in R; also 
draw QM, RN perpendiculars to OA, and RS perpendicular 
to QM, and therefore also parallel to OA. 

1henZSQR = 9Q° - ZSRQ = ZSRO = L hSSt - K* 
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Now, sin (A + B) 

= sin Ann'- QM _ SM +QS _ R1T + QS 
OQ OQ OQ 

• EN QS 
OQ OQ 

_ RN OR- QS QR 
OR ' OQ QR ' OQ 
= sin AOP . cos POQ + cos SQR . sin POQ 
= sin A cos B + cos A sin B. 


Again, cos (A + B) 


_ Ann OM ON - MN 
= cos AUU = - = __ 

. OQ ^ OQ 
_ ON - SR _ ON SR 
OQ OQ OQ 
__ ON OR _ SR QR 
OR ’ OQ QR ’ OQ 


*= cos AOP . cos POQ - sin SQR . sin POQ 
= cos A cos B - sin A sin B. 


2. To express the sine and cosine of the difference of two 
angles in terms of the sines and cosines of the angles . 

Let / AOP = A, Z POQ = B. 



Then Z AOQ = A - B, and OQ is the bounding lino of 
Me compound angle (A - B). 
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In the bounding line OQ take any point Q, and from Q 
draw QR perpendicular to OP, meeting it in R; also draw 
QM, RN perpendiculars to OA, and RS perpendicular to MQ 
produced, and therefore also parallel to OA., 

Then ZRQS = 90° - Z QRS = ZPRS = Z AOP = A. 

Now, sin (A- B) = siTaOQ = '“ 9_ S 

’ ' ' “ jL.oq OQ OQ 

_ RN QS 

OQ OQ 

_ RN OR _ QS QR 
OR ' OQ QR ' OQ 
= sin AOP. cos POQ - cos RQS. sin POQ 
— sin A cos B - cos A sin B. 


And cos (A - B) 


“Ann OM ON + NM 
” A0Q - OQ " —OQ— 


ON + RS 


RS 


ON 

OQ OQ + OQ 

ON OR RS QR 
OR ' OQ QR ' OQ 

cos AOP . cos POQ + sin RQS . sin POQ 
cos A cos B + sin A sin B. 


It is easy to see that the two formulae just obtained may 
be obtained from those in the last article by putting - B 
for B.. 


We will collect for reference the results of this and the 
last article: 

Sin (A + B) = sin A cos B + cos A sin B.(1). 

Sin (A - B) = sin A cos B - cos A sin B.(2). 

Cos (A + B) = cos A cos B - sin A . 

Coa (A - B) = cos A cos B + sin A sm'B. 
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3. By means of these formulae we may easily obtain other 
useful formulae. 

We have, 

(l) + (2), sin (A + B) + sin (A - B) = 2 sin A cos B.(5). 

(1) - (2), sin (A + B) - sin (A - B) = 2 cos A sin B.(6). 

(3) + (4), cos (A + B) + cos (A - B) = 2 cos A cos B.(7). 

(4) - (3), cos (A - B) - cos (A + B) = 2 sin A sin B.(8). 

(The student will be careful to remember that first side of (8) has 
its terms in an order the reverse of the other three.) 

Put A + B = C, and A - B = D; 

, . C + D ■ r _C-D 

and A = —2 -’ ” —2 — 9 

then we have, from (5), (6), (7), (8), 

einC + sinD = 2 sin — * — cos — ^ .(9), 


sin C - sin D 


o C + D . 

2 cos —-— sin 
Z 


_ _ _ C + D 

cos C +cosD = 2 cos—g— cos 


C - D 
- - 

C - D 
2 ' 
C - D 
2 * 


cosD - cosC = 2 sin 0 .(12). 

2 2 

Again, we have, 

Sin (A + B). sin (A - B) 

= (sin A cos B + cos A sin B) (sin A cos B - cos A sin B) 


st sin* A cos* B - cos* A sin* B 
= sin*A(l - sin*B) - (1 — sin* A) sin*B 

= sin* A - sin*B = cos*B - cos* A.(13). 

And cos (A + B) . cos (A - B) 

*= (cos A cos B - sin A sin B) (cos A cos B + sin A sinB) 

= cos* A cos* B - sin* A sin * B 

«= cos* A - sin*B = cos*B - sin* A.(14). 


The formulae obtained in this article are extremely useful, 
and are often referred to in trigonometrical transformations. 
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Thus (L), 

sin70 + sm50 = sin((50 + 0) + sin(60- 0); or, by(5), 
= 2 sin 6 0 . cos 0. 

Or, at once by (9), 

Bin 7 0 + sin 5 0 = 2 sin U+PJ. cos 

2 2 

= 2 sin -6 0 . cos 0. 

Again (ii), 

cos0-cos30 = cos(20 - 0) -cos(20 + 0); or,by (8), 
ss 2 sin 2 0. sin 0. 

Or, at once by (12), 

cos 0 - cos 3 0 - 2 sin ^ sin - = 2 sin 2 0. sin 0. 

2 2 

And so (iiL) 

sin (a - p) + sin (fi - y) + (sin y - 5) + sin (8 — a) 

- 2sin+ cpg zJEjl 


2 


+ 2 sin cos I 


^8-8^ 


y — 8 + 8 - a ^ 

' 2 ' 

- 2sin^2cos a - ■ 2 fi ± 1 + 2sinI^ cog g - ty fJI 

m 2sin a -=Jl {cos- co»f-±XzJ. £ } 
ss 2 sin a ^ ^ x 

{«.(sz£^J - £^) (ii^ + ^ s )) ; 

or, by (8), 

«= 2 sin ° ~ ^ . 2 sin a ~ — ^sin P ~— 

a jU Bin L~. 8 . Bin a - P + y..- S . 

2 



100 


PLANK TRIGONOMETRY. 


4. It will be remembered that formula (1) of Art. 2 was 
obtained in Yol. I. of this work by a less direct method, and 


* A A 

we there found formal® for cos —, tan —, &c. 

2 2 


We shall now obtain these formulae, with others, from the 
results of the last Art. 


We have sin (A + B) = sin A cos B + cos A sin B, 
and cos (A + B) = cos A cos B - sin A sin B. 

Put B = A, then since A + B = 2 A, we at once have 


sin 2 A = sin A cos A + cos A sin A 

= 2 sin A cos A.(1), 

and cos 2 A = cos A cos A - sin A. sin A 
= cos 2 A - sin 2 A 'j 

= 2 cos 2 A - 1 >-...(2). 

= 1-2 sin 2 A J 


A 

And so, if we put ~ for A, and therefore A for 2 A, we get 
2 


A A 

sin A = 2 sin — cos —. 

2 2 


•( 3 ), 


A A 

and cos A = cos 2 — - sin 2 -- 

9 9 

Ju A 


= 2cos 2 ~ -1 = 1- 2sin 2 ^.(4). 

2 2 


5. To find tan (A ± B), cot (A ± B). 

tan (A + B) = s ^ n (A ± B) _ sin A cos B ± cos A sin B 
K cos (A ± B) cos A cos B + sin A sin B 


sin A + sin B 
cos A ~~ cos B 
__ sin A sin B 
cos A * cos B 


I- 


tan A ± tan B 
1 tan A tan B 


(i). 
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And so— 


cot (A ± B) = 


cot A cot B + 1 
cot B ± cot A 


( 2 ). 


Cor. 1. Put B = A, and take the upper sign, then, 


tan 2 A = 


2 tan A 
1 - tan‘ J A 


and cot 2 A 


cot 2 A - h 
2 cot A 


( 3 ). 

(*)• 


Again, put ~ for A, and therefore A for 2 A, then, 
2 


2 tan ^ 

tan A = -L_.(5), 

1-tan^ 

cot2 f ~ 1 

and cot A =--—.(6). 

2 cot ~ . 

2 


Coe. 2. Put A = 45°, then since tan 45° = 1, we have, 

tan (45° ± B) = 

v 1 + tan B 


6. To expand sin 3 A, cos 3 A, tan 3 A, cot 3 A. 
sin 3 A = sin (2 A + A) = sin 2 A cos A + cos 2 A sin A 


= 2 sin A cos A. cos A + (1 - 2 sin 3 A) sin A 
= 2 sin A (1 - sin 2 A) + sin A - 2 sin 8 A 

= 3 sin A - 4 sin 8 A...(1). 

cos 3 A = cos (2 A + A) = cos 2 A cos A - sin 2 A sin A 
= (2 cos 2 A - 1) cos A - 2 sin A cos A. sin A 
= 2 cos 8 A - cos A - 2 (1 - cos 2 A) cos A 
= 4 cos 8 A - 3 cos A...(2). 


cos 3 A 4 cos 8 A - 3 cos A* 
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or, dividing numerator and denominator by cos* A, 


3. 


sin A 1 


tan 3 A = 


cos A' cos* A 


- 4. 


sin 8 A 
cos 8 A 


4 - 3._ 

cos 8 A 


_ 3 tan A (1 + tan 9 A) - 4 tan 8 A 
4 - 3(1 + tan 2 A) 

_ 3 tan A - tan 8 A 

1 - 3 tan 2 A . 

oot3A = te5TA ;or>by(3) ’ 

_ 1-3 tan 9 A 

3 tan A - tan 3 A* 

or, dividing numerator and denominator by tan 3 A* 

_ 1 _ 3 __J_ 

tan 8 A * tan A 

" 3 1 -1 

tan 2 A 

__ cot 3 A - 3 cot A 

3 cot 2 A - 1 . 


(3). 


(4). 


Cor. Put ~ for A, and therefore A for 3 A, we have— 

o 


A A 

sin A = 3 sin -- - 4 sin 3 --, 
3 3 

cos A = 4 cos 3 ^ -3 cos^, 

O O 

3 tan 4 - tan s ^ 

tan A = 3 3 

A 9 

1 - 3tan 2 |: 

o 


cot’^ — 3 cot 4 

cot A --S - 1 

3cot?-J - 1 

V 





\ To express the sine and cosine of a multiple angle in terms of sines and cosines of inferior 
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riding numerator and denominator by cos A cos B cos C, we liavo, 
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A + tanB + tanO 
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9. To extend the formulae of Arts. 1 and 2 to angles greater 
than a right angle. 

We shall take the case only when A is greater than a right 
angle, (A + B) being less than two right angles. Other 
cases will form good exercises for the student, and will not 
offer much difficulty. 

Let Z AOP = A, ZPOQ = B; 

/. ZAOQ = A + B. 



Take any point Q in OQ the bounding line of the angle 
(A + B), and draw QR perpendicular to OP. From R and 
Q draw RN and QM perpendiculars to AO produced , and 
from R draw RS perpendicular to MQ produced. 

Then Z SQR = 90° - Z SRQ = Z PRS 

= Z POM = 180° - Z AOP = 180° - A. 

Now, sin (A + B) = sin AOQ 

QM SM - SQ _ RN - SQ 
OQ OQ OQ 

= RN _ SQ = RN OR _ SQ QR 
OQ OQ OR * OQ QR* OQ 
= sin AOP. cos POQ-cos SQR. sin POQ 
= sin A cos B - cos (180° - A) sin B. 

Hence, since cos (180° - A) = - cos A, we easily get— 
sin (A + B) = sin A cos B + cos A sin B. 

And in the same way we may obtain Vst 

cos (A + B), and the sine and cosine oi - ^>\ 
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10. To find the trigonometrical ratios of 18°. 

Put 0 = 18°, then 5 0 = 90°, 
and 2 0 = 90° - 3 0 
.. sin 2 0== sin (90° — 30)= cos 3 0, or 
2 sin 0 . cos 0 = 4 cos 3 0-3 cos 0 ; 
or, dividing each side by cos 0, 

2 sin 0 = 4 cos 2 0-3 

= 4 (1 - sin 2 0) - 3 j or 
4 sin 2 0 + 2 sin 0 = 1, or 
sin 2 0 + £ sin 0 = 

Solving this quadratic for sin 0, we have— 
sin 0 = -. 

Now, els 0 = 18°, the sine must be positive, and we must 
therefore take the upper sign; 

/5 _ i 

Hence we have sin 18° = -. 

4 

From this result, remembering that cos 18° is positive, 
we get— 

cos 18° = Jl - ( 

And hence we may easily obtain the values of tan 18°, 
cot 18°, &c. 

11. To find the trigonometrical ratios of 36°. 

We have, 

cos 36° = cos 2 (18°) = 1-2 sin* 18° 

_ i o / ^ 1 \ a _ i _ 3 — */5 tjf) + 1 

“ V ~ ) -4--4- 
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Cor. Since sin 18° = cos 72°, sin 36° = cos 54°, <fcc., we 
may arrange the results of the last two articles, thus : 

sin 18° = 1 = cos 72% 


cos 18° = 


_ -J 10 + 2 J5 


= sin 72*, 


sin 36° = ^ 10 ~ 2 -^ 5 = cos 54“, 


cos 36* = 1 = sin 54°. 

4 


Inverse Functions. 

12. When the sine, cosine , tangent , <fcc., of an unknown 
angle are given, it is sometimes convenient to express the 
angle by an inverse function. 

Thus, by sin” 1 s is meant the angle whose sine is 8 ; 

by cos” 1 c „ „ cosine is c; and 

by tan ” 1 1 „ „ tangent is t. 


13. To show that 

1-1 


tan” 1 t x + tan -1 £ 2 = tan” 1 ^ . 

1 - tj 2 


Let tan” 1 ^ = A, and .*. t x = tan A. 
Also, let tan” 1 t 2 = B, and /. t 2 = tan B. 

xt x / a t>\ tan A + tan B 

Now tan (A + B) = -- 7 --— 

x 1 - tanA.1 




. tan B 


Hence, by Art. 12, 


a x -i tan A + tan B 

4tB - ta l-Ci-SFIf 


Or, substituting from (1), 


tan -1 t x + tan -1 = tan -1 ^ 4 — 

1 — 


.( 1 ). 
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Cor. Hence also, 

tan “ 1 ^—tan ” 1 ^ 2 = tan “ 1 

1 *r 

2 t 

and 2 tan” 1 t Y - tan*" 1 j-- 2 . 

14. To show that 

sin“ 1 5 1 + sin -1 s 2 = sin^jsjVl - s 2 2 + s 2 Jl — *y } • 

Let sin -1 s x = A, and /. s x = sin A. 

Also let sin” 1 ^ = B, and s 2 = sin B. 

Then we have, 

cos A = J 1 - 8^, and cos B = Ji - s 2 . (2). 

Now, 

sin (A + B) = sin A cos B + cos A sin B ; 
hence, by Art. 12, 

A + B = sin -1 -[sin A cos B + cos A sin B}* 

Or, substituting from (1) and (2), 

sin” 1 ^ + sin” 1 ^ = sin"" 1 -^ \/l - s 2 + s 2 Jl - Si 2 }* 
Cor. So we get, 

cos -1 Sj + cos“ 1 s 2 = cos” 1 - Jl - si 2 . Jl - s 2 2 }- 

15. We shall now give a few examples of questions solved 
by the aid of the preceding formulae. 

Ex. 1. Show that 

sin A + 2 sin 3 A + sin 5 A _ sin 3 A 
sin 3 A + 2 sin 5 A + sin 7 A sin 5 A* 

[As the required expression is to contain sin 3 A in the numerator, 
and sin 5 A in the denominator, we shall not alter the terms con¬ 
taining these quantities in the given expression. We observe that the 
first and last terms of the numerator may be thrown into the form— 

sin (3 A - 2 A) + sin (3 A + 2 A), 

where we have the sum of the sines of the difference and sum of two 
angles. We therefore apply the formulae of Art. 2. And a similar 
plan may be pursued in the denominator. Thna 






MULTIPLES AND SUB-MULTIPLES OF ANGLES. 


1 'J'J 


sin A + 2 sin 3 A + sin 5 A 
sin 3 A + 2 sin 5 A + sin 7 A 
__ sin (3 A - 2 A) + sin (3 A + 2 A) + 2 sin 3 A. 

sin (5 A - 2 A) + sin (5 A + 2 A) + 2 sin 5 A' 

or, by Art. 3, 

2 sin 3 A cos 2 A + 2 sin 3 A 
2 sin 5 A cos 2 A + 2 sin 5 A 
_ 2 sin 3 A (cos 2 A + 1) _ sin 3 A 
2 sin 5 A (cos 2 A + 1) sin 5 A* 

Ex. 2. Prove that 

cos A - cos 5 A _ ^ ^ ^ 
sin 5 A - sin A 

[Onr result is to be tan 3 A or i E L A j ft -; we must then try 

cos 3 A 

to transform the denominator so as to contain the factor cos 3 A. 
Throwing it into the form of the difference of the sines of the sum 
and difference of two angles, we shall easily get the required result. 
And a similar method will apply to the numerator. Thus :] 

cos A - cos 5 A _ cos (3 A — 2 A) - cos (3 A -r 2 A) 
sin 5 A - sin A sin (3 A + 2 A) - sin (3 A - 2 A) 

2 sin 3 A sin 2 A . Q a 

= ^-s—i—;— 7 z—r = tan 3 A. 

2 cos 3 A sin 2 A 


— 5 


By Art. 13, Cor., 

tan" 1 1 - tan" 1 £ = tan" 1 ^ = tan" 1 j, 

tan" 1 § - tan" 1 J = tan" 1 — Jr = tan" 1 ^ 

1 + I w 

tan“V T " tan" 1 £ = tan" 1 = tan" 1 -^, 

tan" 1 *6 ~ tan" 1 ^ = tail" 1 

1 + Vi) 
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Adding together these equations, and reducing, we have, 
tan -1 1-4 tan -1 £ = tan“ x (— = - tan -1 
Or, transposing, 

4 tan*" 1 £ - tan -1 = tan” 1 1. 

Now tan” 1 1 is the angle whose tangent is unity, and 


therefore tan -1 1 = 45°. 

Hence we have 

4 tan - * 1 ^ — tan” 1 45®. 

Ex. 4. Eliminate 0 from the equations, 

(a + b) tan (0 - 4) = (a — b) tan (0 + .(1), 

a cos 2 4 + b cos 2 0 = c .(2). 

From (1), 


a + b __ tan (0 + 4) __ sin (0 + <£) cos (0 - <£) 

a — 6 tan (0 — </>j - cos (0 + <f>) sin (0 - <£) 

Hence, 

a _ sin (0 + </>) cos ( 0 - </> ) + cos (0 + <£) sin (0 - 4) 

b sin (0 + 4) cos (0 - 4) — cos (0 + 4) sin (P “ </>) 


__ sin{(0 + 4) + (0 — <£)} sin 2 0 
sin-j {0 + <f>) ~ (0 - <£)} ~ sin 2 </>’ 

5 sin 2 0 ~ a sin 2 ...(3). 

We have also from (2), 

5 cos 2 0 = c - a cos 2 4 .(4). 


Squaring (3) and (4), and adding, we have, 
b~ (sin 2 2 0 + cos 2 2 0) = a 2 sin 2 2 </> + (c - a cos 2 <£) 2 , or 
& 2 a 2 (sin 2 2 4 + cos 2 2 $) + c 2 - 2 ac cos 2 <£. 

5 2 = a 2 + c 2 - 2 ac cos 2 <£, or 
2 ac cos 2 <£ = a 2 + c 2 - lr 9 the relation required. 


Ex. I. 

1. If 1 sin a = and Bin/3 = 
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2. If sin a = J, and sin /3 = then cos (a + /?) 

8 73 - 1 

15 

fo 

3. Show that cos 2 a: = and sin 2 a; = £, when 

A 


sin x = 


Jz- l 


2 ^2; 

/o’ , 1 

4. When cos a; = and cost/ = -—, then cos (x - y) 

. —-2 y 2 

1 

V2 

5. If sin a = £ ( ^6 - ^/2), show that 

_ 1 

tan (45° + o) + tan (45'- a) = Jz — 

6. Given sin 72° = + ^ show that 

... 2 J2 

tan 36“ = Jb - 2 J5. 

7. Given sin 18° = \ show that 


sin 9' = Jt ~ ^ 10 + 2 cos 9° = f + ^ 1Q + 2 ^ 
^ 8 


8 


8. Find the trigonometrical ratios of 7°J, 22°J, 37°£. 

9. If a = 7°£, show that-? 8 A- = j ? a . 

cos 7 a Sin 5 a 

10. If sin a =* sin (3 = T ft f , sin y = show that 
sin (a + /S + y) =1. 

1 


11. If tan A = 


£C — 1 


, and cot B = x, then 
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Adding together these equations, and reducing, we have, 
tan -1 1 - 4 tan -1 £ = tan -1 (— = - tan " 1 3 J 5 -. 

Or, transposing, 

4 tan " 1 J - tan " 1 = tan’" 1 1. 

Now tan " 1 1 is the angle whose tangent is unity, and 
therefore tan" 1 1 = 45°. 

Hence we have 

4 tan" 1 ^ — tan " 1 - 45°. 


Ex. 4. Eliminate 9 from the equations, 

(a + h) tan (9 -</>) = (a — b) tan (9 + <£)..*.(1), 

a cos 2 <f> + b cos 2 9 = c .( 2 ). 

From (1), 


a + b _ tan (9 + <f>) __ sin (0 + <t>) cos (0 - 4) 

a — b tan ( 9 — </>) - cos ( 9 + $) sin (9 - <£) 

Hence, 

a sin ( 9 + </>) cos (0 - 4>) + cos (9 + <f>) sin (9 - <ft) 

6 sin ((9 + <£) cos (0 - </>) — cos (0 + <£) sin (0 — </>) 


_ sin{(0 + </>) + (9 - </>)} sin 2 9 
sin| (0 + 4>) - (9 - <£)l “ sin 2 </> 

6 sin 2 0 ~ a sin 2 ^...(3). 

We have also from ( 2 ), 

b cos 2 9 = c - a cos 2 <t> .(4). 


Squaring (3) and (4), and adding, we have, 

V 1 (sin 2 2 9 + cos 3 2 9) = a? sin 2 2 <f> + (c - a cos 2 <£) 2 , or 
& 2 a 2 (sin 3 2 4> + cos 2 2 </>) + c 2 - 2 ac cos 2 <£. 

& 2 = a 2 + c 2 - 2 ac cos 2 </>, or 
2 ac cos 2 (/> = a 2 + c 2 - £r, the relation required. 

Ex. I. 

/ If sin a = A, and sin/J = 
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2. If sin a = and sin /J = -J, then cos (a + j3) 

8V3 - 1 
15 
Jo 

3. Show that cos 2 x = and sin 2 x = when 

z 

... 

' 2 J2 

4. When cos* = and cosy = , then cos (* - 


, then cos (x - y) 


5. If sin a = £ ( - J2), show that 

tan (45° + a) + tan (45° - a) = J‘3 — ~ 

6. Given Bin 72" = + ^ 5 , show that 

2 J2 

tan 36° = J5 - 2 J5. 

7. Given sin 18° = \ show that 

4 


= Jt - ^10 + 2^5 cos 9 . = Ji+ JlO + 2 J5 


8 . Find the trigonometrical ratios of 7°J, 22°J, 37°-£. 

9. If a = 7°i, show that - 08 jj a = 

" cos 7 a Sm 5 a 

10. If sin a =* sin (3 = T \, sin y = show that 

sin (a + j 8 + y) = 1 . 

11. If tan A = —L_., and cot B = x, then 

x — 1 ► 


tan (A - B) = 


a?- x + l! 
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AO Q*2A * B + C • B — C 

42. Sin 2 A. sin —-— sin —-— 
L 2 


+ sin 2 B sin 


. 2 n • A + B 

+ sin 2 C sin--— sin 

■* 2 


C + A . C - A 

2 Sm 2 

A + B . A - B 
- sin ^ 


= (sin A - sin B) (sin B - sin C) (sin C - sin A). 

AO o* A • B + C • B — C 

43. Sm A . sm--— sm —-— 

2 2 

. t> . C + A . C - A 
2 2 

. . A + B A — B a 

2 2 

44. Cos (2 A + B) 

= cos (A + 2 B) sec (A - B) - sin (2 A + B) tan (A - B). 

45. Sin 2 (a - /3) + sin 2 (/3 - y) + sin 2 (y - a) 

= 4 sin (a - j 8 ) sin (/3 - y) sin (a - y). 

46. Cos 2 (a - jS) + cos 2 (/S - y) + cos 2 (y - a) 

= 4 cos (a - j3) cos (jS - y) cos (y - a) - 1 . 

47. Tan (a + )3 + y) 

__ sin 3 a sin (/? - y) + sin 3 j8 sin (y — a) + sin 3 y sin (a - J3) 

cos 3 a sin (/3 - y) + cos 3 j 8 sin (y - a) + cos 3 y sin (a - ft)' 

48. _I_ _J_L_ _1_ 

2 sin a - 2 sin a - 2 sin a - . ... 2 sin a -f x 

sin na + x cos n - 1 . a 
= —-- - - — , n even; 

x sin not, — cos n + 1 . a 

and = cos *« - * > B ^ 

x cos va + sin n + 1 . a 

where n is the number of quotients of the continued fraction. 
If A, B, C are the angles of a triangle, show that: 

49. Cos A + cos B + "cos C 

. . A . B . C , , 

= 4 sm -» sin — sm- + 1 . 

2 2 2 
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50. Sin A + sin B + sin C 

.ABC 

= 4 cos ~ cos —- cos - . 

2 2 2 

51. Cot ~ + cot® + cot 5 

2 2 2 

, A , B . C 
= cot — cot —- cot - . 

2 2 2 

52. Sin 2 ^ + sin 2 ? + sin 2 ^ 

2 2 \ 2 

0 . A . B . C 

= 1 - 2 sin — sin sin 

53. Cos’A + cos’? + cos’ 2 

J • 2 2 

A . B . C 

= 2 + 2 sin — sin — sin . 

2 2 2 

54. Sin 2 A + sin 2 B + sin 2 C 

= 4 sin A . sin B . sin C. 

55. Cos 2 A + cos 2 B + cos 2 C 

= - 4 cos A cos B cos C - 1. 


K/* « • A + B . A + C . B + C 

56. Sin--— + sin —-— + sin 


A 7T — A 7T — B 

4 cos--— cos--— cos 


2 

7T - C 


57. Sin + sin 5 + sin 5- 
2 2 2 


+ 4 sin 


A + B . A + C . B + C 

nr» - Bm 


sin • 


= 1 . 


4 - 4 - 4 

58. Cot A cot B + cot A cot G + cot B cot C = 1 . 

59. Tan 4^ 2 + tan 4t* n 4 

2 2 2 2 

+ 5 ten ? = 1 , 

T 2 2 



206 


PLANE TRIGONOMETRY. 


60. Cos 2 

A 

_ O 3 * 11 A + sin B 4 - sin Q) (sin A + sin B - sin 0) 
4 sin B sin C 

61. Tan 2 A 

2 

(sin A + sin B + sin C) (sin B + sin C - sin A) 

62. Cot raA cot mB + cot mA cot mB 

+ cot mB cot mC = 1. 

If A + B + C = 90°, show that: 

63. Cos 2 A + cos 2 B + cos 2 C 

= 1 + 4 sin A sin B sin C. 

64. Tan A + tan B + tan C 

= tan A tan B tan C + sec A sec B sec CL 



gg Cos B + sin C - sin A = 1 + tan | B 
Cos A + sin C - sin B 1+ tan £ A * 

66. (Tan A + tan B -f tan C) (cot A + cot B + cot C) 

= 1 + cosec A cosec B cosec C. 

If a, y be in A. P., show that: 

67. Sin a - sin y = 2 sin (a - /3) cos B. 


68 . 

69. 



sin a + sin y _ tan \ (a + y) 
sin a — sin y tan £ (a — y) * 


1 

Tan a + tan y 


+ 


£ tan/3 


1 

cot a -K cot y 


+ £ cot /?. 


70. If a + /? + y = 180°, and the sines and cosines of 
a, y be in A. P., prove that: 

(1) Sin £ (a - p) sin £ y = sin £ a sin £ (/3 — y). 

(2) Cos /3 = 4cosJasia$/3cos£y + 1. 
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Prove that • 

71. Tan" -1 £ + tan” 1 J = tan -1 \ + 2 tan"* 1 J = 45°, 

72. Tan- 1 1 + tan" 1 7 = 135°. 

TS.'sin- 1 -^ + cos" 1 -jL = 45°. 

«/5 ‘ J 10 

74. Tan” 1 \ + 2 tan" 1 £ + tan" 1 ^ + tan" 1 -J. = 45°. 

75. 2 tan" 1 (tan ^-tan = cos- 1 003 ? + CQ3 ^ . 

' 2 2 / 1 + cos a cos B 


76. Cos" 1 ft?-* ± ^ JL 
1 + tan 0 tan a 


= 2 tan" 1 { Vtan (45° - 0) tan (45°-a)}. 

77. If 1 + cos A + cos B + cos C = 0, where A + B + C = .0, 
show that either A, B, or C is an odd multiple of 180°. 


78. If A + B + C = (3 ± l)-£, 

_ 2 

1 ± 2 cos A cos B cos C = cos 2 A + cos 9 B + cos 2 C; 

but, if A + B + C = (2 ± 1) I, 

2 

1 ± 2 sin A sin B sin C = sin 2 A + sin 2 B + sin 2 C. 


79. Show that, unless A = tt, 

v 

sin (n-r) A + 2 sin nA + sin (n + r) A _ sin nA 
sin (m - r) + 2 sin mA + sin (m + r) A sin mA ’ 
and explain the reason for the exception. 

80. Given x - a cos (<f> + a), y = b cos (<f> + |8), 
Z = c cos (<£ + y), show that 

— sin (8 - y) + f sin (y - a) + - sin (a - S) = 0. 
a o c 
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81. If the tangents of the angles of a triangle are in 

geometric progression, so that tan A - r tan B = r 2 tan C, 
show that ' 

tan C = (——p—— an d that sin 2 C = r sin 2 A. 

82. Eliminate 0 from the equations, 

a cos (0 + a) = x, and b cos (0 + ft) = y . 

83. Prove that in any triangle,. 

(cos A + cos ± B + cos £ C) (cos £ B + cos £ C - cos £ A) 
x (cos £ C + cos - cos £ B) (cos l A + cos l B — cos \ C) 
= 4 cos 2 £ A cos 2 £ B cos 2 % C. 

84. Transform the equation, 

a 2 cos 4 \ A + fP cos 4 £ B + y 3 cos 4 £ C 

- 2 a/3 cos 3 £ A cos 2 % B - 2 /?y cos 2 £ B cos 2 C 

- 2 ya cos 2 £ C cos* £ A = 0, 
into the form 

(la + m/3 + wy) (a sin A + f3 sin B + y sin C) 

= p (/3y sin A + ya sin B + a /3 sin C), 
determining the values of 1, m, n, p. 

85. If &c., be successive convergents to J2, 

9i 

then will 

2 tan -1 £”=_L + (_ l) n tan -1 ~= * 

Vn ft» 4 

86. Given cos 0 = - | n - ^ , cos </> = ?j n cos (0 + </>) 

sin a sin a x ' 

= sin fi sin y, then 

tan 2 a = tan 2 /3 + tan 2 y. 

87. Given that tan 3 6 = (2 ± \/3) tan 0, show that 
tan 2 3 0=1. 
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89. If a cos (x + a) = b cos (x + /3) = c cos (x + y); then 

z ox c 2 — a 2 - 6 9 t , a sin a + & sin 3 

cos (a - /?) = --, and tan y =--- 

2 ao a cos a + b cos p 


90. If sin (P + x) + sin (2 a - ft + x) 

= (cos 2 0 - cos 2 a) sin (a + 2 a?) - sin a (sin 2 jS - sin 2 a); 
then will 

sec a = sin (a + /S) tan (a - j8). 


91. If sin 


n i 

— = m sin and 0 + <f> = a, then 
2 2 

tan \ (9 - </>) = — tan £ a. 

-- 7YI + 1 


92. If tan 0 = m tan <£, and 0 + <j> = a, then 

sin a = -- sin (0 - <f>). 

w - 1 

93. If {1 + m cos (x + z) }sin y = (1 + m cos z) sin (x + y), 
then tan \ x = cot y + m cos (y - z) cosec y. 

94. If 2 tan (a? - y - z) + tan z = tan (x - z), then 

tan z = sin y - sin (a; - y) cos a: 
sin (a? - y) sin x 

95. If sin 6 = cos 2 a - sin 2 a >s/l - c 2 cos 2 0 , then 

q 0 

1 - tan 2 = ± ( 1 + tan g) tan a \/l - c 2 sin 2 a. 


96. If tan a = tan 3 £ 0 } and cos 2 0 = J (2 m 2 - 5), 

I I o | 

then will cos* a + sin* a = ^ . 

97. If x cos 4> = (1 - x sin </>) tan a, 

and a: - sin = cos </>. tan /?, 

then will a — j8 = </>. 

5—II. 


0 
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98. If m — cosec 0 = sin 0, n — sec 0 - cos 0, then will 

w* (m^ + n*) = 1. 

99. If sin 8 0 = sin (a - 0) sin (j3 - 0) sin (y - 0), 
where a + £ +y = 180°, 

then will cot 0 = cot a + cot ft + cot y, 
and cot 2 0 = cot 2 a + cot 2 /? + cot 2 y + 2. 

100. If cos (<f> - 0 + a) cos (0 - a) =B cos (<£ - 0 — a) COS (0 + a), 
show that each of these quantities 

= j{cos <f> + cos 2 a. cos (2 0 — <£) 


CHAPTER II. 

CIRCULAR MEASURE. GENERAL VALUES OP ANGLES. 

Circular Measure. 

16. We have explained how angles are measured by- 
degrees and by grades. There is another method of 
measuring angles, and one much used in the higher branches 
of Mathematical Analysis. The fundamental proposition we 
have to establish is as follows :—If the vertex of an angle be 
taken as centre, and an arc be drawn cutting the lines forming 
the angle , then the angle is measured by the ratio which the length 
of the arc intercepted between the lines bears to the radius. 

We shall first prove the following preliminary pro¬ 
positions. 

17. The circumference of a circle bears to its diameter a 
constant ratio. 

Let two circles be drawn with centres 0 1 and 0*. 

And inscribe in the former a polygon having any number 
of sides AiBj, BjC 1} &c. 
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Also, inscribe in the latter a similar polygon A 2 B 2 C 2 D 2 , fcc, 
Join OiAx, OjBj, <fec. 



Then evidently, 


AjBj A 2 B 2 

AA ~ a 2 o 2 > 


And so, 


BA _ BA 
a a a 2 o ’ 


Hence, by addition, 

AjBj + BA + <fcc. _ A 2 B 2 + B 2 C 2 + &c 

AjOj A 2 0 2 


!Now, suppose the sides of the polygon to diminish in¬ 
definitely, and their number to increase indefinitely. 


Then, the sum of the sides of the polygon in each circle 
will be the circumference of the circles. Hence, we have, 

circumference of A 1 B 1 C 1 D 1 <fec. _ circumference of AACgDg <tc. 
rad. A A rad. A 2 0 2 

Hence the circumference of a circle bears to its diameter 
a constant ratio. 


It is usual to represent this ratio by the symbol 7 r. 

Hence the circumference of a circle = 2 r?r. 

The value of 7 r will be computed farther on. Its value is 
3*14159 . . . . , converging fractions to which are 

1 22 333 355 . 

3’ 7’ 106’ 113' 
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18. To find the angle whose arc is equal in length to the 
radius of the circle. 

Let a circle be drawn with centre O 
and radius O A, and let the angle AOP 
be such that its arc AP is equal in 
A length to the radius. 

Then we have 

.Arc AP = r .(1). 

Now (Euc. VI. 33) angles at the centre are as the arcs on 
which they stand ; and hence 

Z. AOP arc AP 

4 right angles circumference of circle * 



Z/AOP r __ 1 

360° 2 rir 2 7r 


Z. AOP = 


360° 

2 7T 



Now, by the last article, tt is a constant quantity; and 
hence the angle corresponding to the arc which is equal in 

180° 

length to the radius has the constant value -, whatever 

7r 

be the radius of the circle. 

If we take this angle as a unit or standard of reference, 
then any other angle may be expressed in terms of this unit. 

Suppose a given angle A to be 0 times this standard 
angle. 

Then 0 is called the circular measure of the angle A. 


Cor. 1. Hence if 0 be the circular measure of an angle A, 
wo have 

A° = — e = 57°-29577 x 6. 

7r 


Sometimes it is convenient to express the angle at once in 
seconds; we then have, since 57 0, 29577 = 206265* nearly, 
/. angle = 206265* x 0 . 
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Cor. 2 . Number of grades in angle A 

= — d = 63-66197 _ x 6. 

IT 

19. The circular measure of an angle is the ratio of the 
length of the arc to the radius; or, 

circular measure = - arG — . 

radius 

Let AP be an arc which is equal in 
length to the radius; 

And let AOP' be an angle whose 
circular measure is required. 

Then, by Art. 18, 

Circular measure of /. AOP' - i or (Euc. VI. 33), 

Z.AOP v 

_ arc AP' # 

* arc AP 1 

But arc AP = radius, and hence 

Circular measure of L AOP 7 = —■ a fP- . 

radius 

Cor. If a represent the length of the arc, we have 

0 = - , or a = rO. 
r 

It is sometimes convenient to represent an angle by its 
circular measure; thus, since 

circular measure of 180° = — = 7 r, 

r 

it is convenient to use w instead of 180°. 

We may then write 

sin A = sin (ir - A) 

cos A = - cos (jt - A), <fcc. 

In the same way we allow the Greek letters 6 , </>, yjr, &c., 
to represent the circular measure, and the angles themselves. 
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The student will have no difficulty in this respect, when he 

180° 

considers that the unit of circular measure is-. 

7T 

20. When 6-0, the limit of each of the ratios - , and 

u 

tan 6 . 

—is unity . 

Let OA be an initial line, and 
AOP any angle, the arc corresponding 
to which is AP* 

Make an angle AOP' equal to 
AOP. 

Join PNP'; it will cut OA at 
right angles in N. 

Draw the line TP touching the 
circle at A, and meeting OP and OP' 
produced in T and T. 

Then it is easily seen that PN 
= NP', and TA = AT in magnitude. 

And further, 

PNP', arc PAP', TAT' are in ascending order of magnitude. 

But PNP' = 2 PN = 2 r sin 9, 
arc PAP 1 = 2 arc PA = 2 r$, 
and TAT' = 2 TA = 2 r tan 0. 

Hence, 

2 r sin 9, 2 rO, 2 r tan 6 are in ascending order of magnitude. 

sin 6, 0 , tan 0 „ ,, . (1). 

Hence also, 

SrJ Sr? are b descendins OTder ' 

or, 1, cos 6, in descending order; 
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But (Yol. L, page 345) the limit of cos 0 is 1, when 0 = 0. 

Hence the limit of = 1 when0 = 0, 

_ 0 

, tan 0 1 sin 0 .. - . . ~ 

and—-— =-- • ——- = 1x1 = 1, when 0 = 0. 

0 cos 0 0 


Cor. Hence, when 0 is small, we have, 


and 


sin 0 = 0 ) , 

tea, = o} Very 7 ‘ 


And fui*ther, when 0 is very small, 

sin *i0 _ sin n 6 ?20 _ sin n& ^ 
sin 0 7i0 sin 0 * 716 


sin 0 

~T~ 


n. 


21. To find the areas of a regular polygon and a circle. 


Let AB be the side of a regular 
polygon of n sides; 

And let O be the centre of the cir¬ 
cumscribing circle, whose radius is r, 
suppose. 

Then, since the angles about a point 
are together equal to 2 7r, we have, 

Z. AOB = —. 

n 



area of A AOB = i AO. OB sin - — 
2 n 



2 7 r 

n 


And since the polygon consists of n such triangles, 
we therefore have 

area of regular polygon of n sides = sin —. (1). 

- 2 n 


To find the area of a circle whose radius is r , we may 
conceive the circle to be the limit of the regular polygon of n 
sides, when n is indefinitely increased. 
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We then have, when n is infinite , 
area of circle whose radius is r 


nr 3 

" 2 "' 


2 7r 
9* 


sin- 


sin ■ 




2 7T 
n 


■; or, since 


2 7T 
9& 


2 7T 


_ Tir- 2 7T 1 
-n • * A J 


wr 3 2 7r 
2 91 

= rV 


= 1, when 9i = oo, 


( 2 ). 


General Value of Angles. 

22. To find a general expression for all angles hewing the 
same sine ; that is , to show that, when n is integral , 

sin 0 = 8m {nTr + (- l) n 0}. 

We have, sin 0 = sin (it - 0), and sin 0 = sin (2 v + 0); 
and we may increase or diminish the angle on the right side 
of these equations by any multiple of 2 tt. 

We may therefore write 

sin 0 = sin {(2 n + 1)«- - *}, 
and sin t = sin {2 nv + $}. 

We observe that when 0 has a negative sign, the multiple 
of 7r is odd , and when 0 has a positive sign, the multiple 
of 7 r is even. 

Moreover, (- l) n is - or + according as n is odd or even. 

The expressions (2 n + 1) 7r - 0, and 2 9t7r + 0, are then 
both included in the single form 

wtt + (- l) n 0, 

where n is any integer. 

Hence, for all integral values of n, we have 
sin 0 = sin {nir + Vf 
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23. To find a general expression for all angles having the 
same cosine ; tluit is, to show that, when n is integral, 

cos 0 = cos (2 mr ± 0 ). 

We have cos 0 = cos (± 0); 

And we may increase or diminish the angle (± 0) by any 
multiple of 2 r, without altering the value of the cosine. 

Hence, adding 2 nr, where n is any integer, we have 
cos 0 = cos (2 nr ± 0). 

24. To show that tan 0 = tan (nr + 0), where n is any 
integer . 

We have tan 0 = tan (r + 0); 

Hence it follows that the tangent of an angle is not altered 
by adding r to the angle ; 

And since we may write the above equation thus: 
tan (r + 0) = tan 0, 

it follows that the tangent is unaltered, if we subtract r from 
the angle. 

Hence we conclude that any multiple of r may be added 
or subtracted without changing the value of the tangent. 

We therefore have 

tan 0 = tan (nr + ffj, 
where n is any integer. 

Cor. We may easily gather from the results of the last 
three articles, that 

cot 0 = cot (nr + 0), 
sec 0 = sec (2 nr ± 0), 
cosec 0 = cosec {nr + (- l) w 0}. 

It would be a useful exercise for the student to ilhi&tro£& 
these results geometrically. 
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Ex. II. 

1. Find the circular measure of 1°, V, 1', 1". 

2. The circular measure of the sum of two angles is yV ^ 
and the greater angle exceeds the less by 17°. Find the 
angles. 


3. Find the length of any arc of 45° in a circle whose 
radius is 100 feet. 


4. Show that the radius of a circle is 35 feet, when the 
length of any arc of 60° is 36f. 

5. The semi-diameter of a disc whose distance is d, is found 

d? 7T 3 


to be 10'; show that the area of the disc is 


(1080) 3 


nearly. 


6. Show that sin 0 < 0, 


that 

sin 10' = • 000048481368 _ 

7. Prove that at a distance of 3 miles, a length of 5 feet 
will subtend an angle of 1" nearly. 

8. If h be the height of a mountain, r the radius of the 
earth, and d the distance which a person can see from the 

mountain top; prove that d = \/2 rh nearly*, 


Solve the following equations: 

9. Sin 0 + cos 0 - J2. 

10. Sin 0 + sin 3 0 = sin 2 0. 

11. Sin 50 - sin 30 = sin A 

12. Sin ■- cos n&. 

13. Cos 0 - cos 2 0 = 1. 

14. Tan 5 0 ± tan 2 0 = 0. 

15. When the tangent of half an angle is found from the 

tangent of the whole angle, it has two Why is this] 
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16. Show, if a bo one value of 4 which satisfies the 

equation sin 4 = sin a, that the three values of sin will bo 

o 

. a . / tt a \ . / 7T . a \ 

sin - , sin sin ( - + ^ 


17. Having given that 2 sin = Jl + sin 4 -f J1 - sin 4, 

where either sign of the radicals may be taken, explain the 

4 

meaning of the four values of sin - thus obtained, by means 
of the formula 

sin 4 = sin {mr + (- l) w 4}. 

18. A sector, whose angle is 4, is cut from a circle, and 
formed into a cone. Show that the vertical angle of the 

A 

cone is sin" 1 . 

27r 


CHAPTER III. 

INSCRIBED, ESCRIBED, AND CIRCUMSCRIBED CIRCLES OF A 
TRIANGLE. QUADRILATERALG* 

The Inscribed Circle. 

25. Let 0 be the centre of 
the inscribed circle of the 
triangle ABC, and let the circle 
touch the sides in a , 6, c. 

Then Oa, 06, Oc are perpeh- 
dicular to the sides, and 

Oa = 06 = Oc = r. 

Let S represent the area of 

the A ABC. 
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Then, 

S = ABOC + AAOC + AAOB 

= % ar + \br + % cr = % (a + b + c) r *= sr. 

r = ® = JE -<*)(»- b ) (* ~ c ) .(1), 

Since S = \ be sin A, and 8 = £ (a + b + c). 

We may evidently also write, 

“be • i cic 


r = 


a + b + c 
ah 

a + 6 + c 


sin A = 


sin B 


a + b + c 
sin C.(2). 


Cor. 1 . Since the angles A, B, C are bisected by the lines 
AO, BO, CO respectively, we have 

^ = sin i A or AO = » 4^_cos } A; 

or, by (2), 

2 be 


AO = ------cos £ A; and so 

a + b + c a 


BO = 2 ” - cob * B 

a + b + c 

CO = ..ii£_coslC. 
a + b + c 


Cor. 2. Since A b = Ac, Be = B a> C a = C5, we have 
2A& + 2Bc + 2Ca = a + 6 + c = 2s, or 
A6 + Be + Ca = s, or A6 + Be + C6 = s; 
or b + Be = 8 ; Be = Ba - 8 - b. 

And bo, 

Ab - Ac * 8 - a, and Ca = Cb = a - c* 
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The Escribed Circles. 

26. An escribed circle is one which touches one side of a 
triangle, and two others produced. Every triangle has there¬ 
fore the escribed circles. 

We shall denote those which touch the sides a, b, c 
respectively by r a , r b , r e . 

Let the sides AB, AC of the A ABC ^ 

be produced. Bisect the exterior angles / \ 

at B and C by lines meeting in O. / \ 

Then it may be easily shown that O is / \ 

the centre of a circle touching the side / \ 

BC and the sides AB, AC produced. / \ 

Let it touch these lines respectively / \ 

in a, b } c. B ^ — ^ 

Then we have Oa, Ob, Oc perpen- f \ / \ 

diculars to BC, AC, AB respectively, and —V* 

Oa = 06 = Oc = r a . A 0 A 

NowS = A ABC / v- y\ 

= AAOC + AAOB - ABOC ' 

= \ rJ> + i r * c ~ = i (& + c - a) r m 

- ( s - <*)r a - 
S 


and so r b = 


8 - b' 


Cor. Hence, 

(i.)L+ I + L= (s - a) + (s - b) + (s - c) = s = 1 
' r a r b r 0 8 8 r 

S S S _ S< 3 

(U.) b^o "" • - • “ 7 • Q2 — ® • 

8 8 - a 8-0 8 - C S 3 
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The Circumscribed Circle. 

27. Let 0 be the centre of the circumscribed circle. 

Then AO = BO = CO = It, 
suppose. 

Now (Euc. III. 20), 

Z AOB = 2Z ACB = 2C. 

Draw OD perpendicular to AB, 
then evidently 

Z AOD = JAOB = C. 

And AD = £ AB = J c. 


K = 



And since 



2 sin A 4 . £ 6c sin A 4 S 
abc 


flic _ i i 

= —, we also have 


.p. abc 
K = — = 


4 S 4 Js(s - a) (s - b) (s - c) . 


S 

Cor. Since (Art. 24) r = -, we have 


Rr = 


abc S _ abc __ abc 
4S'$ 4 8 2 (a + b + c)' 


28. The distance between the centres of the circumscribed 
and inscribed circles is \/R 2 - 2 Rr. 

Let O be the centre of the circum¬ 
scribed circle, and o the centre of 
the inscribed circle. 

Join AO, Aoj Oo, then 
Oo* = 

AO 2 + A> a - 2 AO, Ao, cos OAo... (1). 
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Now AO = II ; and, by Art. 25, Cor., 


sin JA* 

Also, Z OAo = Z OAB - ZoAB = (90° - C) - * A 
= HB-C). 

Hence, from (1), 

Oo’ = B? + , ** . - cos h (B - C).(2). 

sin 2 £ A sin \ A 2 v _ 9 v 


r _ S / 
sin i A s ’ v fa — 


sin £ A 8 ' * fa - b) (8 -c) 
and cos J (B - C) 

~ cos l B . cos J C + sin J B . sin | C 


_ /s(s-b) /s(s-c) /(s-a)(s-c) /(s-a){8-b) 

"V is—V-JS" +V-^-V- a — 

= ( - + - _rt ) = ?-£^- rt sin J A; 

v a a / V 5c a J 

. cos i (B - C) _ 2^ - a 
sin j A a 

Also (Art. 27, Cor.) Kr = 

4 a 


Hence 


Oo’ = R* + 6c. Lr-5 - 2.^ c . 

a 4 s a 

= R 2 - ^, or, by Art. 27, Cor., 

Oo 2 = R 2 - 2 Rr. 


Cor. Similarly may we show that the distances of the 
centres of the escribed circles from the centre of tho circum¬ 
scribed circle are respectively 

JlV + 2 Rr fl , a/R 3 + 2 Bri, 
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Quadrilaterals. 

29. To find, the area of a quadrilateral which can be 
inscribed in a circle. 



Let ABCD be the quadrilateral; 
Then (Euc. III., 22), 

A + C = 180°, 
and B + D = 180°. 

Let us represent the sides AB, BC, 
CD, DA respectively by a, 6, c, d. 

Join AC. 


Then area ABCD = A ABC + A ADC 

= \ ab sin B + £ cd sin D. 
But sin D = sin (180° - B) = sin B. 

Hence area ABCD = J (ab + cd) sin B. 

Now, from the triangle ABC, 

a' + 6 2 - AC 3 - 2 ab cos B. 


And from the triangle ADC, 

c 2 + <P - AC 2 =2 cd cos I> 

= - 2 cd cos B.. 

(2) - (3) then 

a 2 + b 2 - c 2 - <P = 2 (ab + cd) cos B; 
a 2 + y - c 2 - d* 


.*. cos B = 


2 (ab + cd) 


Hence sin 2 B 


(a 2 + 6 2 - c 2 - <P)* 
= 1 ~ 4(a* + «*)» 


( 1 ). 

( 2 ). 

(3). 
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Let 2s = a + i + c + ^,we then easily get 

sin* B = 4 (* ~ °) (* ~ 6 > (•-<)(*- <0 
(ab + cd) 2 9 

2 _ 

sin B = a fo ' + cr j *J(s — a) (s - b) (s - c) (a - d). 

Hence, substituting in (1), we have 

Area ABCD = J(a - a) (a - b) (a - c) (a - d). 

Cor. 1. Let d = 0, that is, let the quadrilateral become 
the A ABC. 

Then S = \/s(s- a) (a-b) (s-c), where 2 8 = a + b + & 


Cor. 2. We may find the length of the diagonal AO 
thus: 

From (2) 

or, simplifying, 


AC* = 2 cos B 

a 2 + V - c 3 - cP 


a 2 + 6 a - 2 ab.. 


2 (ab + cd) 9 


_ (ao + bd) (ad + be) 
ab + cd 


. ao = A* 0 IMMi fo) 

Nr a& + cd 

And so, BD = J(— ± M 

* Nr ad + 6o 

Hence, AC. BD = ac + 6d. 


Cor. 3. We also easily find 

P3—* a 
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Cor. When the quadrilateral is inscribed in a circle 
we have 

2 a) = 180°, or w = 90°. 

Hence, 

S 2 = (5 - a) (s - b) (s - c) (s - d) - abed cos 2 90°, 

or S = J(s - a) (s - b) (a - c) {s - d), as in Art. 29. 

31. 2b 2/ie area of a quadrilateral described about a 
circle . 

It is easy to show that a + c = b + d. 

s = i (a + c + a + c) = a + c or b + d. 

.*. 8 — a = c y 8 — b = dy s — c = a, 8 — d = b. 

Hence (s - a) (s - 6) (s - c) (5 - d) = a&cd. 

Then, by Art. 30, 

S 2 = abed - abed cos 2 c 0 = abed sin 2 <a. 

S =■ Jabcd. sin a>, 

where 2 w is the sum of two opposite angles of the 
quadrilateral. 


CHAPTER IV. 

SUBSIDIARY ANGLES. 

32. When a trigonometrical formula is not adapted 
logarithmic computation, it is usual to introduce what 
called a subsidiary angle into the expression in order 
put it into the form of a product of factors. 

Since the value of the sine and cosine of an angle ranges 
from zero to unity, it follows that if a be not greater than 6, 
it is perfectly legitimate to assume either 

sin $ = -, or cos </> = -. 

0 0 


g-g-S- 
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Again, since the value of the tangent may range from zero 
to infinity, it is always legitimate to assume, for any real 
values of a and b , that 

tan = ?. 
o 

Still, as will be seen farther on, certain assumptions, 
although legitimate, are objectionable in particular cases. 
We shall not, however, enter upon this subject in the present 
chapter. 


33. To adapt to logarithmic computation the formula 
c 2 = a 2 + b 2 - 2 ab cos C. 


(L) We have 


c 2 = a 2 + 6 2 - 2 a& (2 cos 2 - - 1) 
= (a + b) 2 - 4 ab cos 2 ^ 


- (a + by | 1 - ( -i~ cos"- £ } 


Now assume 


. n . 4 ab « A 

S1U 6 = (a"TT>7 a C ° S 2 


•(!)• 

( 2 ). 


(This assumption is allowable, for (a + b) 2 is never less 
than 4 ab.) 

We then have 

c 2 = (a + b) 2 (1 - sin 2 $) = (a + Vf cos 2 0. 
c = (a + b) cos 0, the form required. (3). 


It will be seen that 6 may be obtained from (2) by means 
of logarithms, and then c from the equation just found. 

Thus, from (2), 2 L sin 0 
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And from (3), 

log c = log (a + b) + L cos 0 - 10. 


(ii.) Or thus: 

c 8 = a 8 + 6 8 - 2 a& (1 - 2 sin 3 ^) 

z 

» (a - Z>) 2 + 4 a& sin 2 ~ 

2 



Now 2 sin 3 -- may have any positive value, and 


hence there is some angle 0, such that 

, O A 4 • o 0 

tan- & = --— sm 2 - 

(a - by 2 


....(5). 


Then, from (4), 

c 2 = (a - 6) 2 (1 + tan 2 6) - (a - ft) 2 sec 2 0; 

c = (a - b) sec 0. (6). 

We then have, from (5), 

2 L tan 0 

C 

= 2 log 2 + log a + log b - 2 log (a - b) + 2 L sin ; 
And from (6), 

log c ?= log (a - b) + L sec 0 - 10. 


(ni.) 

c’ = (c? + ir) (cos ^ + sin 8 ^ ) - 2 ab (cos 8 - sin 8 

= (a + bf sin 8 £ + (a - bf cos 8 ? 

2 2 

■<" 4i >'‘ i "’!| u C-7]) , “ p i}. <7 >- 


i 
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or = (a - bf cos 2 9 j 1 + ton 2 9 | . (8). 

Either of these expressions may now be easily adapted to 
logarithmic computation. 

34. Adapt \/a + b + \Ai - b to logarithmic computation. 

Since b is not greater than a, we may assume cos <£ = - . 

a 

Then 

si a + b + s! a - b = \/l + cos + Jl - cos </*{■ 

= Ja | Ji cos + \f'2 sin ^ | =2 Ja sin ^45° + ^ • 

35. Given the formula 

(cos S' cos a - cos S) cos h - cos S'. sin a . sin A 
- tan l (sin S - sin S'), 

/o find h in a form adapted to logarithmic computation. 
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Ex. III. 

Miscellaneous Exercises. 


1. Adapt a + b + c + d + <fcc., to logarithmic computation. 

2 . Solve the equation sin 5 0 = cos 2 0. 

3. If t r represent the sum of the products of tan a, tan j8, 
tan y, (fee., taken r together, show that, when there are n 
angles. 

tan (a + /3 + y + . . . k) 


- ( ~ 1)? 

1 - t 2 + t A - . . . . l) ff t n 


- 1 , n even; 


h~~ h + 


n — 1 


, n odd. 


1 — < 2+^ 4 — ....( — 1 ) 2 4-1 

4. In any triangle 

(6 + c) sin £ A sin ^ (B - C) = (6 - c) cos £ A cos £ (B - C). 


5. Show that 
sin 3 A - cos 3 A 
sin 3 A + cos 3 A 


2 sin 2 A - I 
2 sin 2 A + 1 


tan (45° - A). 


6. In any triangle the perpendiculars from the angles 
upon the opposite side are inversely proportional to the 
sides. 


7. If tan 2 a = F ± V , and tan 2 |3 = 

pq + rs pq + rs 


then 

tan (a - j3) 

8 

= - or - 



P 

8 

and 

tan (a + /3) 

r 

= —or - 



8. If tan u = tan a cos 6, and tan v = tan b cos a, 
then sec (u ± v) = sec a sec b ± tan a tan b 9 

and tan (u ± v) = tan a sec b ± aes a tan 6. 
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9. If D be the middle point of BC in the triangle ABC, 
PE be drawn perpendicular to AC, and EF perpendicular 

to BC, then C = * sin" 1 tM. 

a 

10. The lines joining the angles of a triangle to the 
middle points of the opposite sides, meet in a point. 

11. Show that 

(i.) log sec 2 4 = 2 jtan 2 4 + | tan 6 4 + tan 10 4 + &c|. 
(ii.) 2 log sec 4 = tan 2 4 - £ tan 4 4 + £ tan 6 4 - &c. 

12. Show that 


(i.) tan 0 + 


1 _1 

2 tan 6+2 tan 6 + 


= sec 0 . 


(ii.) 2 cot 6 + 


1 

2 cot 6 + 


1 

2 cot 6 + 



13. If the sides a, b, c of a triangle be in A. P., show 
that the area is to that of an equilateral triangle haying the 

same perimeter as ./l - to unity. 


14. The area of a sector of a circle is half the product of 
the radius into the length of the arc. 


*15. Given that 

o 2 cos a cos ft + a (sin a + sin ft) + 1 = 0, 

a 2 cos a cos y + a (sin a + sin y) + 1 = 0, 

show that 

a 8 cos ft cos y + a (sin /? + sin y) + 1 = 0, 

and cos a + cos ft + cos y = cos (a + ft + y), 

where ft and y are unequal and less than tt. 


16. 


Show that 

1 _ 

+ 6 cos x 


sec 8 \ x 


a + b cos x (a + b) + (a - b) tan 2 £ x 
17. If a point O be taken either within or without a 

triangle ABC thensin BCO .ein CA.0 _ v 
6 jla CBGTSn A.CO 
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13. In any triangle ABC, show that 

tan £ A . tan & B . tan % C = . 


19. If l be the length of the line drawn from the angle A 
to the opposite side so as to bisect the angle, then 


cos i A 


l ( l 

2 'b 



20. If p, q, r be the perpendiculars upon the sides of a 
triangle from the opposite angles, show that 

ctW = pqr _ 

b 3 c 3 + a 3 c 3 + a 3 b 3 2 )3 + <? 3 + f* 3 


21. If cos ( a - b) cos (b - c) cos (c - a) = J , then 
cos 3 (a - b) . cos 3 (b - c) . cos 3 (c - a) 

= 3 cos 2 (a - b) . cos 2 (b - c) . cos 2 (c - a) + £. 


22. If a point O be taken within or without an equilateral 
triangle ABC, and upon BO an equilateral triangle OBD be 
described so that the angles ABO and CBD are equal, then will 


cos DOC = 


BO 3 + CO 2 - AO 2 
2 BO 7 CO 


23. In the ambiguous case where a, b, A are given, and 
b > a, show that if C,, C 2 are the values of the third angle, 
and c v c 2 the values of the third side, then 
(i.) C x + C 2 = 2 tan” 1 (cot A). 

(ii.) The distance between the centres of the circum¬ 
scribing circles of the triangles = ?i-- + £2 
0 0 2 sin A 

21. If the centre of gravity of a triangle be joined to the 
angular points, and R a , R 6 , B c be respectively the radii of 
the circles circumscribing the triangles thus formed, then 

*■’*>’(H) +1VE -’ (? - i>) 

25. The area of the triangle formed by joining the centres 
of three circles of radii r l9 r 2 , r 8 which touch each other 
externally is Jr x r % r 3 (i\ + r* + 
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26. If the middle points of the sides of a triangle be joined 
to the opposite angles, and r lt r 2 , r 3 , &c., be the radii of the 
circles inscribed in the triangles thus formed, and Rj, R 2 , R 3 , 
&c. } the radii of the circumscribed circles, 

then Rj R 3 R 5 = R., R 4 R c , 

and L + h + i + 1 + 1. 

n r 3 r s r 2 r 4 r„ 

27. If r be the radius of the inscribed, and r a , r 6 , r e those 

of the escribed circles, then \ = A_ + L. + ? . 

r r a r b r c 

28. If R be the radius of the circumscribed circle, show 
that 

r a +r t + r, - r = 4 R = ± n) (n + *-.) fc, + O 

^6 + Vc + V. 

29. If ^? a , be the perpendiculars upon the sides 

, 1 1 1 1 
a, o, c, then — = — + ~-. 

P* Pc Pa 

30. If a point P be taken either within or without a 
triangle, and perpendiculars Pa, P6, Pc be drawn upon the 
sides, show that the area of the triangle formed by joining 
the centres of the circles circumscribing the triangle Pa6, 
Pac, P6c = \ S. 

31. Two circles have a common radius r, and a circle is 
described touching this radius, and the two circles; show 
that the radius of the circle touching the three circles is 

32. In any triangle, if-^ 1 —^ - - tal L? show that each of 

tan B tan A 

these quantities = s | n 

Bin 2 U 

33. If tan \ a = tan 3 4 y, and tan y = 2 tan /?, show that 
a, /?, y are in A. P. 

34. Show, by the binomial theorem, that 

(1 + \ sin 9 + § sin 2 0 + <fec.) (1 - J sin $ + \ urn? 6 - 
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35. If a, (t, y be the distances between the centres of the 
escribed circles respectively, and a l9 fi lf y 1} be the distances 
between the centre of the inscribed circle and the centres of 

the escribed, then — = cot ^ = cot 2 = cot 
°i 2’ ft 2’ 7l 2 

36. Show that the area of the inscribed circle is to the 

ABC 

area of the triangle as ir : cot ^ cot ~ cot X 

2 2 2 


37. The area of a triangle = Jrr a r yv 

-I - - vers -1 — = vers -1 (1 - b ); 


38. If vers" 1 - 
a 


then? = ± JJF- . 

o VI + 6 


39. Show that 

4 R = ^ 

Vi + »\,r c + V. Vcr (<r - a) (<r - /?) (cr - y) 

when 2<r = a+ fi + y. 

40. Three circles touch each other externally whose radii 
are a, b , c. Show that the tangents at the points of contact 
meet in a point, and that its distance from each of them is 

/ 

\a + b + c) 


CHAPTER V. 

HEIGHTS AND DISTANCES. 

36. In the first volume of this work we have explained 
at some length the methods to be followed in the simpler 
cases of heights and distances. We shall work out an 
example or two involving more complicated considerations as 
specimens of the general course to be pursued. First, how- 
ever, we shall explain the Vernier Scale, the Sextant, and 
the Theodolite. 
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The Vernier Scale. 

37. The vernier scale consists of a small scale CD which 
slides along the edge of any ordinary graduated scale AB. 



Fig 1. 

With a straight scale, the vernier is straight; and with 
a graduated portion of the arc of a circle, the vernier is a 
small circular arc. 

Suppose the scale AB to be divided into equal divisions 
(say inches), AE, EF, &c., and each of these divisions again 
into tenths of an inch. Then it would be possible to express 
any length in inches and tenths of an inch by the scale AB 
alone. 

Let the length of CD be nine of these small divisions, and 
suppose we wish to measure the exact length of a line ac in 
the diagram below. 


a ti inrrn-ffm 




eqeeeeee 


-Ll l 111II Qb 


Fig 2. 

We see, by the scale AB, that its length is something over 
one inch and two tenths . By means of the vernier CD we 
can express this excess in hundredths. 

Let the odh division of the vernier correspond with a 
division of the scale AB, as at f. 

1 9 9 

Now each division of the vernier = ~ of —in. = in. 
Also be + cf = de. 

HeaceJc + i-^^, 
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/. he 


( 1 - JM~ = - 
Mo 100^ lory 


Hence we learn that the excess over the length given by 
the scale AB is as many hundredths of an inch as corres¬ 
ponds to the division of the vernier which concides with a 
division of the scale. 


We have supposed here the divisions of the vernier to be 
reckoned from the left . If, as in some verniers, they are 
reckoned from the right, we must take 11 divisions of the 
scale instead of 9, and divide it into 10 equal parts. 

In that case, if the asth division correspond with the scale, 
we have, remembering that the divisions of the vernier are 
reckoned from the right, and that each division of the vernier 




11 

100 


in., 


be = . 

100 


In the case of a graduated arc of a circle, where the arc is 
marked for degrees, then, if 59 divisions of the scale corre¬ 
spond to 60 divisions of the vernier, and the vernier is read 
from left to right, and if the seth division of the vernier 
corresponds with a division of the scale, we should learn that 
the arc ought to be increased to the amount of above the 
scale reading. 

The Sextant. 

38. The sextant consists of a graduated arc AB, whose 
centre is C, formed upon a plate ABC. An arm CA carries 
a mirror fixed at its centre C in a plane at right angles to 
the plate. The arm is moveable about an axis through C, 
carrying the mirror with it, and terminates in an index 
which moves along the arc AB. When the index points to 
zero, the minor C and the zero point are in the same 
vertical plane. 
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D is also a mirror, the lower* half only of which is 
Bilvcred; it is immoveable, and fixed parallel to the position 
of C, when the index points to zero. 



Fig. 3. 

Let A be the zero point, and suppose the index to be at 
A. The instrument may be used either to observe the 
altitude of a star, or to obtain the angle which two stars 
subtend at the observer’s eye. 

Let H and S be two stars. If we require simply the 
altitude of S, we may suppose H to be a point on the horizon 
in the same meridian as S. 

We shall now explain however the general principles 
involved in taking the angle subtended by any two stars. 

H and S are both so distant that they may be supposed 
to emit parallel rays. 

Let H be observed, by an eye placed at E, by direct 
vision through the centrq D of the lower mirror. 

Now hold the instrument so that a pencil of rays H'C 
parallel to HD may, after impinging upon the centre C of 
the upper mirror, be reflected sq as to fall upon the lower 
mirror at D. 

Then FCH' and ACD are respectively^ complements of the 
angles of incidence and reflection with respect to the mirror C. 

.\ ZFCH' = Z ACD, 
according to the law of reflection. 

Again, CDG is the complement of the angle of incidence 
upon D. 

Now, as the mirrors are parallel, Z ACD = Z CDG. 
Hence Z FCH' = Z CDG. 
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But since CH' is parallel to NH, we have also 
Z FCH' = Z CNH = Z NDM. 

Hence, Z CDG = Z NDM. 

But CDG is the complement of the angle of incidence of 
the pencil CD upon D. Hence, by the law of reflection, 
NDM is the complement of the angle of reflection. 

Therefore, the reflected ray will proceed along the line 
DNE. 

Hence the eye will see the object H both by direct vision, 
and by reflection, when the mirrors are parallel, or when the 
index points to zero. 

Let the arm be now moved until the star S appears by 
reflection to coincide with H. 

Suppose the index to point to L. 

Then SCH' is the angle subtended by the two stars at 
the eye. 

Hence a pencil of rays SC will, after reflection, proceed 
along CD, and thence along DE. 

.*. Z SCK = Z DCL, 

since they are respectively the complements of the angles of 
incidence and reflection. 

Now, Z SCK = Z FCH' + Z FCK - Z SCH' 

= Z FCH' + Z ACL - Z SCH'. 

And Z DCL = Z DCA - Z ACL 
= Z FCH' - Z ACL. 

Then, equating these, we have 
Z FCH' - Z ACL = Z FCH' + Z ACL - ZSCH'. 

.*. Z SCH' = 2 Z ACL. 

Hence the angle subtended by the two stars is twice the 
angle through which the index has been turned. 

It is usual to graduate the arc AB by dividing it into 
t wice the number of degrees it actually contains, so that the 
reading from the instrument gives the true value of the angle 
required. 

A vernier is attached to the graduated arc to enable the 
observer to take the reading greater exactness. 
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The Theodolite. 

39. This instrument is used for taking the angles of 
elevation of objects, and the horizontal angle between the 
objects. 

It consists of a vertical circle carrying a telescope, whose 
axis is in the plane of the vertical circle, and moving about a 
horizontal axis, so that the line of vision can be directed to 
any point in the plane of the vertical circle; and also, of a 
horizontal circle carrying the vertical circle and telescope, 
and moveable in a horizontal plane, so that the vertical circle 
and telescope can be brought into any azimuth. 

If the line of vision be successively directed to any two 
objects A and B, then an index upon the vertical circle gives 
the angles of elevation of the objects; and the difference of 
the indications of the index on the horizontal circle gives the 
horizontal angle between the objects. 

The horizontal circle carries another, called a vernier 
circle, which has a horizontal motion independent of the 
horizontal circle. There are generally two verniers upon the 
horizontal circle, to enable the observer to correct for centre¬ 
ing and graduation. Two readings are made, and the mean 
of the two will give the corrected angle. The vertical circle 
also carries a vernier for a similar purpose. 

Before proceeding to use the instrument care must be taken 
that it stands firm, that the horizontal circle is truly horizon¬ 
tal, that the line of collimation is properly adjusted, and 
that the vertical circle moves in a truly vertical plane. 

The theodolite often carries a compass, so that if the zero 
of the horizontal circle corresponds to the magnetic meridian, 
the horizontal angle between the object and the zero point 
gives the hewing of the object. 

Ex. 1. Two places B, C, inaccessible from each other, are 
distant a from another place A on the side of a hill. From the 
lower place C there are observed the horizontal angle (a) 
between A and B, and also the elevations (A, fj) of A and B. 
Find the distance BC. 

5—17, ^ 
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Draw CD, CE horizontal, meeting verticals through A, B 
respectively in D, E. 

Join DE, which is also horizontal; and draw AF parallel 
to DE. 


n 



Then we have: 

AB = AC = a, 

Z DCE = a, 

Z ACD = A, 

Z BCE = /x. 

Now AC 2 

= AB 2 = AF 3 + BF 2 
= DE 2 + (BE - AD) 2 

= (EC 9 + DC 2 - 2 EC . DC cos ECD) + (BE - AD)*; or, 
a 8 = BC 9 cos 2 ft + AC 3 cos 2 A - 2 BC. AC cos A cos ft cos a 
+ (BC sin ft - AC sin A) 2 ; or, simplifying, 

= BC 2 + AC 3 - 2 AC.BC cos Acosftcosa - 2AC.BC sin A si n/x 
= BC 9 + a 2 - 2 aBC (cos A cos ft cos a + sin A sin /x). 

Hence 

BC = 2 a (cos A cos ft cos a + sin A sin ft); or, arranging, 
-2a J cos (A-/x) cos 2 ® - cos (A + /u) sin?-® j . 
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Ex. 2. An object A on the top of a hill is just 
seen from a point C behind the summit of hill B. A 
distance CD is measured along the road, and the following 
observations are made. At D the elevations of A, B are 
observed respectively to be a, /3; and the angles ADC, 
ADB, A CD are found to be y, 8, e. Find the heights of A 
and B. 

Draw CE, DE horizontal, and AE, BF vertical. Join 
DF. 

We have : 

CD = a, 

Z ADE = a, 

Z BDF = /?, 

Z ADC = y, 

Z ADB = 5, 

Z ACD = c. 

Now 

AE - AD sin ADE 



CD. - 8 : n ^rc> 
sm CAD 


sin ADE 


sin € . sin a 

“■ shTjrscr - (y + £ )} 


sin a . sin c 
sin (y + c) 


Again 

BF = BD sin BDF = CD . sin BDF. 

sm CBD 


= a 


sm e 


sin {180° - (y - 8 + c) } 


sin f3 = a . 


sin f3 sin € 
sin (y f e - 8) 


Ex. 3. Given the elevations ot on 
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points in a straight line in the horizontal plane, to find the 
height of the object. 



Let A be the object; C, D, E the 
three points in the straight line CE 
Draw AB vertical, meeting the 
horizon in B. 

Let CD = a, DE = b .(1). 

Z ACB = a, Z ADB = /?, 
Z AEB = y; and let A be the 
height required 
We have 
BC = A cot i 

•( 2 ). 


Now cos BDC = 


And cos BDE = 


CD 8 


BD = A cot f3 
BE = A cot y 
+ BD 3 - CB 3 




2 CD.BD 
BD 3 + DE 3 - BE 3 
-2BD.DE- 


But cos BDC = - cos (180° - BDC) - - cos BDE. 

tt CD 3 + BD 3 - CB 3 BD 3 + DE 3 - BE 3 

HenCC > 2 CD. BD - - 2 BD.BE - ; ° r 

DE (CD 3 + BD 3 - CB 3 ) = - CD (BD 3 + DE 3 - BE 2 ). 
Or, substituting from (1) and (2), we have 
b ( a 2 + A 3 cot 3 (3 - A 3 cot 3 a) = - a (A 3 cot 3 (3 + b 2 - A 3 cot 3 y) ; 
or, A* {a cot 3 y - (a + b) cot 2 f3 + b cot 3 a } = ab (a + b) } 


/ a6 (a + b) 


N a cot 3 y - (a + i) cot 3 (3 + b cot 2 a* 


Ex. IY. 

1. An object was observed from the deck of a ship to 
have a bearing of a from the N.; and after a and b hours 1 
sailing in the same direction at a uniform rate, its bearing 
was found to be f3° and y° respectively. Find the direction 
of sailing. 
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2. A staff at the top of a tower subtends to the eye of a 
spectator on the ground an angle 0, and on going a feet 
nearer to the foot of the tower, it was found to subtend the 
same angle 9. What is the distance of the tower ? 

3. Three observers in a straight line, the middle one of 
which is at a distance a, b respectively from the other two, 
observe the elevation of a bird to be a, /?, y respectively at 
the same instant. Find the distance of each observer from 
the vertical through the bird. 

4. There are two hills, the height of the second being h. 
From the top of the former the angles of depression of two 
objects in a straight line with both the hills and in the 
horizontal plane are a 2 and /3 X . From the top of the second 
hill they are and P T Find the height of the former hilL 

5. A gun is fired from a fort A, and the intervals between 
seeing the flash and hearing the report at two stations B, C 
are t lt t 2 respectively. D is a point in the straight line BC 
whose distance from A is required, having given v the 
velocity of sound, BD = a, DC = b. 

6 . From a certain point on the slope of a hill the elevations 
a, /3 of two objects on the hill are observed, and angle y they 
subtend at the eye. If l be the length of the hill in a direct 
road from the foot, find its height 

7. Two ships are sailing uniformly with velocities u, v. 
At a certain instant their distances from the point of inter¬ 
section of their courses was a, b, respectively. Show that if 
d be their minimum distance from each other, and 9 the 
inclination of their courses, then 

(av - bu) 2 sin 2 9 = <P (v? + v 1 - 2 uv cos 0). 

8 . The shadow of a column whose height is A is found to 
be a in length. When the sun has attained double his 
altitude, it is found to be 6. Find the relation between 

O/y by It* 

9. From a ship a point of land was observed to bear a° 
from the N., and after sailing a miles in a N.W. direction 
the bearing was P° from the N. Find the distance of the 
land from each point of observation. 
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* We may thus conclude it to be true for any number of factors. 

Hence generally, 

(cos a + - 1 sin a) (cos j8 + *J - 1 sin jS) (cos y + *J - 1 sin y) . 
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is true when n is a negative integer. 




Again, we hare, when m and n are any integers, 
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(cos 6 + V - 1 sin 0) n , where — is a fraction in its lowest terms. 



42. To find the n values of the expression (cos 0 + J - 1 sin 0) n , where — is a fraction in its 
_ ' n 

lowest terms . 
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43. To expand sin nO, cos nO, tan nd in terms of the ratios of 6. 

We have cos nO + J-i sin nB = (cos 6 + J~\ sin ey. 



or, expanding by the Binomial Theorem and 
cos nO + J - 1 sin nd 


demoivke’s theorem, 
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l*iit nO = 
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Exponential Expressions. 


EXPONENTIAL EXPRESSIONS. 


255 



0 «!* 





256 


PLANE TRIGONOMETRY. 





5 




S 


CO j<X> 
« ! 


<3$ 

<3* 

.a 

.a 

CO 

0Q 

17 

1.-I 

1 | 

1 • 

1 • 
-> 

+ 

1 




8 8 


17 

s 


11 


I 


<D 

to 

% 



§ 

*3 

> 

M 


c3 

I 

H 


4 

l 

<*> 1 


-§l« 

-♦-> I 

I 

’ <I> 




II 

<& 


.a 

CO 

IfH 

1 I 

+ 

<£> 


5 


O 

O 


.a 


p 1 

S r 


i 


> 


i 

T> 

i 


ii 


CQ 

oo 


£ 

CD 


1 


1 tan 0 




Taking log. of each side of this equality, then 
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48. To prove Machines series, viz.: 
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And so from (2), when 0 = 0 , we liavo 1 = a 0 . 

We may therefore write 

sin 0=0 + afi* + afi 5 + . . . . .(3), 

and cos 0 = 1 + afi 1 + afi + .(4). 

(3) + (4), then 


cos 0 + sin 0=1 + 0 + cifi 2 + 03 0 s + afi + afi* + . . .. (5). 
Put 0 + <f> for 0; then, arranging, 

(cos 0 + sin 0) cos <f> + (cos 0 - sin 0) sin <f> 

= 1 + (0 + <j>) + a^ (0 + <f>) 2 + a 3 (0 + <£) 3 + a A (0 + </>) 4 

+ a 5 (0 + $)* + .(6). 

But from (3), (4), and (5), we get 

(cos 0 + sin 0) cos + (cos 0 - sin 0) sin <,*> 

= (1 + 0 + afi + a,fi + afi 4 + afi 5 + . . . . ) 

(1 + + afi + . . . .) 

+ (1 - 0 + cL.fi 1 - afi + afi - afi + . . . . ) 

(0 + afi + afi + . . . . ).(7). 

Equating co-efficients of like powers of 0</>, &c., in 

(6) and (7), then 


3 a 3 ~ a 2 , a 3 - - -—^ 


4^ 


O3, •*. o 4 


1 

1 . 2 . 3 . 4 ’ 


5 Oj — ^4, i*. O3 — 


&c. = &c. 


1 

1.2.3.4.5* 


Hence from (3) and (4) we get by substitution, 


and 


sin 0 - 0 - 


cos 0 = 1 - 


0 8 


0 6 


1 2.3 1.2.3.4.5 


- - &c., 




*_ + _ 

1-2 1.2 3.4 


- «Src. 
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50. To show that if 2 cos 6 = x + ~, then 


2 \/ - 1 sin 0 = x - — j 


and also that 


2 cos n0 = x n + and 2 J - l sin n# = x n - 

X X 

We have 2 cos 0 = x + or, squaring, 

x 

4 cos 2 9 = + ~) i or 

- 4 (1 - cos 2 0) = fas + -) - 4; or 
x 

- 4 sin 2 6 - (x - 1). 

' x' 


2 s] - \ sin 0 = as - 


1 


Hence also, 

2 (cos 0 + J - 1 sin 6) = («+-,) + (a: - ') = 2 

cos 0 + J - 1 sin 0 = x .. 

_ 1 

And so, cos 0 - v - 1 sin 0 = -. 

0 $ 

From (1), by Demoivre’s Theorem, 

cos nO + fsT -~I sin nd = of 1 ; 
and from (2), cos nO - J - i sin nd = ~• 

From these two equations, the required results at 
follow. 





51. To expand sin" 6 in terms of sines or cosines of multiples of 0, when n m a positive 
integer . 
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hare therefore from (1), collecting terms equidistant from the beginning and end of 




miscellaneous pbo positions. 
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cos w. tan 7, to show that 
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1 + tan 2 £ (o.e 2 ^ 
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To resolve sin 6 and coe 0 into the product of quadratic factors in terms of 0. 

(fhe equation sin 0 = 0 is satisfied by 0 = nv, when n may be zero, or any integer, positive 
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But from (3) 
cos 0 


. X 2 

~ 2 1 


Z* 3 




5V' 


2 2 V * ir 3 
Hence, substituting from (4), 

-M»-£)(>- 4 *S>(>-tS).<*>■ 


Cor. From tlie result for sin 0, we may obtain Wallis's 
expression for x. 

In (A), put 6 = then since sin £ = 1, and ~ = 2, we 
2 2 0 

have 

0 - srr) (• - ST?)■••• 

_w 1.3 3.5 5.7 
“ 2 • "I 3 4* • 6’ 

. t _ 2 J 4 5 6 a 
"2 1.3'3TB‘ 5.7- 


55. To resolve x n - I into factors. 

We have, from the equation af - 1 = 0, 

a* = 1 = cos 2 rax ± - L sin 2 rax, 

where ra is any integer, including zero. 

.\ x = (cos 2 rax ± sin 2 rax)” 


2 rax 


4 rax . /-5- . ^ //*/ 

= cos- ± v - 1 sin —— 

n n 


(i.) Let n be even . 

Then by giving ah integral positive values from 0 to 0 , 
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we get + 1 for each of the first pair of values, and - 1 for 
each of the last pair. For all other values of m, the values 
of x are different. 


For suppose p and q to be two values of m between the 


limits 0 and such that 

2 V7T i—- . 2 pir 

cos- + V - 1 sin 

n n 


= cos 


2 qv + . 2 qic 

- — V - 1 sin — 2 -. 

n n 


Then we have 
and 


cos = cosier, 

n n 

• 2 pir . . 2 qtt 

sin = ± sin —i-. 

w w 


Hence (Art. 21), we must therefore have 
^ = 2nr ± 

71 71 

where r is any integer. 

or, ^ = r ± —: or, P + % = r, an integer. 
n n n 

But jo and g are by supposition each < and are different. 


Hence ^ - + — cannot be integral. 

7i 

Hence the n values of x obtained from the equation 

COS 2 7717T . .-- . 2 7717T 

« =- ± v - 1 sin-> 

n n 


by giving m all integral values from 0 to ^r, are all different. 

It must be remembered that we get really (n + 2) values, 
the first pair of which are equal, viz. + 1, and the last \>a.ix 
equal, viz. - 1. 



Further, no value of m beyond the limits 0 to ^ will give any other value for x. 
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Or, simplifying, we have, when n is even , 
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since —-- = sc” -1 + x *~ 2 + <fcc. + x + 1 = n, when x - 1, we have 





Further, no value of m beyond the limits 0 to will give any other value for x. 
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Or, simplifying, we have, when n is even, 
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since - - = sc”” 1 + + «fcc. + x + 1 = n, when a: = 1, we have 
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Let P be any point within or without a circle whose centre is 0. 



And let the whole circumference be divided into n equal parts C^Qo* QiQs* 80 
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Therefore, multiplying these equations together, 

PQ 1 ‘.PQ/.PQ 3 V • .. PQ„ 2 

= (OP 1 - 2 OP .r cos 9 + r*){OF - 2 OP. r cos 
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14. Prove that 
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18. Find the roots of the equation ic 5 
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is by Art. 55, 16 sin 5 a = sin 5 a 
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Itence, adding, we get 
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And similarly we have 
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2i. Circles are described in triangles whose bases are the sides of a regular polygon of n sides, 


290 


PLANE TRIGONOMETIiY. 



« 

g 

A 

5 

s 

5 

a 

o 

6 
o 
o 
*-» 

H 

fa 

O 

fc 

O 


g 

I 

8 


O 

•9 

£ 


© 

6 

.a 

I 

A 

r 3 


as 

I 

! 

1 


OO ^ 
o (M 
CO CO 
i-h GO 

58 § 

00 o 


o 

o 

o 

o 


o 

l-H 

.a 


a> 

Oi 

Oi 

o 

o» 


Knowing these, we may find the sines and cosines of all angles which are multiples of 10*. 
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Or expanding, arranging, &c., we have, 
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The values of the other logarithmic trigonometrical ratios are then easily found. As explained 
in VoL I., the tabular values are found by adding 10 to the values thus obtained. 



THEORY OP PROPORTIONAL PARTS. 295 

Theory of Proportional Parts. 

68. The increment of the sine of an angle is in general 
approximately proportional to the small increment of the angle. 

Let the angle A receive an increment h , then the incre¬ 
ment of sin A will be 

sin (A + h) - sin A. 

Denoting this by A sin A, we have 
A sin A = sin (A + h) - sin A 

= sin A . cos h + cos A . sin h - sin A ; 

= sin h . cos A - (1 - cos h) sin A 

= sin h cos A J 1 — I-cosjk . tan ^ 

( sin h 

= sin h cos A ^1 - tan ^ . tan A j-. 

If h be a small increment, we may put sin h = h. 

And unless tan A be very large, that is, unless A be very 

nearly 90°, the value of tan ~ . tan A will be also very small, 

2 

and may be neglected. 

Hence, unless A be very nearly a right angle , we have 
A sin A = h cos A, very nearly. 

Hence, in determining any angle from its sine , we may 
adopt the principle of proportional parts, unless the angle 
be very nearly a right angle. 

69. The increment of the cosine of an angle is in general 
approximately proportional to the small increment of the angle. 

We have 

A cos A = cos (A + h) — cos A 

= cos A cos h - sin A sin h - cos A 
- - sin h sin A — (1 - K- 
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= - sin A sin A { 1 + - . c ° s fe cot A X 
l sin A J 

= - sin A sin A (l + tan ^ cot A^. 

Now, when A is very small, cot A is very large. 

Hence, when the increment A is small, we find that, 

Unless A be a very small angle , 

A cos A = - A sin A, very nearly. 

It will be noticed that the cosine diminishes as the angle 
increases. 

70. The increment of the tangent of an angle is in general 
proportional to the small increment of the angle. 

We have 

A tan A = tan (A + A) - tan A 

_ sin (A + A) _ sin A _ sin (A + A - A) 
cos (A + A) cos A cos (A + A) cos A 
_ sin A 

cos (A + A) cos A 
_ tan A 

cos 2 A (1 - tan A. tan A)* 

Hence, as before, if A be small, and A be not nearly 90°, 
we have approximately 

A tan A = • \ c = A sec 2 A.(1). 

cos 2 A x ' 

And so we may show that, 

Unless A be a very small angle , 

A cot A = - A cosec 2 A.(2). 

Also, that, 

When A is neither very small , nor nearly equal to 90°, 

A sec A = A sin A sec 2 A.(3), 

and A cosec A = - h cos» . 







theory of proportional parts. 
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71. The increment of the values of the logarithmic trigono¬ 
metrical ratios is in general 'proportional to the small increment 
of the angle . 

(i.) A L sin A. 

We have sin (A + h) = sin A cos h + cos A sin h 

= sin A + h cos A, approximately. 

*. 1L-) = 1 + A cot A. 

sin A 

Taking the logarithms, we have 

log sin (A + h) - log sin A = log (1 + h cot A). 

But log sin (A + h) - log sin A = L sin (A + h) - L sin A 

= A L sin A. 

And 

log (1 + h cot A) = p {h cot A - | A 2 cot 2 A + <fcc.} 

= p h cot A, approximately. 

Hence A L sin A = ph cot A, 
except in cases to be discussed in the next article. 

So we may easily show that 

(ii.) A L cos A = - p h tan A. 

And also that 

(iii.) A L tan A = 2 p h cosec 2 A. 

(iv) A L cot A = -2 ph cosec 2 A. 

(v.) A L cosec A = - ph cot A. 

(vi.) A L sec A = ph tan A. 

72. The limits of our space compel us to omit the purely 
trigonometrical investigations as to the amount of error, and 
the cases of failure in the principle of proportional parts. 

To the student who is acquainted with the Differential 
Calculus we will indicate how this may be done by Taylor's 
Theorem. 

We have, by Taylor’s Theorem. 

A 2 

sin (A + A) = sin A + A cos A - -—. sin (A + 6h\ 
where 0 is some proper fraction. 
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lienee A sin A = h cos A - -j—^ sin (A + Oh) .(1). 

Hence, by taking A sin A = h cos A, the error is less 
than JL. 

] h 2 

Again, when A is a small angle, j—^ sin (A + Oh) is 
extremely small. 

But when A is nearly equal to 90°, 

sin (A + Oh) is very nearly unity . 

Hence the value of j—^ sin (A + Oh) is sensibly compara- 
able with h cos A, as cos A is then very small. 

Hence the differences between the sines of angles which 
are nearly 90° are very small, or, as it is called, insensi¬ 
ble; and the second term of the series in (1) cannot be 
neglected, so that the increments of the sines are not propor¬ 
tional to the increments of the angle. They are in this case 
said to be irregular . 

We hence conclude that: 

The differences of consecutive sines, when the angle is 
nearly 90°, are insensible and irregular . 

And so we may show that for cosines they are insensible 
when the angles are very small; for tangents they are 
irregular when the angles are nearly 90°; for cotangents 
irregular when the angles are very small; for secants 
insensible when the angles are small, and irregular when 
nearly 90°; and for cosecants irregular when the angles are 
small, and insensible when nearly 90°. Irregularity accom¬ 
panies insensibility . 

Again, by Taylor’s Theorem, 
log sin (A + h) 

= log sin A + y. h cot A - cosec 2 (A + Oh), 

Z 

where $ is some proper fraction. 
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.*. A L sin A = yJi cot A 


- eJi 


cosec 2 (A + Oh). 


Hence, if we may neglect the second term, we have 
approximately, 

A L sin A = ft h cot A. 


When A is very small, cosec 2 (A + Oh) is very large, and 
the second term may not be neglected. 

Hence the differences of consecutive logarithmic sines are 
irregular when the angle is very small. 

Again, when A is very nearly equal to 90°, 

cosec 2 (A + Oh) is very nearly equal to unity. 
uh 2 

Hence the value of cosec 2 (A + Oh) is comparable to 
fi h cot A, for cot A is then very small. 


Hence the differences are insensible when the angles are 
nearly 90°. 

And in a similar way it may be shown that the principle 
of proportional parts fails for every logarithmic trigonome¬ 
trical ratio, when the angle is either very small or very 
nearly equal to a right angle. We may express these 
results as follows : 



Angles Small. 

Angles 
nearly 90°. 

Logarithmic: 



(1.) Sines and cosecants, 

irregular,... 

insensible. 

(2.) Tangents and cotangents, 

irregular,... 

irregular. 

(3.) Cosines and secants, 

insensible, 

irregular. 

l 


73. Hence, when an angle is very smsXi <3t yvsse&'J 
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impracticable to use the principle of proportional parts in the 
case of logarithmic trigonometrical functions taken from 
ordinary tables. 

We sometimes however require to know the number of 
seconds in a very small angle. The methods which may be 
followed will be now explained. 

First Method . 

Tables are constructed for a few degrees to intervals of a 
second, instead of to intervals of 10", or of a minute. 

Here h must be less than one second, and the greatest 

7,2 ^2 

value of — cosec 2 (A + Oh) is - where h is the circular mea- 
2 2 

sure of one second . It is therefore small enough to be 

neglected. 

Second Method . Maskelyne's Method . 

Q3 a* 

We have sin a - 0 - -—-—- +.... = a - - nearly. 

1.2.3 1.2.3 

2 2 

And cos a = 1 - + .... = 1 - ^ nearly. 

••• ' 1 - i “ 0 - 

= (cos a)^, nearly ; or sin a = a (cos a) J. 
Let a be an angle containing n", then 
Circular measure of the angle = n sin 1" 
or a = n sin 1". 

.*. sin a = n sin 1" (cos a)^, or 
sin n = n sin 1" (cos n")* ; or, taking logarithms. 

L sin n" = log n + L sin 1" + J (L cos n” — 10) 

= log n + L sin 1" - | (10 - L cos n) .(1). 

And therefore 

log n = Lsinw" + \ (10 - Lcos n H ) - Lsin 1"...(2). 

Since the angle n' is small, we may, in finding n from 

L sin n or in finding Li sin from u, \aaka ^ 
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approximate value of L cos n' from the tables; for its varia¬ 
tion is very small when the variation of n is small. 

We may find a similar value for the tangent of a small 
angle. 


tan a 3 


sin n 
cos a 



= (a- 
00 



tan a i , a 3 /\ a 2 \ -1 . -} 

= 1 + =(l- ) =(cos«) 


Hence, as before 

L tan n" = log n + L tan V - -£ (L cos w" - 10). 


Third Method—Delamhrds Method, 


Delambre constructed a table for every second to a degree 

/» i sin cc t . tt 

for log- + L sin 1 . 

a 

We have, if a be the circular measure of an angle of n''. 
log“5JL= log. 8inw " 


* n sin 1" 


= L sin n - log n - L sin 1". 

L sin n" *= log n + (log + L sin 1").(3), 

and log 7i = L sin ri' - (log - + L sin 1").(4). 

Suppose the L sin of the angle is known, and we 
require to find n. 

We can find approximately , to the nearest integer, the 
value of w, and then making use of this to obtain from the 

tables the value of (log Sm a + L sin 1"), we can at once find 
a 

log n> and then n from a table of logarithms of numbers. 

By making use of the approximate value of n we are of 
course liable to error. That the error is not, 
seen as follows; 
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We have 

in a ^ a? a 4 

« “ 1 . 2.3 + \ . 2 . 3 . 4.5 


Cl 2 

= 1 - -g. nearly. 


= /*{- £-*(?) - &c -^ 


•. A lo! 


©10 ' 


- /*{-#■{(« + hy - + tv{(® + w - « 4 } + <fr c -} 

- /*(| + ^ +-)i = - j« very nearly. 


.-. Alog. 


sin a 


•10 


* h = - - a. 


Hence, the variation of log 


sin a 


is much less rapid than 


that of a, and the error will therefore be insensible 


74. Since, Art. 70, A sin A - h cos A, 
and A cos A = - A sin A, 


| approximately, 


we see that the differences for consecutive sines vary 
approximately as the cosine, and the differences for consecu¬ 
tive cosines vary approximately as the sine. 

Now, when the angle is < 45°, sine is < cosine . 
and „ „ > 45°, sine is > cosine . 

Hence, for angles less than 45°, the differences for consecu¬ 
tive sines will be greater than the differences for consecu¬ 
tive cosines, and vice versd. 

Hence, for angles less than 45°, it is better to determine 
them from their sines than from their cosines ; and for angles 
greater than 45° it is better to determine them from their 
cosines . And the same rule should be observed in the us# 
of logarithmic sines and cosines. 



SECTION III. 


SPHERICAL TRIGONOMETRY. 


CHAPTER I. 

DEFINITIONS, AND INTRODUCTORY PROPOSITIONS. 

1. A sphere is a body, every point of the surface of which 
is equidistant from a certain point within it, called the 
centre. We may also define a sphere as the solid generated 
by the revolution of a semicircle about its diameter or axis. 

2. Every section of a sphere made by a plane is a circle. 

Let A BCD be the section made by 
a plane passing through the points 
A and B, of the sphere whose 
centre is O. 

From O draw OE at right angles 
to the plane, meeting it in E. 

Take any point C in the circum¬ 
ference of the section, and draw the 
line EC. 

Then (Euc. XI., Def. 3), OE is 
perpendicular to EC. 

Hence, EC 2 = OC 2 - OE 2 . 

EG = ../ OO 2 - OE?, & carakasA. 


P 
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OC is the radius of the sphere, and OE the distance of the 
plane from the centre of the sphere. 

Hence, it follows that all straight lines drawn from the 
point E to the circumference of the section, are equal to one 
another. 

The section is, therefore, a circle, whose centre is E. 

Cor. 1. When the plane passes through the centre of the 
sphere, the section is a circle, whose radius is that of the 
sphere. 

Def. A great circle is a section of a sphere made by a 
plane passing through the centre of the sphere, and has its 
radius equal therefore to the radius of the sphere. 

All other sections are termed small circles. 

If OE be produced both ways, to meet the sphere in P 
and Q, the points P and Q, where the perpendicular to the 
plane of the section meets the surface of the sphere, are 
called the poles of the circle ACDB. 

Cor. 2. It follows from this definition that all arcs of 
great circles, and all chords, drawn from a pole to the circum¬ 
ference of the corresponding circle, are equal to each other. 

3. The angle subtended at the centre of the sphere by the 
arc of a great circle , which joins the poles of two great circles , 
is equal to the angle of inclination of the planes of the circles . 

Let CD, CE be the two given 
great circles; 

A, B, their poles respectively, O 
the centre of the sphere, and ABDE 
the great circle passing through the 
poles A, B, and meeting CD, CE, 
respectively in DE. 

Then AO is perpendicular to CO, 
and OB is also perpendicular' to 
CO. 

Hence CO is perpendicular to both AO and OB. It is 
therefore perpendicular to every line drawn from O in the 
plane AOB lEuc. XI,. 4). 
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Hence CO is perpendicular to OD and OE. 

Now OC is the intersection of the planes OCD and OCE, 
and OD and OE are lines drawn respectively in those 
planes. 

Hence (Euc. XI.,Def. 6) DOE is the angle of inclination of 
the planes OCD and OCE. 

Now Z AOB = Z AOD - Z BOD 

= Z BOE - Z BOD = Z DOE. 

Def. The angle between the arcs of two great circles is 
the angle Of inclination of the planes of the circles. 

Hence Z DCE = ZDOE = ZAOB. 

Cor. Hence by Art. 2, any circle of a sphere is at right 
angles to the great circles which pass through its poles. 

4. Two great circles bisect each other. 

. As the planes of all great circles pass through the centre 
of the sphere, it follows that a diameter of the sphere is the 
line of intersection of any two circles. Each segment of the 
great circles must therefore be a semicircle. 

5. Arcs of great circles drawn from a pole of a great circle 
to points in its circumference are quadrants. 

Let P be the pole of the great 
circle ACBD, and let 0 be the 
centre of the sphere, which therefore 
lies in the plane of ACBD. 

Then PO is at right angles to the 
plane ACBD. c 

Draw PA, PB, arcs of great 
circles, from P to the points A, B. 

Then, since PO is perpendicular to the plane ACBD, 

Z AOP is a right angle. 

Hence, the arc AP, which subtends the angle AOP, must 
be a quadrant. And similarly, PB is a quadrant. 

Def. Great circles drawn through the pole of a great 
circle are called secondaries to that great circle, 

5—ii, u 



a 
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Thus, in the figure, Art. 3, where C is a pole of ABDE, 
the arcs CD, CE are arcs of secondaries to file great circle 
ABDE. 

Cor. Since the arc DE measures the angle of inclina¬ 
tion DOE, it follows that the angle between any two great 
circles is measured by the arc intercepted on the great circle to 
which they are secondaries . 

6. If from a point on the surface of a sphere there can be 
drawn two arcs of great circles , at right angles to a given 
circle , which two arcs are not parts of the same circle , that 
point is a pole of the given circle. 

Since the arcs are at right angles to the given circle, their 
planes must intersect in a line which is perpendicular to the 
plane of the given circle, and this line must pass through 
the centre of the given circle and sphere. 

Hence, the line is the axis of the given circle, and the 
point from which the arcs spring is a pole of the given 
circle. 


CHAPTER II. 


SPHERICAL TRIANGLES. 

7. Spherical Trigonometry investigates the relations 
which subsist between the angles of the plane faces of a 
solid angle, and the inclinations of the plane faces to each 
A other. 

Let O be the centre of a sphere, 
and let a solid angle be formed at O, 
by the three planes, BOC, AOC, 
AOB. 

These planes will cut the surface 
of the sphere in the arcs of great 
circles, BC, AC, AB. 

Then ABC is called a spherical 
triangle. 

In Spherical Trigonometry the arcs of great circles only 
are concerned, and it must be understood, that when arcs 
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are in future mentioned, they are arcs of great circles unless 
it be otherwise expressed. 

BC, AC, AB are called the sides of the spherical triangle 
ABC, and are usually expressed respectively by the letters 
G, 5, c. 

If AD, AE be drawn respectively tangents to the arcs 
AB, AC, then OA is perpendicular to both AD, AE. 

Hence (Euc. XI., Def. 6), 

Z DAE is the angle of inclination of the planes AOB, AOC. 

Hence, the angle between two sides , AB, AC, of a spheri¬ 
cal triangle , is the angle between the tangents drawn at the 
point of intersection of the arcs . 

It is convenient in Spherical Trigonometry to limit the 
sides of a triangle to less than a semicircle. 

8. Every angle of a spherical triangle is less than two 
right angles . 

For suppose, if possible, that a 
triangle is formed of the arcs AC, 

BC, AEB, where the angle ACB is 
greater than two right angles. 

Since the angle ACB is greater 
than two right angles, if we produce 
AC it will meet the circle ACBD 
in some point between A and B on 
the side remote from D. 

Let it be produced and meet ACB 
inE. 

Then (Art. 4), arc AFE is a semicircle, and therefore 
AEB is greater than a semicircle, and consequently the 
triangle we have supposed is not one considered in Spherical 
Trigonometry. 

9. Any two sides of a spherical triangle are together 
greater than the third side , and the sum of the three sides 
is less than the circumference of a great circle . 

Using the figure of Art. 7, we have, by Euc. XI., 20, 

Any two of the angles AOB, AOC, BOC, are together 
greater than the third. 
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Now these angles are respectively subtended by the arcs 
AB, AC, BC. 

Hence any two of the sides AB, AC, BC of the 
triangle ABC, are together greater than the third. 

Again, by Euc. XL, 21, 

The three angles AOB, AOC, BOC, forming the solid 
angle at O, are together less than four right angles. 

And four right angles is the angle subtended at the centre 
by the circumference of a great circle. 

Hence, AB, AC, BC, are together less than the circum¬ 
ference of a great circle. 


The Polar Triangle. 



10. Def. If the points D, 
E, F be respectively the poles 
of the sides BC, AC, AB of 
the triangle ABC, then the 
triangle DEF is the polar 
triangle of the primitive tri¬ 
angle ABC. 

As the sides of the triangle ABC 
have each two poles, it is evident 


we may form eight triangles having 
for their angular points poles of the triangle ABC. Thus, if D', E 7 , 
F be the other poles corresponding to D, E, F, we may form the 
triangle DEF, D'E'F, DEF 7 , DEF, ED'F, E'DF, FD'E', F'DE. 
The triangle DEF is, however, the only one when the poles D, E, F 
lie towards the same parts with the corresponding angles A, B, C. 
This is the triangle meant in the above definition. 


11. If one triangle is the polar triangle of another , the 
latter is the polar triangle of the former . 



Let DEF be the polar 
triangle of ABC, then shall 
ABC be the polar triangle 
of DEF. 

Since D is the pole of BC, 
then DC is a quadrant,; and 
since E is the pole AC, 
then EC is a quadrant. 

Hence the arcs CE, CD, 


drawn fcnvn C> to 
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the great circle ED, are quadrants; and hence C is the pole 
of ED. 

And, similarly, we may show that A, B are respectively 
the poles of EF, DF. 

Hence ABC is the polar triangle of DEF. 

The polar triangle is often called the supplemental tri¬ 
angle, from the property proved in the next article. 

12. The sides and angles of the polar triangle are respec¬ 
tively the supplements of the angles and sides of the primitive 
triangle . 

For suppose the arc EF to meet the arcs AB, AC in the 
points G, H, producing the arc EF, if necessary. 

Then (Art. 5), 

Z A = GH = EH - EG 
= EH - (EF - GF) 

= EH + GF - EF. 

But EH and GF are quadrants, and subtend, therefore, 
angles each equal to And EF is the side of the polar 

2t 

triangle corresponding to the angle A. 

Hence, if a , b', c, represent respectively the sides of the 
polar triangle corresponding to the sides a, b , c of the primi¬ 
tive triangle, we have 

A = t r - a', 

And so B = 7r - b', C = n - c. 

And again, similarly, if A', B', C', be the angles of the 
j>olar triangle, 

a = 7T - A', b = 7T - B', C = 7T - C'. 

Cor. Hence, if a general relation be established between 
the sides and angles of a spherical triangle , we shall still have 
a true relation , if for the angles , we substitute the supplements 
of the respective sides; and for the sides, the 
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Thus, it will be shown farther on that 


cos A 


cos a - cos b cos c 
sin b sin c 



Hence, in the polar triangle, 


But 


cos A' = 


cos a ' - cos V cos c 
sin b 1 sin c 1 ~~ 


,( 2 ), 


A 1 = 7r - a } a' - tt ~ A, b' = 7r — B, # - C. 

Hence, substituting in (2), we have 

cos (tt -a)= 221 Z A ) - 008 £ - B > «» - O 

v sin (t r - B) sin (tt — C) 

This is just what we at once obtain by replacing in (1) 
the angle and sides by the supplements of the corresponding 
side and angles respectively. 

The result, when simplified, gives 

cos A + cos B cos C 

cos a = - ; ——— 7 ——-. 

sin B sin C 

The proposition here established is one of fundamental 
importance. 


13. The sum of the angles of a spherical triangle is greater 
than two right angles , and less than six right angles . 

By Art. 9, a + 6 + c<2 7r. 

Put 7T - A, TT - B, 7T - 0 for a, b, c respectively, then 
(tt - A) + (tt - B) + (tt - C) < 2 TT. 

Hence A + B + C > r. 

Again, Art. 8, eaoh of the angles A, B, C is < 7 r. 

Hence A + B + C<3 tt. 

.*. A + "B -v 0 > tt, <. *v> 
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14. The angles at the base of an isosceles spherical triangle 
are equal to one (mother. 

Let ABC be a spherical triangle, 
having the side BC equal to the 
side AC. 

Then shall Z A = Z B. 

First, let the two given sides be 
less than quadrants. 

At A, B draw tangents AT, 

BT. These will meet OC pro¬ 
duced in the same point T, since 
CA = CB. 

Again, draw AT', BT', tangents 
to the arc AB, then AT' = BT'. 

Also, we have AT = BT. 

Hence, in the two triangles 
ATT', BTT' the sides AT, AT' 
are respectively equal to the sides 
BT, BTand TT' is common. 

/. Z TAT' = ZTBT'. 

But (Art. 7) these are respectively the angles A and B* 

.*. Z A = Z B» 

If the sides AC, BC are greater than quadrants, the tan¬ 
gents AT, BT will meet OC produced in the opposite direc¬ 
tion, and the proof will be similar. 

If the sides AC, BC are quadrants, then (Art; 3) the 
angles A, B are right angles. 

Cor. Conversely, from the same figure it may be showii 
that if the angles A and B are equal, then the side BC is 
equal to the side AC. 

Hence, also, every equilateral triangle is equiangular , and 
every equiangular triangle is equilateral. 

15. If two angles of a triangle be unequal, the side opposite 
to the greater angle is greater than the side opposite to th* 
less . 


T 
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Let the angle B be greater than the angle A. 

Then shall AC be greater than 


B 



BC. 

At B make the angle ABD 
equal to the angle at A. 

Then (Art. 14,) BD = AD. 
Now (Art. 9,) BD + DC >BC. 

Hence, AD + DC > BC; 
that is, AC > BC. 


And similarly, the converse proposition may be proved, 
viz. : 

If two sides of a tria'ngle be unequal , the angle opposite to 
the greater side is greater than the angle opposite to the less. 


CHAPTER III. 


A. 


RELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS OP THE 
SIDES AND ANGLES OF SPHERICAL TRIANGLES. 

16. The sines of the angles are proportional to the sines of 
the opposite sides. 

Let ABC be the spher¬ 
ical triangle, O the centre 
of the sphere. 

Join OA, OB, OC, and 
from any point D in OA, 
draw DE perpendicular 
to the plane BOC ; also, 
from D draw DF, DG 
perpendicular respective- 

lytoOB, OC. JoinOE, EF, EG. 

Then, DEG, DEF are right angles since DE is perpen¬ 
dicular to the plane BOC. 

# \ EF 2 = DF - DE 2 

= (OD* - OF") - -OF. 
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Hence (Euc. I., 48), Z OFE is a right angle. And so 
Z OGE is a right angle. 

Hence DF, EF are each at right angles to OF. 

Therefore, Z DFE is the inclination of the planes AOB, 
BOC (Euc. XI., Def. 6). 

.\ Z DFE - B. 

And so, Z DGE = C. 

Now DE = DF sin DFE = OD . sin AOB. sin DFE 
= OD sin c sin B. 

And so DE = OD sin b sin C. 

Hence sin c sin B = sin b sin C. 

sin B _ sin C 
sin b sine* 


It at once follows from the form of this result, that 
sin A _ sin B _ sin C 
sin a sin 6 sin c 


In the figure the sides are all less than quadrants, and 
the perpendicular DE falls within the triangle BOC. Any 
other case will be found to admit of a similar proof. 

17. To express the cosine of an angle in terms of the sines 
and cosines of the sides. 


Let ABC be the triangle, 
O the centre of the sphere. 

Join OA, OB, OC. 

At A draw the lines 
AD, AE tangents to AC, 
AB respectively, and meet¬ 
ing OC, OB in D, E. 

Join DE. 

Then (Art 7), Z DAE 
= Z BAG = A. 

From the triangle EOD, 
we have 

DE 3 = OE 3 + OD 2 
= OE 3 + OD 2 



- 2 OE. OD cos DOE 

- 2 OE % OE a. 
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And from the triangle EAD, we have 

DE 2 = AE 2 -r AD 2 - 2 AE. AD cos DAE 
= AE 2 + AD 2 - 2 AE. AD cos A. 

Hence, equating these results, 

AE 2 + AD 2 - 2 AE. AD cos A 
= OE 2 + OD 2 - 2 OE. OD cos a. 

2 OE. OD cos a 

= (OE 2 - AE 2 ) + (OD 2 - AD 2 ) + 2 AE. AD cos A 
= OA 2 + OA s + 2 AE. AD cos A. 


cos a 


OA OA 
OD ’ OE 


AE AD A 

od-oe°“ a ’ 


or cos a = cos b cos c + sin b sin c cos A. 
And so 

cos b = cos a cos c + sin b sin c cos B, 
and cos c = cos a cos b + sin a sin c cos C. 


From these formulae, the cosines of the angles may be ex¬ 
pressed in terms of the sines and cosines of the sides (Art. 12). 


18. To express the cosine of a side in terms of the sines and 
cosines of the angles. 

We have, by the last Artj, 

cos a = cos b cos c + sin b sin c cos A 

Hence (Art. 12)* replacing A by it - a, and a, b, c respec¬ 
tively by 7r - A, 7r - B, 7r - C, we get 

cos (ir - A) 

= cos (tt-B) cos (7r- C) *f sin(ff-B) sin(7r-C) cos (ir-a) ; 
dr$ simplifying 

cos A = - cos B cos C + sin B sin C cos a. 

And so cos B = - cos A cos d + sin A sin C cos 6, 

cos C = - cos A cos B + sin A sin B cos c. 
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From these formulae we have at once, cos a , sjos b, cos c 
expressed in terms of the angles A, B, C; thus 


cos a = 


cos A + cos B cos C 
sin B sin C 


cos b = 


cos B + cos A cos C 
sin A sin C ’ 


cos C + cos A cos B 

cos c =- - —t—:—^-. 

sin A sin B 

19. To express the sine of an angle in terms of the func¬ 
tions of the sides. 

We have cos A = cos a - cos 6 cos c 
sin b sin c 


• * a i /cos a - cos b cos cV 

sin* A = 1 - (- : —=— 3 -) 

\ sm b sm c ' 


sin 8 b sin? c - (cos a - cos b cos c) 3 
sin* b sin 3 c 


a) 


(1 - cos*6)(l - cos*c) - (cos* a + cos*6cos*c - 2 cos a cos b cos c) 
sin* b sin 2 c 

1 - cos* a - cos 3 b - cos 3 c + 2 cos a cos b cos c 
sin 3 b sin 3 c 


Hence, taking the square root of each side, and taking the 
positive sign of the radical, as sin A is always positive, we 
have 

sin A 

= ——t—:— *Jl - cos* a - cos* b - cos* c + 2 cos a cos b cos c. 
sm o sm c 


Cor. This result, by taking the expression in (1) and 
breaking into factors, may be easily expressed in the 
following form: 

2 ___ 

oaA = ^ l sfr f c vsinssin (« - a) sin (« - V) Bm(s - c), 

where 2« = a + 6 + c. 
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And so 

sin B — g - Q a g - n c \/sin s sin (s — a) sin (s — b) sin (# - 

sin C - g - n a ^ Vsin 8 sin (s — a) sin (s — b) sin (s - 

20. To express the sines , cosines, and tangents of ^ ? 
in terms of the functions of the sides . 

We have, Art. 17, 

cos a — cos b cos c 


cos A = 


Hence 


sin b sin c 


From which 


And so 


2 sin 3 ^ = 1 — cos a — cos b cos c 
2 sin b sin c 

— cos (b — c) — cos « 
sin 6~sln~5 ’ 


sin A = . ! sm ( a ~ 6) sin fa 
2 sin b smc 


cos - = /cos « sin (a - a ) 
2 V sin b sin c 

Hence also, since 


. A 

A sm o 

~2 = -r> we have 

cos 


tan: 


= _ / sm (s - b ) sin fa 
V sin « sinT(s^T^ 


. hav ^ taken A the positive sign of the radicals becaus 
008 -j|> tan aro 
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From the form of these results we at once obtain similar 

formulae for ? 

2 Z 

The student cannot fail to see the similarity between the 
expressions obtained in the last two articles, and the expres- 
A 

sions for sin A, sin —, &c., in Plane Trigonometry. 

Z 


21. To empress the functions of the sides and half sides in 
terms of the functions of the angles. 

We have (Art. 18), 

cos A + cos B cos C 

cos a = - ; —= p - v s- 

sin BsinC 

And by proceeding as in Arts. 19, 20, we can obtain sin a } 

sin cos j as wethe n obtained sin A, sin cos <tc. 

2 Z 2 2 

We may get these results however by means of the pro¬ 
perties of the supplemental triangle (Art. 12). 

The student may easily see that we then get 

sin a = sI^sLnC ^ ~ cosScos ( S _ A) c °s(S - B)cos(S - C) (1), 


a _ / _ cos S cos (S - A) 

Bm 2 _ N/ sin BsinC . 

a _ /cos (S - B ) cos (S - C) 
C0S 2 sin B sin C 

+«n a - / _ cos ® cos ~ A) 

2 “ V ^T(S - B) cos (S - C) 
where 2S = A + B + C. 


( 2 ), 

(3), 


(4), 
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We have taken here again the positive signs of the radicals, 
because a is less than two right angles, and therefore 

sin a, sin &c., are all positive. 

We can show that the expression in (1), (2), (4) are all 
real, thus : 

By Art. 13, 2 S > t r, and <37r. 

.-.S>|,and< 3 -^. 

Hence cos S is negative. 

Again (Art. 9), a < b + c. 

,\ (Art. 12), 7 r - A < 7 r - B + 7 T — 0, orB + C — A < 7 r. 

Again B + C — A is always greater than - 7r, for B 
and C must have some positive value, and A cannot be 
greater than 7r. 

Therefore S - A is always algebraically > - 

2 

Hence, cos (S - A) is always positive, and similarly 
cos (S - B), cos (S - C) are positive. 

Hence the expressions for sin a, sin &c., are real quan¬ 
tities. 

22. To show that 

cot a sin h = cot A sin C + cos b cos C. 

We have cos a = cos b cos c + sin b sin c cos A; 

also cos c = cos a cos b + sin a sin b cos C, 

. . sin C 

sin c = am a . 


and 



Substituting for these values of sin c and cos c, then 
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Hence, simplifying, we have 
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ffence J (A + B) and £ (a + b) are both less or both greater than a right angle together. 
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But (Art. 23), by Napier’s Analog! 
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(ii.) tan £ (A — 
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(3) x (5), then 

cos i c . sin £ (A + B) = cos \ C cos £ (a - b). 

And (4) x (6), then 

sin i c . sin £ (A - B) = cos i C. sin i (a - b). 

Ex. I. 

In any right-angled triangle ABC, right angled at C, 
show that 

1. 2 cos 2 * v2 + 2cosacos6. 

2. tan 9 ~ = tan tan - ~ - . 

2 2 2 

3. sin 2 ? + sin 2 — — sin 2 — = 2 sin 2 — sin 2 -. 

2 2 2 2 2 

4. sin (c - b) = tan 2 — sin (c + b }. 

5. sin (a - b) cot £ (A - B) = sin (a + b) tan £ (A + B). 

6. tan 2 (j + = tan £ (A + a) cot \ (A - a). 

tan 2 (| + ^)= cot i (B - b) cot i (B + l). 


7. In any right-angled triangle, if a, /? be the arcs respec¬ 
tively drawn perpendicular to the hypothenuse and bisecting 
it, then 


cot a 


= s/cot 2 a + cot 2 by cot/? = 


cos a + cos b 
s/sin 2 a + sin 2 b 


8. The perpendicular drawn from the pole of any circle 
upon the great circle chord, bisects the chord. 

9. If perpendiculars be drawn from the angles of a triangle 
ABC, meeting the opposite sides in D, E, F, show that 

tan BD tan EC tan FA _ , 
tan CD * tan BA. * tan FB 
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10. If the sides BC, CA, AB be cut by the arc of a great 
circle respectively in a, 6, c, show that 

sin Ac sin B a sin C b = sin cB sin aC sin 6A. 

11. Let P be any point on the sphere, and draw through 
P arcs of great circles to the angular points, meeting the 
sides of a triangle in D, E, F respectively, then 

sin AF sin BD sin CE = sin CD sin BF sin AE. 

12. If great circles be drawn from any point on a sphere 
to the angles of a polygon, the products of the sines of the 
alternate angles are equal. 

13. In any equilateral triangle whose side is A, 

cot 2 ~ = 2 cos a + 1, 

& 


and tan 2 ~ = 1 - 2 cos A: 
2 


14. In any equilateral triangle whose sides are quadrants, 
if a, f3, y be the lengths of arcs of great circles from a point 
in the triangle to the angular points, then 

cos 2 a + cos 2 (3 + cos 2 y = 1. 


15. If 8, z be the declination and zenith distance of a 
heavenly body, and l the latitude, show that the cosine 

c ,, . , ■, sin 8 - sin l cos z 

of the azimuth =-— ; -. 

cos l sm z 


16. If l be the latitude of a place on the earth’s surface, 8 
% the sun’s declination; then if 2 t be the length of a day in 
solar hours, show that 

cos 15°. t = tan l tan 3. 


17. If l 2 be the latitudes of two stars, and A. their dif¬ 
ference in longitude, show that their distance apart can be 
found from the formula 


cos 6 = 


sin lx cos (l 2 — u>) 
sin to 


where 0 is the distance, and cot w = cot l t cos A. 


18. If a, l } 8 be respectfully the 
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longitude, and declination; and w be the obliquity of the 
ecliptic, prove the following relations : 

tan a = cos o> tan l, 
tan 8 = sin a tan co, 
sin 8 = sin o> sin l, 
cos l = cos a cos 8 . 


CHAPTER TV. 


SOLUTION OF SPHERICAL TRIANGLES. 


25. In general when any three elements of a spherical 
triangle are given, the other three can be determined. For 
the angles and sides are connected together by six equations 
of the form 


cos A 


cos a - cos b cos c 
sin b sin c 3 


Or cos a 


cos A + cos B cos C 
sin B sin C 


When the trangle is right-cmgled , then the solution is 
generally possible if we know two other elements; and so 
also, when the triangle is quadrantal, or has one of its sides 
a quadrant, two other elements are generally sufficient for a 
complete solution. 


I.—Right-Angled Triangles. 

26. We have : 

cos c = cos a cos b + sin a sin b cos C...., 
cos c sin A sin B = cos C + cos A cos B. 
cos A + cos B cos C = cos a sin B . sin C, 
. sin c sin A 

sm a = - 7 —. 

sm C 

cot a sin b = cot A sin C + cos b cos C... 
cot C sin B + cos, aco^B - wUma.., 


(1) 

( 2 ) 
(3) 

W 

( 5 ) 

( 6 ) 
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Let C be the right angle of the spherical triangle ABC. 
Then C = 90°, sin C = 1, cos C = 0, cot C = 0. 

Hence from (1), 

cos c = cos a cos b; 
from (2), cos c = cot A cot B; 

from (3), cos A = cos a sin B; 

and so, cos B = cos b sin A. 

Also from (4), 

sin a = sin c sin A; 
and so, sin b = sin c sin B. 

And from (5), 

sin b = tan a cot A 
and so, sin a = tan b cot B. 

And again, from (6), , 

cos B = cot c tan a; 
and so, cos A = cot c tan b. 

We may write these results as follows : 

(i.) sin “ c ) = cos a cos b = tan (j^ - a) tan -B^. 

(ii.) sin ^ - A) = cos a cos ~ B) = tan - c) tan b. 

(iii.) sin - b) = cos b cos ^ - a) = tan - c ) tan a. 

(iv.) sin a = cos (Jy ~ c ) cos - A^ 

= tan b tan^ - b). 

= coa (| - c ) cos (| - J?) 

= tan a tan ^ - A^. 


(v.) sin b 
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We can now explain Napiers Buies. 


Leaving the right angle C out of consideration. Wo have 



Jive remaining elements. 

Again, if we read the remaining 
elements in order round, the triangle 
commencing with any one of them, 
there will always be two adjacent parts, 
and two opposite parts. 

Instead however of reading A, c, B, 
we shall read the complements of the 
angles and the complement of the hypo - 
thenuse. 

We shall then have what Napier 


called the circular parts, viz., a, b,^ - A, c, ^ — B, any 

Z Z Z 



one of which may be the starting point, 
or what he called the middle part. 

T^e formulae proved above may 
then be expressed by the following 
rules, which the student can easily 
verify for himselfi 
Napiers Rules: 

(1.) Sine of the middle part 
= produet of cosines of opposite parts. 

(2.) Sine of the middle part 
= product of tangent of adjaeent parts. 


It will be seen that all the possible cases of these rules are 


exemplified in the formula just proved. 


27. Independent proof of the relations in the last Article. 



Let ABC be a spherical 
triangle having the right 
angle at C, and let O be the 
centre of the sphere. 

In OA take any point D; 
draw DE perpendicular to 
OC, and from E draw EF 
perpendicular to OB. 

Join DF, 
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Then, because C is a right angle, and DE is perpendicular 
to OC, DE is perpendicular to EF. 

We shall now show that DFO is a right angle. 

We have 

DF = DE 2 + EF = (OD 2 - OE a ) + (OE 2 - OF) 

= OD 2 - OF. 

Hence (Euc. I., 48), DF is perpendicular to OF. 

Hence also, 

Z DFE is the inclination of the planes AOB and BOC. 

Z DFE = B. 


Now 

OD 

DE 

OD 


EF 

OE 

EF 

DF 

From (3), 


Again (2) 
sin a cos B = 

cosB = 

cos B = 
and so, 

cos A 


OF OE * /--|\ 

= OE ’ CD * C0S c = cos a cos b .C 1 )* 

DF DE . , . . -p ) 

— . —— : sm b = sinciin B: />TV 

OD DF ' >.(2)- 

and so, sin a = sin c sin A j 

DE EF . . , ,t> i 

= OE-DE J -- 8ma=tan6 - COtB;, ( -.(3). 

and so, sin b = tan a cot A J 

EF OF ) 

— — . ««*. cos B — tan a * cot c i | >. \ 

OF DF ’ > .(4). 

and so, cos A = tan b cot c ) 
sin a sin b — tan a tan b . cot A cot B; or 

1 =---- cot A cot B: or, by(l), 

cos a cos b 

= —— cot A cot B. 
cos c 

.-. cos c = cot A cot B.(5). 

x (4), we have 

= sin c sin A . tan a cot c = sin A tan a cos c; or, 

sin A tan a cos c cos c . A i /i\ 

- 7 - =-sm A: or by (1), 

sm a cos a 

= cos b sin A; ) 

} .c«v 

= cos a sin B ) 
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Cor. (i.) From (1) we learn that cos e has the same sign 
as the product of the cosines of a and b. Hence either all 
the cosines of the sides are positive, or only one is positive. 

Hence, in any right-angled spherical triangle either ail the 
sides are quadrants , or all the sides are less than quadrants , 
or else one side is less than a quadrant , and the other two 
greater Hum quadrants. 


(ii.) Either angle and the opposite side are of the same 
affection ; that is, A and a are both less, equal to, or greater 

than , and so are B and b. 


For we have from (3), sin b 


, , A tan a 

tan a cot A =--. 

tan A 


Now sin b must be positive, and hence tan a and tan A 
must have the same sign . 


(iii.) From, a point of a sphere the shortest great circle that 
can be drawn to a given great circle is the perpendicular . 

For we have sin a = sin c sin A. 

Hence sin a is less than sin c, unless sin A = 1, or 
A = 90°. 

Hence sin c is greater than sin a, or c greater than a , unless 
A = 90°, when c = a. In this case both a and c are per¬ 
pendiculars. 

(iv.) The hypothenuse is acute if the sides , a, b are of the 
same affection , or the angles A, B opposite to them are of the 
same affection , but otherwise obtuse . 

For we have cos c = cos a cos b . 


Hence if a is < ^ and b > ^, cos c is negative and c > ? 

Also if a is > £ and b > ora < and b < ^, cos c is 
positive, and c < 
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And hence also, by (ii.), c is < ? when A, B are of the 


same affection, but otherwise 



28. When in a right-angled triangle we have given an angle 
and the side opposite to it, the solution is generally ambiguous . 
Let A, « be given. 

We have 


sin a = sin c sin A, or sin c 


sin a 
sin A 


(!)• 


sin 5 = tan a cot A. 

cot A = cos a sin B, or sin B 


cos A 
cos a 


( 2 ). 

(3). 


Hence c, b, B are determined from their sines, and 
generally therefore we may expect two values of each. 

(i.) If sin a be greater than sin A, then C is impossible; 
and hence, since (Art. 27) a and A are of the same affection, 
we must have a < A when both are acute, and a > A when 
both are obtuse . 

Otherwise sin a < sin A, and the solution impossible. 

(ii.) //’sin a be less than sin A, then c has two values. 
Each of these values of c however gives only one value for 
b, and only one for B, since 


cos c = cos a cos b, or cos b = 


cos c t 
cos a ’ 


and cos c = cot A cot B, or cot B = — -- C . 

cos A 

Hence there are in this case two triangles which answer 
the conditions, but only two. 

(iii) If sin a = sin A, and therefore a = A (since a and A 
are of the same affection), we have 

. i«7r t r 

sin c = 1 = sin -, c = 

2 2 

Hence also, from (2) and (3), 
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Therefore c, b, B are each right angles. And hence, since 
C is a right angle, A is the pole of a, and the two triangles 
ABC, ABC (see below) will be symmetrically equal. 

In the case where a = A = we have from (2) sin b = 

£, and from (3) sin B = #. 

Hence 6, B are indeterminate. 


29. We may illustrate the above remarks geometrically 
thus : 

We have given A, a ; and the triangle ABC is right 

angled at C. 

Produce AB, AC to 
meet at A'. 

Then evidently A' = A. 
Hence we have two 
triangles ABC, A'BC 
answering the given con¬ 
ditions, for they each have 
an angle equal to A, and they have a common side a, and a 
right angle at C. 

If A and a are both right angles, then evidently B is the 
pole of AC. 

Hence (Art. 5), B = b, but the values are indeterminate. 

There is no other ambiguous case in the solution of right- 
angled triangles, as we now proceed to show. 



30. Given a side a and an adjacent angle B. 

We have, by Napier’s Rules, 

C03 B = tan a cot c, tan c = - a1 ^— 

cos B 

Also, sin a = tan 6 cot B. 

tan b = sin a tan B. 

And cos A = cos a sin B. 

Hence 5, c, A are determined without any ambiguity, and 
there is no impossible case. 
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31. Given the two sides a, b. 

By Napier’s Rules, we have 
cos c = cos a cos b, 

sin a = tan b cot B, ,\ cot B = 

tan o 

and sin b = tan a cot A, .\ cot A = - . 

tan a 

Hence there is no ambiguity in determining the values of 


c y A, B, and the triangle is always possible. 

32. Given the hypothenuse c and an angle A. 

By Napier’s Rules, 

cos A = tan b cot c, tan b = tan c cos A.(1). 

Also cos c = cot A cot B, cot B = cos c tan A.(2). 

And sin a = sin c sin A.(3). 


From (1) and (2) we obtain b, B without any ambiguity, 
and their values are always possible. 

In (3) there is an apparent ambiguity in the determination 
of a. We must remember however that a and A are of the 
same affection. Hence, if A be given greater than a right 
angle, we must take the value of a winch is such; and so 
when A is less than a right angle, the value of a must be 
taken less than a right angla 

Hence there is no ambiguity, and the triangle is always 
possible. 

From (1) and (2), when A, c are both right angles, we find 
B, b are indeterminate, for we have tan b and cot B each 
taking the form oo x 0. 

33. Given the hypothenuse c and a side a. 

By Napier’s Rules, we have 

sin a = sin c sin A, or sin A = PHLff .(1). 

sin c 

Also, cos B = tan a cot c .(2). 

And cos c = cos a cos 6, or cos 6 = 
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From (2) and (3) we obtain B, b without ambiguity; and 
from (1) we obtain A without ambiguity, since A and a are 
of the same affection. 

Again, we see that the solution is impossible if we obtain 
from (1), (2), (3) values of sin A, cos B, or cos b greater 
than unity. 

Hence, for a possible solution, we cannot have 

sin c < sin a , cos c > cos a, tan c < tan a . 

And hence for a possible solution we must have c between 
the limits a and tt - a. 

34. Given the two angles A, B. 

By Napier’s Buies, we have 

cos A = cos a sin B, cos a = ..(1) 

* sin B V h 


B T • A 7 COS J3 

= cos 6 sin A, .\ cos 6 = — 


•( 2 ), 


sin A 

cos c = cot A cot B.(3). 

Hence the values of a, b , c can be determined without 
ambiguity. 

We learn however from (1), (2), and (3) that the solution 
is not always possible. 

For we cannot have cos B > sin A where sin A may be 
positive or negative, and the inequality is with regard to 
magnitude only. 

(i.) Let A be less than 


Then since cos B cannot be > cos 


(i - a > 


and cannot be > cos (^ + a) in magnitude, 


B must lie between J - A and -. + A. 


(ii.) Let A be greater than 
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Then tt ~ A is less than Z f and we have, as in the last case, 
2 


B must lie between Z - (w - A) and Z + (v - A), 
2 2 

B must lie between A - Z and - A. 

2 2 


When the side or angle required is small, or nearly equal 
to one right angle, or to two right angles, we must be careful 
as to what formula we use, and proceed conformably to the 
principles laid down in Plane Trigonometry, Art. 70. If a 
convenient formula cannot be obtained by Napier’s Buies, 
we may transform the formula. 

Thus, knowing that cos c = cot A cot B, it follows easily 


that 

sin - = 

I - cos (A + B)^ 


2 

2 sin A sin B ’ 

and 

c 

cos - = 

/ cos (A B) 


2 

2 sin A sin B* 


And so on. 


II.—Quadrantal Triangles. 

35. A quadrantal triangle ABC, of which c is the quad¬ 
rantal side, may be solved by Napier's 
Buies, if we take as the circular parts 
(i the quadrantal side being neglected), 

J - a, * - b, A, B, C - 

2 2 2 

Let A'B'C' be the polar triangle; 
then 

A ' =ir - a, B' = 7r - b, C' = ir - c = Z } 

- - 

' ' -5T-A, 3'=:*r-B, c' =7T-0 % ^ 
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Applying Napier’s Rules to the polar right-angled triangle 
A'Ba)', we have 

cos c' = cos a cos V — cot A' cot B', 

sin a ' = sin c sin A' = tan b' cot B', 

sin b' = sin c sin B' = tan a' cot A', 

cos A' = cos a sin B' = tan V cot c', 

cos B' = cos V sin A' = tan a cot c . 

Substituting the above values of A', B', &c., in these 
equations, and arranging, we have 

sin ( C - g ) = cos A cos B 



= tan 

a-] 

l^tr 

s > 

sin A 

= cos ( 


cos (c - 

D 


~ tan i 

d-o 

) tan B, 


sin B 

= cos ( 


1 cos (c - 

i) 




= tan | 

a 

- a 

^ tan A, 

sin ( 

d-“) 

1 = cos | 

f * 
^ 2 


) cos A 



= tan B . 

tan ( 

°-p. 

sin \ 

d-o 

1 = cos 1 

(- 
' 2 

> 

| cos B 



tan A . 

tan ( 

: c -i> 


These results prove the 
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III—Oblique-Angled Triangles. 

36. Case I. Given the three sides (a, b, c). 

We may determine the angles from any of the formulae in 
Art. 17. In certain cases the particular one chosen must 
depend upon the principles laid down in Plane Trigonometry, 
Art. 70. 


37. Case II. Given the three angles (A, B, C). 

We may determine the sides from the formulae in Art. 18, 
with the precautions mentioned in last Art. 


38. Case III. Given two sides and the included angle 
(a, C, b). 


By Napier’s Analogies 

tan £ (A + B) = 008 »(“-»> 
cos £ (a + b) 

tonj(A-B) 

2 v sin \ (a + b) 

Hence A, B are determined. 


c°t V 

cot 5- 
2 


Then, since sin c = sin a . s j n Q , c is also determined. 

sm A 

As c is determined from its sine , there may be some un¬ 
certainty as to which of the two values obtainable we are to 
take. We may generally determine this point by remember¬ 
ing that the greater side of a spherical triangle is opposite to 
the greater angle. 

We may, however, determine c from formulae which give 
no ambiguous values. We do this in the next article. 


39. To find c without previously finding the values of A 


and B. 

We have 

cos c = cos a cos b + sin a sin b cos C 

= cos b (cos a + sin a tan b cos C).(IV 

Let tan 0 = tani cos C... 

5—ii. y 
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Then, from (1), 

cos c - cos 6 (cos a + sin a tan 0) 


cos b 
cos 6 


cos (a - 0) 


(3). 


Hence c can be obtained independently by formula 
adapted to logarithmic computation, and there is no am¬ 
biguity. Moreover the triangle is always possible. 

We may also solve the triangle by resolving it into two 
right-angled triangles by drawing from A an arc perpen¬ 
dicular to BC, or BC produced. 



We have, by Napier’s Buies, from the right-angled triangle 


ACD, 

cos C = cot b tan CD ; .*. tan CD = tan b cos C.(4)- 

Hence CD is known; and then, since BD = BC ~ CD.. .(5), 
BD is also determined. 

Again, from the right-angled triangle ADB, 

cos c = cos AD cos DB.( 6 ). 

Also we have 

cos b = cos AD cos CD, or cos AD = -^ 0 S -JL; 

cos CD 

cos b i~v 13 /m 

.\ cos c = -j^.cosDB.( 7 ). 

nna I ’ll ' ' 


If we compare (4) with (2), we see that CD is nothing 
more than 6 in the previous assumption. We then have 
CD - 6 , and also BD = a ~ 6. 

■ B may be also found independently of A, as follows : 

We have sin CD = tan AD cot C.( 8 ), 

and sin BD = tan AD. cot ABD.(9). 

/m /n\ XV sin CD cot C 

< 8 > then STEE'wfESSS 
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tan ABD = 


sin CD 
sin BD 


. tan C = 


sin 0 

sin (a ~ 0) 


tan C. 


Here ABD is the angle B or its supplement, according as 
BD is a - 0 or 6 - a. 


40. Case IY. Given two angles and the included side 
(A, c, B). 

By Napier’s Analogies 


tan $ (a + b) = 


tan § (a - h) = 


cos J (A - B) 
cos \ (A + B) 
sin \ (A - B) 
sin \ (A + B) 


tan | c, 
tan i c. 


Hence a , b are determined. 

Then, since sin C = sin A Sm ~ —, 
sin a 


C is also determined. 


As in Case III., there may be an uncertainty as to which 
of the two obtainable values of C is admissible. We may 
however generally settle the point on the principle that the 
greater angle of a triangle is opposite to the greater side. 

We may also find C from formulae where there is no 
ambiguity, as in the next article. 


41. To find C without previously finding the values of 
a and b 

We have cos C = - cos A cos B + sin A sin B cos c 

= cosB(- cos A + sin A tan Bcos c)...(l). 
Let cot <f> = tan B cos c .( 2 ). 

Then, from (1), we have cos C = sin (A - 

sm 9 

from which C can be determined without ambiguity. 
Moreover the solution is always possible. 

We may also solve the triangle, as in the last case, by 
drawing a perpendicular from A upon BC pr BC produced. 
The process corresponds exactly to tYvat m ^ - 




340 


SPHERICAL TRIGONOMETRY. 


42. Case V. Given two sides and the angle opposite to one 
of them (a, b, A). 

We have sin B = s j n ^ sin A. (1). 

sin a 

Also we have tan £C = cos (** .. ~ cot 4 (A + B).. (2). 

2 cos \ (a + h) * v 1 v 1 

* c = Sy(A'- B) ^ + b )~ ( 3 )- 

From (1) B is determined. (We shall reserve the dis¬ 
cussion of the cases of ambiguity till Art. 47). 

And then from (2), (3) we determine C and c. 


43. To determine C and c independently of B. 

We have (Art. 22), 

cot a sin b = cos h cos C + sin C cot A 

= cos b (cos C + sin C).( 1 .) 

v cos b v ' 

Put tan </> - CQ ^ ^ .(2). 

cos 6 

Then cot a sin b = cos b (cos C + tan </j sin C) 

, cos (C - <f>) 

= COS 0 ---—i 7 . 

COS <p 

cos (C - <f>) = cos <j> cot a tan b .(3). 

From (2) we obtain <f>, and then from (3), having found 
C - <f>, we obtain C. 

Again, cos a = cos b cos c + sin b sin c cos A 

= cos b (cos c +' sin c tan b cos A).(4). 

Put tan 0 = tan b cos A.(5). 

Then, cos a - cos b (cos c + sin c tan 0) 

, cos (c - 0) 

= cos b . --—^ 

cos 0 

, r,, cos a cos 6 

N ' cos b 
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From this equation we obtain c - 0, and then having 
obtained 0 from (5), we get c. 

Since from (3) the value of C - <f> may be positive or 
negative, there may be an ambiguity as in the last Article. 
And the same remark applies to equation (5). 

44. Geometrical illustration of Case V. 

Draw CA = b , and make the c 

angle CAB = Z A. 

Also draw CB and CB' each 
equal to a. >3 / \\ 

Then we have the two triangles / [ a \ a \ 

CAB, CAB' answering the given / I I \ 

conditions. \ 

Draw CD perpendicular to AB'. ■- \^q 

Then evidently 13 

BD = DB', and Z BCD = Z B'CD. 

From the right-angled triangle ACD, we have 

cos b = cot A cot ACD, or cot ACD = c0 --^, 

cot A 


or tan ACD = 


-, which determines Z ACD.(1). 


Comparing this equation with (2) of the last Art., we find 
Z ACD = <£. 

, Again we have cos ACD = tan CD cot b , 
and i cos BCD = tan CD cot a. 


jj ence cos BCD _ cot a __ tan b 9 

cos ACD cot b tan a 9 

cos BCD = cos ACD . 

tan a 

which determines Z BCD or BCD'. 

Hence the two values of C are determined. 

Again, we have 

cos A = tan AD cot b , or 

tin AD = tan b cos A, which. *— ^5>y 
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Comparing tliis equation with (5) of last Art. we find 
AD = 0. 


Also we have 
and 


cos b = cos CD cos AD, ) - ,. , 

n-T. t>t\ r fr° m which 
cos a = cos CD cos BD; ) 


cos BD = ——cos AD, which determines 
cos b 


BD or B'D. 

Hence the two values of c are determined. 


45. Case VI. Given two angles and the side opposite to one 
of them (A, B, a). 

We have sin b — sin a .(1). 

sm A w 

Also we have 

+ . < 2 >- 

‘ mJ t “ 1 * c ' srlrir- £) t " 4 + 4) . (3) ' 

From (1) we obtain b, and then C and c from (2) and (3). 
The ambiguities are analogous to those of Case V. 


46. To determine C and c independently of b. 
We have (Art. 22), 
cot A sin B = cot a sin c - cos c cos B 


* t> (cot a sin c \ 

= cos B l---cos c J 

x cos B J 


Put cot 0 = — 

cos B 


Then, from (1), 

cot A sin B = cos B (cot 9 sin c - cos c) 

cos B . < m . 

: sin (c - 0); 


sin 6 

sin (c - 0) — sin 0 coi, AAanV>.. , 


(!)• 

(-> 











OBLIQUE-ANGLED TRIANGLES. 


343 


Hence we obtain c - 6, and therefore knowing 6 from ( 2 ), 
we get c. 

Again cos A — - cos B cos C + sin B sin C cos a 

= cos B ( - cos C + tan B cos a . sin C). .. (4). 

Put cot <f> — tan B cos a .(5). 

Then 

cos A = cos B (- cos 0 + cot <j> sin C) = sin (0 - </>). 

* - sm <f> t 

• /rj j v sm <f> cos A. //*\ 

sin (G — . (6). 

Hence, knowing </> from (5), after obtaining C - from 
( 6 ), we get C. 

Since in (3) we obtain c - 0, and in ( 6 ) we get C - <f> 
from their sines, there may be ambiguities. 

It may be shown, as in Art. 44, if a perpendicular CD be 
drawn, that 0 corresponds to B'D or BD, and to Z BCD 
or B CD. 


47. Ambiguities of Case V. 

We will first take the 'particular case when a = b. 

Then A = B, and there is no ambiguity as regards B. 

The formulae (Art. 23) now give cot i C = cos a tan A, 

and tan i c = tan a cos A. 

How \ C, i c are < and hence their tangents are posi- 

tive. But cos a and tan A, and also tan a and cos A, have 
the same sign only when A, a are of the same affection. 

Hence the solution is impossible when A, a are not of the 
same affection . 

If A = a = then cos a = 0, cos A = 0, tan a =* , 

2 

tan A = oo. 

Hence the values of cot 4 C, tan \ c assume the indeter-* 
minate form 0 x oo. 

C and c are therefore indeterminate* and that*, ^ 
infinite number of solutionSi 
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In all other cases where A, a are of the same affection, 
cot \ C and tan \ c will be positive. There will therefore be 
a possible solution, and only one. 

We shall now consider the more general case. 

We have sin B = sin A. 

sin a 

When sin b sin A > sin a, there can be no possible value 
of B. 

When sin b sin A is not greater than sin a, there will 
generally be two values of B, which we may call B and S'. 
They are supplementary to each other. Let B be that 
which is not greater than K. Now as A may be <, =, or 

> it is convenient to take these three cases in turn. 

We may remark 

since tan i 0 = sin \ (a -_b) 
sm i (a + b) 

and tan \ c - “ &)» 

sin £ (A - B) 2V n 

that C, c will be always possible, and not otherwise, when 
\ (a - b), i (A - B), and therefore a - b, A - B, are of 
the same sign. 

Hence we have to see that A — B, a — b 9 and also 
A - B', a - b have the same sign. 

Let A be less than a right angle . 

1. Let b< ?T. 

(i.) When a < b , we must have A < B, or B > A 

Now the equation sin B = sin A.(1), 

gives us B > A, since sin a < sin b when b < 

Hence wo have both B, B' > A, and there are two 
solutions. 
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(ii.) When a = b, we have shown, since here a, A are 
each < that there is one solution. 

(iii.) When a> b, we have A > B; 

Now if a + b - ir } or sin a = sin b, 
equation (1) above gives sin B = sin A; that is B = A, 
and B > A. 

Neither of them is possible. 

Again, if a + b > tt, we have, since b < sin a < sin b. 

2t 

Hence sin B > sin A, or B > A, and therefore B' > A. 

Neither of these is possible. 

Also, if a + b < 7r, we have, since b < sin a > sin b ; 

•\ sin B < sin A, B < A. 

Hence B' or rr - B is > A, being greater than a right 
angle. 

The first value only of B is therefore admissible. Hence 
there is one possible solution. 

2. Let 6 = - 

2 

(i.) When a < b, we have sin B > sin A. 

Hence B, B' are both > A, and there are two solutions. 

(if) When a - 6, as above shown, since A, a are not now 
of the same affection , there will be no solution. 

(iii) When a > 6, we have sin a < sin 5, since b = -T. 

Therefore sin B > sin A, and both values of B are > A, 
which is impossible. 

There is therefore no solution. 

3. Let b>l. 
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(i.) When a < b, we must have A < R 

If a + b = it, sin a = sin 6, and therefore sin B = sin A 

Hence, the only possible solution is B' = A. 

If a + b > ir, then (Art. 23), A + B > 7r, and there 
can be only one solution. 

If a + b < it, then (Art. 23), A + B < it, and there 
may, therefore, be two solutions . 

(ii.) When a = 6, as above shown, there is no solution , 
since A, a, are not of the same affection. 

(iii.) When a > b, we have, since b > 

A 

sin a < sin b. 

Hence, sin B > sin A, 

And both B, B', are > A, which values are impossible, 
since a > b. 

Hence there is no solution. 

Collecting the above results, we have ; 

I. When A is less than a right angle. 

The number of .solutions is seen from the table: 



b< l 


7 * . 

1 

a< b 

two 

two 

f a + b < 7r, two 
\ a + b “ 7 r, one 

a = b 

one 

none 

non6 

a> b 

i 

f a + b < it , one 
( a + b £ 7r, none 

none 

none 
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And by similar reasoning we obtain the following tables 
for the cases where A is equal to, or greater than a right 
angle. 


II. When A is equal to a right angle. 



*<i 


h> l 

a < b 

none 

ozone 

j a + b > 7r, one 
( a + b — 7r, none 

a = b 

none 

infinite 

none 

a >h 

f a -H b < 7 r, one 
\ a + b — 7r, none 

none 

none 

III. When A is greater than 

a o'iglit angle . 


*<» 


»»; 

a < b 

none 

oione 

f a + 6 > 7r, one 
l a + 6 “ 7T, none 

a - h 

none 

ozone 

one 

a*> h 

f a + b > v, two 
\ a + b “ 7r, one 

two 

two 

1 


The ambiguities which arise in Case VI. 
in a similar manner. 
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Ex. II. 

1. Show that 

cos } (a + b) cos J (a - b) sin C =* cos 2 } c sin (A + B), 
and 

sin \ (a + b) sin } (a - b) sin C = sin 2 } c sin (A — B). 

2. Prove that, when a triangle ABO is equal and similar 
to its polar triangle, 

sec 2 A + sec 2 B + sec 2 C + 2 sec A sec B sec 0 = 1. 

3. If a + b + c = 7r, show that 

cos 2 ~ + cos 2 ? + cos 2 5 = 2, 

2 2 2 

■ A 
sm_ 

tan a — _. 

. B . C 

sin — sin -- 
* 2 2 

4. If 0 = A + B, and the side AB be bisected in D, 

then CD, AD, BD are equal to each other. 

Prove that: 

5. sin a sin b sin c sin A sin B sin 0=4 Nn (see Art. 49), 

sin A __ sin B __ sin O N 

sin a sin b sin c n 

6. sin 2 a sin 2 b sin 2 c sin A sin B sin 0 = 8 n 3 , 

sin 2 A sin 2 B sin 2 0 sin a sin b sin c = 8 N 3 . 

^ • 2 , A , B , 0 

7. sin 2 8 = n cot — cot — cot —. 

2 2 2 

cos 2 S = N tan ~ tan \ tan £ 

2 2 2 

8. sin 2 J (A - B) sin 2 } c + sin 2 J (A + B) cos 2 } c = cos 9 } 0, 
sin 2 \ (a-b) cos 2 J C + sin 2 \ (a + b) sin 2 } C = sin 2 £ c. 

9 . cos 2 } (A-B)sin 2 ^ c + cos 2 ^ (A + B) cos 2 } c = sin 2 } 0, 
cos*} (a - b) cos 2 \ C *v cos 2 \ ia -vb^ 
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Solve the six following right-angled triangles, C being the 
light angle : 


10. a = 62° 45', B = 135° 21'. 

11. a = 127° 21' 30", b = 80° 32' 27". 

12. c = 132° 15' 17", B = 63° 51' 24". 

13. c = 56° 21' 35", b = 140 c 11' 38". 

14. A = 41° 31' 48", B = 118° 56' 10". 

15. A = 156° 20' 30", a = 65° 15' 45". 

16. A ship sails from the Cape of Good Hope in lat. 
33° 56' S., Ion. 18° 23' E., and crosses the Equator in Ion. 
28° 18' W. What is the least distance which she can have 
run in geographical miles ? 

17. The elevation of the North Pole is 45°, and 1 observe 
a bright star on the horizon at an angular distance of 45° 
from the north part of the horizon. What is its angular 
distance from the North Pole ? 

18. Given 8 the sun’s declination, and a his altitude when 
due E, what is the latitude of the place of observation? 

Solve the following triangles :— 

19. a = 35° 21' 40", b = 126° 25' 32'/, c = 29° 24'26". 

20. A =118° 6' 12", B = 56° 29' 14", C-87° 15' 18". 

21. a = 19° 54' 24", b = 56° 29' 16", C = 85° 31' 20". 

22. A - 89° 56', B = 61° 28', c = 45° 29'. 

23. a = 48° 10' 18", b = 64° 15' 20", A = 56° 29' 10". 

24. A = 84° 15' 17", B = 29° 13' 11", c* = 59°16' 18" 
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CHAPTER Y. 


INSCRIBED, CIRCUMSCRIBED, AND ESCRIBED CIRCLES. 

Inscribed Circle. 

48. To find the radius of the small circle inscribed in a 
given spherical triangle . 

A Let ABC be the spherical 

triangle. 

Bisect the angles A, B, by arcs 
meeting in the point P. From P 
draw the arcs PD, PE, PF per- 
e pendicular to the sides. Then it 
is easily seen that 

PD = PE = PF, 
and that P is the pole of the small 
circle DEF. 


c Also AE -- AF, CD = CE, 

* BD = BF. 

Hence AE + CD + BF = £ (a + b + c) = s, 

or AE + CD + BD = 5, AE = s - BC = s - a. 

Now, from the right-angled triangle APE, we have 

tan PE = sin AE. tan PAE = sin (s - a) tan ~ ; 

2 



or tan r = sin (s - a) tan —. 


Hence, by Art. 20, 

tan ,• = sin (s - a) . ?> sin <* ~ c ~> , 

' sm s sm (s - a) 

tan r -- /sin (a - a) sin (a - 6) sin (a - c) 

N/ sin s 


or tan r - 


Wc may express the r&Awxs Vn oi VSaa thus: 




a) tan \ A = sin{£ (6 + c) - £ a} tan i A; or expandin' 
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Hence it follows that Z PCB = S - A. 

We have from the right-angled triangle PCD, 
cos PCD = tan CD cot PC. 
tan CD 


.*. tan PC = 


cos PCD' 


or 


tan R = . 

cos (S - A) 

Hence (Art. 21), by substitution and reduction, 
tan R = 




- cos S 


cos (S - A) cos (S - JB) cos (S - C) 
Again, proceeding as in the last Art., we get 


•(-)• 


tan R = 


2 sin \ a sin \ b sin ^ c 


Vsin 8 sin (s - a) sin (s - 6) sin (s — cj 


..(3). 


Cor. 1. Multiplying this last result by (2) of the last Art., 
we have 

tan * tan r - 2 sin 1 a s in jb sin jc 
sin 8 

2 sin ^ a sin \ b sin \ c 
sin £ (a + b + c) 

Cor. 2. It is convenient to represent the expressions 
Jsin. 8 sin (s - a) sin (s - b) sin (s - c), 

and V - cos S cos (S - A) cos (S - B) cos (S - C), 
respectively by n and N. 

n N 


Then, tan r = 


sin 8 2 cos £ A cos £ B cos £ C* 


and tan R = 221® = 2 sin | a sin j 6 sin } c 

N n 

Escribed Circles. 

50. To find the radius of the small circle which touches one 
side of a spherical triangle and the oilier ex&ee •prodded. 




Let ABC be tbe triangle, and let its sides be produced to meet in D, E, F. 
Then evidently the angles of the triangle BCD are equal to 
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tan r. 
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And similarly we express these radii in terms of the 
angles in the following form : 


, cos 4 B cos A G . N 

cos J A 2 cos £ A sin £ B sin £ C v ' 


Cor. If R 0 , R 5 , R c represent respectively the small circles 
described about the triangles BCD, CAE, ABF, then we 
have similarly 


tan E = tan i a = coa ( S ~ A P 
° - cos S N 


sin a 


1 


sin £ 6 sin £ c ’ sin A 

_ 2 sin 4 a cos 4 b cos i c \ 
n 


And similar expressions for tan R ft , tan R^ 


The four triangles, ABC and the three formed by pro¬ 
ducing the sides to meet in D, E, F, are called associated 
triangles, the triangle ABC being the fundamental triangle. 


Ex. III. 

Prove the following relations : 

1. tan r tan r a tan r b tan r c — n\ 

2. cot R cot R a cot R* cot R c *= N 3 

3. cot r tan r a tan r b tan r c = sin 2 .<?. 

4. tan r tan r b tan r c cot r a = sin 2 ( 8 - a). 

5. cot R cot R* cot R c tan R a = cos 2 (S - A). 

6. tan R cot R a cot R 6 cot R c = cos 2 S. 

7. cot R cot R a + cot R 6 cot R c = sin B sin C. 

8. tan r tan r a + tan r b tan r c = sin 6 , sin c. 

9. The sum of the products of the tangents of the radii of 
the circles inscribed in the associated triangles, when taken 
two and two together, is equal to the sum of the products of 
the sines of the sides of the fundamental triangle when taken 
two together. 
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10. A s imil ar property belongs to tlie radii of the circum¬ 
scribed circles of the associated triangles. 

11 . In any spherical triangle, if the vertical angle and the 
difference between the base and the other two sides be given, 
the radius of the inscribed circle will be constant , and the 
centre a fixed j point . 

12. Prove also the corresponding theorem for the circum¬ 
scribing circle, 


CHAPTER VI. 


AREA OF A SPHERICAL TRIANGLE. SPHERICAL EXCESS. 

61. To find the area of a lune. 

Def. The portion of the surface of a sphere which is 
included between two great semicircles is called a Lune. 

Let the lunes ACBD, ADBE, AEBF, have each the 
same angle A 

Then, since each may by super¬ 
position be made to exactly coincide 
with another, they are equal to each 
other. 

Hence it easily follows that any 
lune, whatever the area of ACBD, 
will bear to the area of any lune 
ACBP, the ratio of the angle A to 
the angle/CAB. 

Instead'of the lune ACBF let us tako tho whole sphere 
whose angle is 2 tt. 

nr i area of lune whose angle is A A 

Then--— i --- *= 

area ot sphere 2 tt 

If r bo the radius of the sphere, then— 

Surface of a sphere = 4 wr*.-. . . „ 

Hence, Area of lune = . 4 tt?*- = 2 A r\ 

J 2 t r 

(The student will remember that A here is the circular 
measure of the angle.) 
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52. Area of spherical triangle . 

Let ABC be the spherical triangle; produce the arcs form¬ 
ing the sides to meet again two 
and two. This will be the case 
when each has become a semicircle. 

Now in the triangles AFB and 
DCE we have 

Z AFB = Z DCE. 

Also DC = AD - AC 

= CAF - AC = AF, 
and EC = BE - BC 

= CBF - BC = BF. 


Hence the triangles AFB and DCE are equal. 

Let 2 represent the area of the A ABC, then 

2 = ABGDEH - (BGDC + AHEC + DCE) 

= hemisphere - (lune AGD - A ABC) - (lune 
BAE - A ABC) - A AFB; 

And A AFB = lune CAFB - A ABC. Hence 


2 = 2 tit 2 - (2 Ar 2 - 2) - (2 Br 2 - 2) - (2 O 2 - 2) 
= 2r 2 (tt - A - B - C) + 32. 

2 = (A + B + C - tt) r *; where A, B, C represent 
the circular measures of the angles of the triangle. 

If A, B, C represent the numbers of degrees, we have 
2 = A + B + C - 180 ^ 


Def. The excess of the sum of the angles of a triangle 
above two right angles is called the spherical excess. 

Hence, if E be the number of degrees in the spherical ex¬ 
cess, we have 

A + B + C - 180 = E, 


Ancl 
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Cor. Since a spherical polygon may be divided into as 
many triangles as the polygon has sides, by drawing arcs of 
great circles from a point within it to the angles, we have, if 
n be the number of sides, 

Area of polygon 

= area of n triangles 

= (sum of angles of the triangles - n . 180°) 

-- ___ Trr 2 

= (sum of angles of the polygon - n - 2. 180°) y^o 


63. Cagnolis Theorem . To show that 

sin 1 E = — s * n 8 ~ a ) s * n ( 8 - 1>) (s - c) 

* 2 cos £ a cos £ b cos } c 

We have, sin £ E 

= sin £ (A + B + C - tt) = - cos \ (A + B + C) 

= - {cos £ (A + B) cos \ C - sin £ (A + B) sin J c} 

= sin \ (A + B) sin £ C - cos £ (A + B) cos £ C. 

Or, by Gauss’s Theorem, 

=-la- L cos l (J sin l G --LA- ! sill i G cos l C. 

cos \ c cos ± c 

sin l a sin \ b • n , A , 0 n 

=-?- ±-. sin C ; or, by Art. 20, 

cos J c 

sin £ E 

_ sin * a sin \ b 2 n -^ 7 — rr - T - 7 - r 

-——.-• -i- • j vsin 8 sm(s-a)sm (s-b) sm(s-c). 

_ ^/sin s sin (s - a) sin (s - 6) sin (a - c) 

2cos £0 cos £ 6 cos ^ c 
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£4. Llhuilliers Theorem . To show that 
tail \ E = J tan £ s tan ^ (s - a) tan £ (s - h) tan i (s- c). 
tan £ E 

_ 2 sin 4 (A + B + C - 7r) . cos -^ (A + B - C + 7r ) , 

2 cos ^ (A + B + C - 7r). cos i(A + B - C + tt) y 

or, 

_ sin ^ (A + B) - sin \ (tt - C) _ sin \ (A + B ) - cos ^ C 
cos i (A + B) -f cos ^ (tt - C) cos ^ (A + B) + sin £ C* 

Or, by Gauss’s Theorem, after reduction, . 
tan \ E 

_ cos ^ (a - h) - cos £ c cos i- 0 

cos £ (a + b) + cos £ c sin £ O’ 

_ sin j- ( & + c - a) sin 4 (a + c - b ) cot * ^ 

cos ^ (a + b + c) cos \(a + b-c) “ ’ 

_ sin -£■ (s - a) sin \(s-b) j sin s sin (s - c) 

cos ^ s cos £ - c) ^ sin (s - a) sin (s - b) 

— J tan ~ s tan (s - a) tan b (s - b) tan l- (s - c). 

Other formulae, involving the spherical excess, follow in 
the exercises upon this chapter. 


Ex. IV. 

Prove the following relations : 

1 cot ^ F - C °k - a co ^ \ ^ + cos ^ 
sin C 


o 1 -c 1 + cos a + cos b + cos c 

2. cos b E =---. 

" 4 cos £ a cos i b cos £ c 

3. sin J E = sin J a sin J b sec 4 c sin 0. 

A c-i'n JLW _ Sil1 1 S ' BltV 4 ( 8 “ “I Sil1 4 ( S " l ) Sln i (» - C) 



polyhedrons. 


359 


5. cos 1 E = cos i « C0S H* - a) COB j(s - b) cos ^ (s - c) 

* cos \ a cos J b cos £ c. 

6. tan £ E tan J E a tan £ E 6 tan £ E c = tan 2 £ 5, where 
E, E a , E 6 , E c are respectively the spherical excesses of the 
associated triangles. 

7. cot £ E cot J E d cot \ E c tan \ E a = cot 2 £ (s — a). 

8. If E', E^, E 6 , E' c be the spherical excesses of the polar 
triangle of the associated triangles, then 

cot 2 \ E' = cot | E a cot l E d cot \ E c tan E, 
cot 2 \ E' a = cot \ E cot \ E 6 cot l E c tan \ E a . 

&c. = &c. 

9. tan £ E tan £ E' = tan \ E a tan \ E' a = tan \ E 6 tau E* 

= tan l E c tan } E' c . 

10. cot \ E 

__ cot r a + cot r b + cot r c - cot r - - 

“ tai r. + tan r» + tan r. - tan'r Vtan r ton r ‘ tan r » Uu T * 

11. Prove similar formulae for E a , E 6 , E c . 

12. If E be the excess of the triangle each of whose angles 
is 120°, and E' that of the polar triangle, then 

tan J E : tan \ E' :: 27 + 8 JG : 5. 


CHAPTER VII. 

POLYHEDRONS. 

55. By a Polyhedron is meant a solid bounded by plane 
rectilineal figures; and it is called regular when the bound¬ 
ing surfaces are similar and equal. We have space for only 
a few of the more elementary propositions. 

56. In any polyhedron, if F be the number of faces , S the 
number of solid angles , E the number o/ edges, tlxea 

S + F = Ei * ^ 
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Take any point within the polyhedron, and draw to this 
point lines from each of the solid angles. Describe a sphere 
with this point as centre, and let its surface be cut by these 
lines. Draw arcs of great circles connecting the points 
where the lines meet the surface. 

r 

Then the surface of the sphere will be divided into as 
many spherical polygons as there are faces in the solid. 

Now, Art. 52, Cor., 

Area of one of these polygons 

_ - * 

*= {sum of the angles of the polygon - n - 2.180°}-^^ o . 

Hence, total area of all the polygons 

TT'T 

— { sum of angles of all the polygons - (2 E - 2 F) 180°}- jgo 5, 
.«= {s. 360°-(2E - 2F)180°}.^- = 2 (S - E + F) irr. 

loO 

But the total area of all the polygons 

= surface of the sphere = 4 7rr\ 

Hence 2 (S - E + F) tt r 2 = 4 7rr 2 , 

or S - E + F = 2. 

S + F = E + 2. 

Cor. If m be the number of sides in each face, and n the 
number of plane angles in every solid angle, then in any 
regular polyhedron 

2 E = mF = ?*S. 

57. The sum of all the 'plane angles which form the solid 
angles of any polyhedron = (S - 2) 360°. 

Now, Sum of all the plane angles 

= sum of all the interior angles of the faces.(1). 

Now, if m be the number of sides in any one face, then 
(Eac. I., 32) Sum of the mteAov tWt face 

- (m - 2) 180 °, 
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And the whole number of sides in the faces is 2 E. 

Hence, Total sum of the interior angles of all the faces 
= (2 E-2F) 180°. 

Hence from (1), 

Sum of all the plane angles = (2 E - 2 F) 180° 

= (E - F) 360°, or (Art. 56), 

= (S - 2) 360°. 

58. In any regular polyhedron, 

g _ _ 4 m _ 2 mn 

2 (pi + 71 ) - mn 9 2 (pi + 71 ) - mn 9 

F = 4 w 

2 (m + n) - wiw 

We have (Art. 56), S + F = E + 2, 
and 2 E = mF = wS. 

The above values of S, E, F at once follow from these 
equations. 

59. There are only Jive regular polyhedrons. 

The expressions for S, E, F just found must always be 
positive integers. 

Hence 2 (m + n)' - mn > 0, or — + — > ^ . 

_ 7ii n 2 

Now n , the number of plane angles in a solid angle, cannot 
be less than 3. 

Hence 1 > 4 - I, or > A. 
m 2 6 6 

And hence neither m nor n can be less than 3 or greater 
than 6. 

And on trial, the only admimbta NsXwsfc m tx. 

3, 4, 5. 
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If we substitute these values in the above values of 
S, E, F, we find the only pairs of values are as follows : 


HI 

n 

S 1 

E 

F 

^Nauie of regular Polyhedron. 

3 

3 

4 

G ' 

4 

Tetrahedron or Regular Pyramid. 

4 

3 

8 

12 

G 

Hexahedron or Cube. 

3 

4 

G 

12 

8 

Octahedron. 

5 

3 

20 

30 

12 

Dodecahedron. 

3 

5 

12 

30 

20 

Icosahedron. 

h ___ 


Cor. Since it is not necessary for the relations 
2 E = mF = ftS, 

and S + F = E + 2, 

that the faces should be equilateral and equiangular, and all 
equal, it follows that we may conclude the following more 
general proposition. 

There can only be five solid bodies each of which has all its 
faces of the same number of sides , and all its solid angles 
formed of the same number of plane angles . 

60. To find the inclination of two contiguous faces of a 
regular polyhedron* 


E 



Let AB be tlic common o£ Vsvo ^ 
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centres of the faces. Bisect AB in D, and join DC, DE. 
Then evidently CD, CE are perpendicular to AB. 

Z CDE = I, the inclination of the faces. 

Draw CO, EO at right angles to CD, DE respectively, and 
both in the plane CDE. Join OA, OB, OD. 

Let a sphere be described with O as centre, so as to meet 
OA, OC, OD in a, c, d respectively, and form the spherical 
triangle acd. 

Now AB is perpendicular to CD, CE, and it is therefore 
perpendicular to the plane CDE. Hence the plane AOB in 
which AB lies is also perpendicular to the plane CDE or 
the plane COE. 

But ad ‘lies in the plane AOB, and cd lies in the plane 
COE. 

Hence, the angle adc of the spherical triangle acd is a right 
angle. 

Now, if m be the number of sides in each face of the poly¬ 
hedron, and n the number of plane angles forming each solid 
angle, 

Z acd = Z ACD = £ ACB = £ . ^-° = —, 

m m 

And Z cad = £ one of the equal angles formed upon the 
sphere round the point a. 

360° = 180° 

* ’ n n 


By Napier’s Buies, we have from the rignt-angled triangle 
acd 


cos cad = cos cd sin acd . 


180° 


.*. cos- 

n 


= cos cd sin 


180° 

m 


(i). 


But cd = Z DOC = EOC = 1 (180° - CDE\ = - VV 

cos cd = fcmW. 
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Hence, from (1), 


180 ° . 1T - 180 ° 

cos-= sin 41 sin- 

n ~ m 


cos 


180 ® 


sin \ I - 180 d- 

an- 

m 

Cor. The following results are easily obtained : 
(1.) For the Tetrahedron, sin \ I = ; .*. cob I 

(2.) Hexahedron or Cvhe, sin \ I = -i-; 

v J 

.\ cos I = 1, or I = 90°. 

(3.) Octahedron, sin^I = ^f, cos I = - 

2 

(4.) Dodecahedron, sin 4 I = ■ -; 

5 -s/10 - 2 Jb 

cos I = - i J5. 

(5.) Icosahedron, sin \ I = V** - * — ; 

2 Jo 

cos I = - i Jo. 


i 

i* 


61. To find the radii of the spheres inscribed in and 
described about a regular polyhedron. 

In the last diagram, since OC, OE are at right angles to 
the planes ABC, ABE, they are equal to each other. 

Hence O is the centre of the inscribed and circumscribed 
spheres. 

Let AB - a, OA = It, OC - r. 

From the right-angled triangle acd, we have, by Napier’s 

Buies f 

cos etc = co\» acd cok cad. 
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But cos ac = cos AOC = 


PC _ r 
PA R‘ 


Hence (Art. 60), ~ = cot cot . 

x 7 R m n 

Again, 

00 = CD tan CDO; or r = CD tan 

2 » 

and CD = AD cot ACD = £cot — . 

2 m 

rr a . 180° , I 

Hence r = ~ cot-tan —. 

2 m 2 


And therefore from (1), 

a 
2 


u a , 180° , I 

R = - tan- tan -. 


(i). 


62. To find the surface cmd volume of a regular •polyhedron. 

Now as m is the number of sides in each face, we have: 

Area of each face = cot ; 

4 m 

Hence, whole surface = 2-^ cot —- . 

4 m 

Again, Volume of each pyramid, having 0 for vertex and a 
face for base, 


= £ corresponding prism 

mo? . 180° 

cot- 

4 m 


= i r 


Hence whole volume 


mra? .180° 

= ■■ , ■ cot-. 

12 m 

_ Fnvra* 180° 
-to" cot * 
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Ex. V. 

1. Show how to fit together a number of equal regular 
tetrahedrons, and equal regular octahedrons to form a solid 
mass, without interstices or gaps. 

2. A pyramid stands on a square base, and its altitude is 
half the side of the base. What are the dihedral angles at 
the vertex 1 

3. Similar polyhedrons are to one another in the triplicate 
ratio of their homologous edges, and their convex surfaces 
are in the duplicate ratio of their edges. 

4. Show by a plane construction how to find the angle 
contained by any two of the planes AOB, BOC, CO A, which 
form a solid angle at O. 

5. When two solid angles are contained each by three 
plane angles which are respectively equal, the dihedral angles 
of the one will bo equal to the dihedral angles of the other, 
each to each. 

6. In a given dodecahedron inscribe a cube. 

7. If R, r be the radii of the circumscribed and inscribed 
spheres, show that: 

(1.) For the tetrahedron, R = 3r. 

(2.) For the cube or octahedron, R = . r . 

8. In the regular icosahedron, the distance of the regular 
pentagon, which passes through five of the solid angles, from 
the centre is one-half the radius of the sphere circumscribing 
the pentagon. 

9. In a pyramid on a square base each edge meeting the 
vertex is twice the length of the base. Find the inclination 
of two contiguous faces, 

10. If a, ft, y be the angles which a line passing through 
an angle makes with each of the edges of a cube, then 

cos 2 a + cos' P -v cow ^ 
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11. If A, B, C, D, be four points in a plane, and A,, B,, 
C y , D, tlieir projections on any other plane, then the volumes 
of ABCD, and AB^^ are equal to each other. 

12. If a, b, c be three edges of a tetrahedron, and d, e,f 
the three opposite edges, then, if I be the angle between a 
and d } 
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46. * = 8 , y = 6 . 


49. 


1 

(« - 1 ) (1 + «)* 


PLANE TRIGONOMETRY. 

I.—Page 200. 

_ . Mt „ /Tj¥Z jfl l . / 2 - -v /2 

8 . sin i ^ --——^ 7 —-» sin 22 ^- — -—-> 

sin 37°i = 2 n/ 2 - «>/~3 + 1 

4 V 2 

12. cos -1 * - a = cos -1 ¥ - (3. 
a 0 


II.— Page 218. 

1. -01745, -015705, -000291, -00000485. 

2. 27° 15' i 10° 15' 3. 78-54. 

9. 2 0 = rar + ( - 1)“|. 10. 0 = 2«ir ± |, 0 = Jnr. 

11. 4 0= 2 nit ± 0 = nw. 

o 

12. (w* ± n) 9 = (4 r ± 1 ) 

A 

13. 0 = (6 n ± 1 ) -£, or (4 n ± 1 ) ?. 

o A 

14. 5 9 =-• mr + 2 

15. tan \ (nir + 0 ) lias diffei'ent Yalu.es according as n is 
even or odd 



PLANE TRIGONOMETRY. 


377 


III— Page 232. 

1. Put b - a tan 2 0 , then a + b = a sec 2 0, &c. 


2. 

II 

■ 2 mr ± 2 0. 





IV.- 

-Page 244. 


1. 

tan 0 

_ « sin a sin (ft 

- y) - b sin y sin (a 

-P) 

a cos a sin (ft 

- y) - b cos y sin (a ■ 

- 

2. 

i(« 

+ l cot 6). 



3. 

See Ex. 3, page 243. 

^ cot a 2 ~ cot ft 
cot a! - cot /?! 

. A. 

5. 

6 ) 



6. 


a - b ) 

7 



" . s! sin 2 a + sin 2 ft - 2 sin a sin /? cos 

sin y 7 ' 

7- 

8. 

A 2 = 

a/ - 2 a&. 



9. 

a 

sin ft + cos ft 

a sin a + cos a 


vs" 

sin (ft -a.) 9 

V2 ' sin (J3 - a) 


11 

1. x is 

found from the 

equation 




S 2 + ~ = co ^ ^ ( cot ^ “ cot $)• 


12. 



a 


\/ cosec 2 a + cosec 2 ft 

— 2 cosec a cosec /3 cos y 


4 2 7wr --•- 

1, cos-+ v - 1 . sin 

n 


V.—Page 275. 
2 nnr 
n 


0 (2 m + 1 ) tt ,- . (2 m + l)ir , 

2. cos A- + J - 1 sin --- , where 


may have any value from 0 to n — 1. 

18. - 1, cos E + gin E, coa^E -v 4~\W^E- 



37 $ 


ANSWERS. 


SPHERICAL TRIGONOMETRY. 

II.— Page 350. 

10. A = 71° 47' 45", b = 138° 42'35', c = 110° 7'23". 

11. A = 120° 58' 51", B = 82° 27' 22", c = 05° 43' 24". 

12. a = 158’10'3", b = 41° 38'22", A = 108° 16'32". 

13. A = 123° 40' 40", B = 50° 15' 41", a = 130° 8' 50". 

14. a = 31° 11'47", b = 130° 51'56", c = 128° 37'32". 

15. Impossible. 16. 41° 20' 44". 

17. 00°. 18. sin A. = B l n J. 

Sin a 

19. Impossible. 20. a = 122° 16' 6". 

21. A = 25° 39'37", B = 79° 28'39" 

22. a - 64° 46' 27", b = 52* 37' 57". 

23. sin b . sin A > sin a . 24. b = 24° 56' 40". 
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COLLINS’ SERIES OF SCIOi.L ATLASES—Continued. 


HISTORICAL GEOGRAPHY. 

THE POCKET ATLAS OF HISTORICAL GEOGRAPHY, 16 t. d . 

Maps, bij by 11 inches, mounted on Guards, Imperial i6mo, cloth, I 6 
THE CROWN ATLAS OF HISTORICAL GEOGRAPHY, 16 
Maps, with Letterpress Description by Wm. F. Collier, LL.D., 

Imperiil i6mo, cloth, ... ... ... ... ... ... 2 6 

THE STUDENT’S ATLAS OF HISTORICAL GEOGRAPHY, 

16 Maps, with Letterpress Description by Wm. F. Collier, LL.D., 

8vo, cloth, ... ... ... ... ... ... ... ... 3 o 


1 Roman Empire, Eastern and Western, 

4th Century. 

2 Europe, 6th Century, shewing Settle¬ 

ments of the Barbarian Tribes. 

8 Europe, 9th Century, shewing Empire 
of Charlemagne 

4 Europe, 10th Century, at the Rise of 
tin* German Empire. 

6 Europe, 12th Century, at the Time of 
the Crusaders 

6 Europe, 10th Century, at the Eve of 

the Reformation 

7 Germany, 10th Century, Reformation 

and Thirty Years’ War. 


8 Europe, 17th and 18th Centuries. 

9 Europe at the Peace of 1815. 

10 Europe in 1870. 

11 India, illustrating the Rise of the 

British Empire. 

12 World, on Mercator’s Projection, 

shewing Voyages of Discovery. 

13 Britain under tlie Romans. 

14 Britain undei the Saxons. 

15 Britain after Accession of William 

tne Conqueror. 

16 France and Belgium, illustrating 

British History. 


CLASSICAL GEOGRAPHY. 

THE POCKET ATLAS OF CLASSICAL GEOGRAPHY, 15 
Maps, Imperial i6mo, 6£ by 11 inches, cloth lettered, 

THE CROWN ATLAS OF CLASSICAL GEOGRAPHY, 15 Maps, 
with Descriptive Letterpress, by Leonhard Schmitz, LI .D., Imperial 
i6mo, cloth lettered. 


THE STUDENT’S ATLAS OF CLASSICAL GEOGRAPHY, 15 
Maps, Imperial 8vo, with Descriptive Letteipress, by Leonhard 


Schmitz, LL.D., cloth lettered, 

1 Orbis Veteribus Notus. 

2 jEgyptus 

8 Regnum Alexandri Magni. 

4 Macedonia, Thracta, &u. 

5 linpenum Romauum. 

6 Gnecia 

7 Italia, (Septen f rionalis.) 

8 Italia, (Meridionaiis .) 


9 Armenia. Mesopotamia, &c. 

10 Asia Minor. 

11 Palestine, (,Temp. ChristL) 

12 Gallia. 

13 ilispania. 

14 Germania, <fcc. 

15 Britannia. 


1 6 

2 6 

3 0 


i 


1 

I 


Historical and Classical Atlas. 

THE STUDENT’S ATLAS OF HISTORICAL AND CLASSI¬ 
CAL GEOGRAPHY, consisting of 30 Maps as above, with Intro¬ 
ductions on Historical Geography by W. F. Collier, LL.D., and on 
Classical Geography by Leonhard Schmitz, LL.D., with a Cop'uus 
Index, imperial 8vo, cloth, .. .. 


London , .TJdinburcK and \Xorc\o\. WSY nT > 


o 
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COLLINS’ SERIES OF SCHOOL ATLASES—Continued. 


SCRIPTURE GEOGRAPHY. 

THE ATLAS OF SCRIPTURE GEOGRAPHY, 16 Maps, with i, d. 

Questions on each Map, Stiff Cover, ... ... ... ... I o 

THE POCKET ATLAS OF SCRIPTURE GEOGRAPHY, 16 

Maps, 7^ by 9 inches, mounted on Guards, Imp. i6mo, cloth, ... I o 


1 Ancient World, shewing probable Set¬ 

tlements of Descendants of Noah. 

2 Countries mentioned in the Scriptures. 
8 Canaan in the time of the Patriarchs. 

4 Joumeyings of the Israelites. 

6 Canaan as Divided among the Twelve 
Tribes. 

6 The Dominions of David and Solomon 

7 Babylonia, Assyria, Media, and Susiana.l 

8 Palestine in the Time of Christ. I 


9 Modem Palestine. 

10 Physical Map of Palestine. 

11 Journeys oi the Apo.-»tl«* Paul. 

12 Map shewing the prevailing Religions 

of the World. • 

13 The Tabernacle in the Wilderness. 

14 Plans of Solomon's and Herod's Tem¬ 

ples 

15 Plan of Ancient Jerusalem. 

1G Plan of Modem Jerusalem. 


BLANK PROJECTIONS AND OUTLINES. 

THE CROWN ATLAS OF BLANK PROJECTIONS, consisting 

of 16 Maps, Demy 4to, on Stout Drawing Paper, Stiff Wrapper, ... o 6 

THE CROWN OUTLINE ATLAS, 16 Maps, Demy 4to, Stout 

Drawing Paper, Stiff Wrapper, ... ... ... ... ... o 6 

THE IMPERIAL ATLAS OF BLANK PROJECTIONS, consisting 

of 16 Maps, Imperial 4to, on Stout Drawing Paper, Stiff Wrapper, 1 6 

THE IMPERIAL OUTLINE ATLAS, 16 Maps, Imperial 4to, Stout 

Drawing Paper, Stiff Cover, ... ... ... ... ... I 6 

A Specimen Map of any of the foregoing Atlases free on receipt of two Penny Stamps. 


SCHOOL-ROOM WALL MAPS. 

Printed in Colours , and Mounted on Cloth and Ro/lers f Varnished. 

CHART OF THE WORLD, 5 ft. 2 in. by 4 ft. 6 in., .20 o 

CENTRAL AND SOUTHERN EUROPE, 5 ft. 2 in. by 4 ft. 6 in., 20 o 
EUROPE, ASIA, AFRICA, NORTH AMERICA, SOUTH 
AMERICA, ENGLAND, SCOTLAND, IRELAND, PALES¬ 
TINE, INDIA, each 3 ft. by 2 ft. 5 in., ... ... ... 6 6 

UNITED STATES OF AMERICA, 3 ft. n inches by 2 ft. 4 in., 8 6 

COUNTY WALL MAPS. 

Printed in Colours , and Mounted on Cloth and Rollers , Varnished. 
MIDDLESEX, LANCASHIRE, YORKSHIRE, WARWICK, 
DURHAM, CUMBERLAND, DERBYSHIRE, DORSET, 
GLOUCESTER, HAMPSHIRE, SOMERSET, STAFFORD, 

AND WILTSj each 54 in. by 48 in., ... .9 p 


CHART OF METRIC SYSTEM, 
i CHART OF THE METRIC SYSTEM OF WEIGHTS AND 
1 MEASURES. Size 45 in. by 42 in., price, on Rollers* ... 

London , Edinburgh, and Harriot HaHWorfca* • 
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CLASSICAL SERIES. 

LATIN RUDIMENTS, for Standards IV., V., and VI., in 

3 Parts, 32 pp., each,.0 2 

LATIN RUDIMENTS, with Copious Exercises in Reading 

and Composition, 12mo, cloth, .. 2 0 

LATIN DELECTUS, with Explanatory Notes and Copious 

Vocabulary, 232 pp. 12mo, cloth,.2 0 

CAESAR, with Imitative Exercises, Notes, Questions, and 

Vocabulary, 184 pp. 12mo, cloth, .1 0 

VIRGIL—BOOKS I., II., III., and VI. of the MNEID, with 
Notes, Examination Questions, and Vocabulary, 264 pp. 

12mo, cloth, .2 0 

RUDIMENTS OF THE GREEK LANGUAGE, with Exo - 

cises and Vocabulary, 12mo, cloth,.. „ 2 0 


MODERN LANGUAGES. 


FRENCH, by M. CHAItDENAL, B. A., 

High School, Glasgow. 

FRENCH PRIMER, for Junior Classes, in 3 Parts, each 2d. 

or complete, 6d. sewed, or cloth,.0 fl 

FIRST FRENCH COURSE, or Rules and Exercises for Be¬ 
ginners, Fourth Edition, 212 pp., Fcap., cloth,. 16 

SECOND FRENCH COURSE, or French Syntax and Reader, 

Second Edition, 240 pp., Fcap., cloth, . 2 0 

FRENCH EXERCISES FOR ADVANCED PUPILS, con¬ 
taining the Principal Rules of French Syntax, numerous 
French and English Exercises on Rules and Idioms, and 
a Dictionary of nearly 4000 Idiomatical Verbs and Sen¬ 
tences, familiar Phrases, and Proverbs. Second Edition, 

320 pp., Fcap., cloth,.3 6 

KEY TO FIRST AND SECOND COURSES, Fcap., cloth, 3 fl 
KEY TO ADVANCED COURSE, to which are added Ex¬ 
planations of 850 of the most difficult French Idioms, 

leap., cl., ... ... ... ... ••• a*. 3 6 


GERMAN, by DR. JULIUS MAIEE, 
Cheltenham College. 

GERMAN PRIMER, for Junior Classes, in 3 Parts, each 3d.; 

or complete in cloth,. ... . .10 

PRACTICAL GERMAN GRAMMAR, First Course, with 

Elementary German Reader, Fcap., cloth,.. . 2 0 

SECOND GERMAN COURSY, doth,... ^. 2 0 

Hiondon. Edinburgh., wad. T3 -sytVo\. % 
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COLLINS’ SCHOOL AND COLLEGE CLASSICS, 

For Middle and Higher Class Schools, Local Examinations, &c., 
with Biographical and Historical Introductions and Notes.± 
Printed uniformly in Peap. 8vo, price 9d. sewed, or Is. cloth. 


Shakespeare, RICHARD II. By Rev. D. Morris, B.A., Classical 
Master, Liverpool College. 

„ RICHARD III. By W. Lawson, St. Mark’s College, 

• Chelsea. 

„ MERCHANT OF VENICE. By Rev. D. Morris, 

B.A., Liverpool. 

„ KING LEAR. W. D. Kemshead, F.R.A.S. 

„ HENRY VIII. By W. Lawson, St. Mark’s College, 

Chelsea. 

Milton, , . PARADISE LOST, Books I. and II., COMUS, 
LYCIDAS, IL PENSEROSO, and L’ALLEGRO. 
By James G. Davis, Bristol. 

Spenser, . , FAERY QUEEN, Book I., Cantos, L to VI. In 
Preparation . 

Thomson,, . SEASONS—SUMMER, and CASTLE OF INDOL¬ 
ENCE. In Preparation. 

Scott, . . . LAY OF THE LAST MINSTREL, hi Preparation. 


COLLINS’ SCHOOL CLASSICS, 


For Junior Classes, with Introduction and Notes, 

In Fcap. 8vo, neat mapper. 


Coleridge, . 
Wordsworth, 

Milton! . , 
>» 

Campbell, . 
Pope, . . , 
»» ... 
Goldsmith, . 

Cowpsr, . . 
Gray, . , . 

Scott, . . . 

99 

Thomson,. . 
Remans, . , 


ANCIENT MARINER, &c., ... 0 2 

LYRICAL BALLADS, .... 0 2 

EXCURSION, Book I., .... 0 3 

PARADISE LOST,.0 3 

COMUS,.0 3 

PLEASURES OF HOPE, .... 0 2 

ESSAY ON MAN,.0 3 

ESSAY ON CRITICISM. Ia Preparation. 

THE TRAVELLER AND THE DE- 

ST?/PTT?n VTT.T.AnP -X .— AO 


ODES AND ELEGY. In Preparation. 


LADY OF THE LAKE, Cantos I. and IL 


LAY OF' THE LAST MINSTREL, Cantos | 

I. and IL,.0 2 

THE .SEASONS—WINTER. In Preparation. I 

SONGS OF THE AFFECTIONS. U \ 


L 


London , Edinburgh, and Harriot HiA ^ 






Just Published , Post 8vo, Cloth , 216 pp., Price 2s. 6d., 


ELEMENTS OE EUCLID, 

ADAPTED TO 

MODERN METHODS IN GEOMETRY, 

BY 

JAMES BRYCE, M.A., LL.D., 

AND 

DAVID MUNN, F.R.S.E. 


NOTICES OP THE PRESS. 

“Euclid has been edited -with a threefold object of facilitating 
and inducing the study of Geometry, of rendering it more suggestive 
than it is usually made, and of introducing such improvements as 
should tend to remove the objections of the modern school of geo¬ 
metricians. The editors have been, in the main, successful. The 
improvements to which they call attention are worthy of much | 
praise. We notice a very neat proof of Euclid I. 24, which, in the | 
original, is a pretty example of petitio principle and a warning to ; 
tyros; the theorems relating to rectangles have undergone great 
simplifications; the Third and the Sixth Books have been made 
conveniently short without any omission of the theorems in former 
editions; the Fifth Book is treated algebraically, and, as will be 
readily believed by those who have read Mr. Munn’s admirable 
Theory of Arithmetic, in a very lucid manner. There are some 
good examples of geometrical analysis, explanatory appendices of j 
great value to the beginner, and numerous exercises for the more i 
advanced pupil. '* — Examiner . 

“It would take more space than we have at command to state all 
the changes which the compilers have made in Euclid’s Elements. | 
Generally Bpeaking, the broad lines which Euclid has laid down 
they follow; but not with a blind or slavish obedience. Proposition 
is compared with proposition; one proposition where it has relation j 
to another is quoted, and the relationship pointed out. What we ; 
can say for this work is this, that pupils learning Geometry from this | 
text-book would have a more intelligent knowledge of the subject, 
and yet would be able to quote propositions in the same order, and 
proofs given in substantially the same way (stripped of circumlocu¬ 
tion ana verbiage) as if they had studied from the edition of Potts or 
Simpson. National Schoolmaster . 

- , 
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COLLINS’ SERIES OF SCHOOL ATLASES— CONTINUED. 


. PHYSICAL. GEOGRAPHY—Elimy Series. 


THE PRIMARY ATLAS OF PHYSICAL GEOGRAPHY, 
Maps, Demy 4to, 9 by 11 inches, Stiff Cover, .• 


itf 


THE POCKET ATLAS OF PHYSICAL 
on Guards, Demy 8vo, cloth, 

1 Hemispheres. 10 

2 Physical Map of Europe. 

3 Physical Map of Asia. 

4 Physical Map of Africa. . 11 

5 Physical Map of North America. 

6 Physical Map of South America. 12 

7 Physical Map of the British Isles. 

8 Maps of tho World—shewing Tempera- 13 

ture in March, April, May, June, 

July, and August 14 

9 Maps of the World—shewing the Mean 

Temperature in September, October, | 15 
November, December, January, and j 
February. J 16 


GEOGRAPHY, 16 Maps, 


5. d . 

1 o 

2 o 


Map of the World—shewing the Con¬ 
stant, Periodical, and Variable 
Winds, Ac. 

Map of the World—shewing the Dis¬ 
tribution of Roi u, Ac. 

Map of the World—illustrating Earth¬ 
quakes, Ac. 

Map of the World—shewing the 
Ocean Currents, Ac. 

Map of the World—shewing the Dis¬ 
tribution of Birds and Fishes. 

Map of the World—shewing Distri¬ 
bution of Quadrupeds, Ac. 

Map of the World—shewing Distri¬ 
bution of Plants, Ac. 


above. 

4 Physical Map of Africa- shewing as 

above. 

5 Physical Map of North America— 

shewing as al>ove. 

6 Physical Map of South America— 

shewing as above. 

7 Physical Map of the British Isles— 

shewing as above. 

8 Various Sections across theContinents. 

9 Various Sections in the Oceans, Dia¬ 

gram of Suez Canal, Ac. 

10 Maps of the World—shewing the Mean 

Temperature of the Air—March to 
August. 

11 Maps of the World—shewing the 


. w Races. 

Afcan Temperature of the Air—&e\>- \ Map of the British Isles, 

t ember to February. \ 


3 6 


PHYSICAL GEOGRAPHY—Imperial Series. 

THE PORTABLE ATLAS OF PHYSICAL GEOGRAPHY, 20 
Maps, 11 by 13 inches, mounted on Guards, Imp. 8vo, cloth, 

THE STUDENT’S ATLAS OF PHYSICAL GEOGRAPHY, 20 
Maps, mounted on Guards. With Letterpress Description and Wood 
Engravings. By James Bryce, LL.D., F.R.G.S. Imp. 8vo, cl., 50 

1 Hemispheres—shewing proportions of 12 3Iap of the World—shewing the Dis- 

Land and Water, with Length of ; tribution of Constant, Periodical, 

Rivers and Heights ofMountains,Ac. and Variable Winds; Limits of 

2 Physical Map of Europe—shewing Trade Winds, Ac. 

Mountains and Rivers, High and , 13 Map of the World—shewing the pro- 
Low Lands. | portionate distribution of Rain, Ac. 

3 Physical Map of Asia—shewing as ; 14 Alap of the World—illustrating Earth- 

1 - 1 quakes and the distribution of Vol¬ 

canoes. 

15 Map of the World—shewing the 
Ocean Currents and Basins, and 
principal River Systems. 

16 Map of the World—shewing the 
Geographical Distribution of Birds 
and Fishes. 

17 Map of the World—shewing Geographi¬ 
cal Distribution of Quadrupeds and 
Reptiles. 

18 Map of the World—shewing the Geo¬ 
graphical Distribution of Plants. 

19 Map of the World—shewing* the Dis¬ 
tribution of Mankind according to 
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COLLINS’ SERIES OF SCHOOL ATLASES—Continued. 

HISTORICAL GEOGRAPHY.' 

~HE POCKET ATLAS OF HISTORICAL GEOGRAPHY, 16 s. 4 . 

Maps, 6&'by n inches, mounted on Guards, Imperial i6mo, cloth, I $ 
THE CROWN ATLAS OF HISTORICAL GEOGRAPHY', 16 
Maps, with Letterpress Description by Wm. F. Collier, LL.D., 

Imperial i6mo, cloth, . ... ... • ... 2 6 

THE STUDENTS ATLAS OF ^HISTORICAL GEOGRAPHY, 

16 Maps, with Letterpress Description by Wm. F. Collier, LL.D., 

8vo, cloth, ... . .3 o. 

1 Roman Empire, Eastern and Western, 8 Europe, 17tli and 18th Centuries. 

4th Century. 9 Europe at the Peace of 1815. 

* Europe, 6th Century, shewing Settle- 10 Europe in 1870. 

raents or the Barbarian Tribes 11 India, illustrating the Rise of the 

8 Europe, 9th Century, shewing Empire British Empire. 

of Charlemagne. 12 World, on Mercator’s Projection, 

4 Europe, 10th Century, at the Rise of shewing Voyages of Discovery. 

the German Empire. 13 Britain under the Romans, 

ft Europe, 12th Century, at the Time of 14 Britain under the Saxons. 

the Crusaders 15 Britain after Accession of William 

0 Europe, 16th Century, at the Eve of the Conqueror. 

the Reformation 16 France and Belgium, illustrating 

7 Germany, 10th Century, Reformation British History, 

and Thirty Years’ War. 


CLASSICAL GEOGRAPHY. 

THE POCKET ATLAS OF CLASSICAL GEOGRAPHY, 15 

Maps, Imperial i 6 mo, 64 by 11 inches, cloth lettered.I 6 

THE CROWN ATLAS OF CLASSICAL GEOGRAPHY* 15 Maps, 
with Descriptive Letterpress, by Leonhard Schmitz, LL.D., Imperial 
i6mo, cloth lettered, .2 6 

THE STUDENTS ATLAS OF CLASSICAL GEOGRAPHY, 15 
Maps, Imperial 8vo, with Descriptive Letteipress, by Leonhard 
Schmitz, LL.D., cloth lettered, . .. .. 30 

1 Orbis Veteribus Not us. 9 Armenia, Mesopotamia, &c. 

2 .Egyptus. 10 Asia Minor. 

3 Regtium Alexandri Magni. 11 Palestine, (Temp. Christi) 

4 Macedonia, Thracia, <fcc. 12 Gallia. 

5 iiuperium Romanum. 13 Hispania. 

p Graecia. 14 Germania, &a 

7 Italia, (Septentrionnlis.) 15 Britannia. 

9 Italia, (Meridionalis.) 


Historical and Classical Atlas. 

THE STUDENTS ATLAS OF HISTORICAL AND CLASSI¬ 
CAL GEOGRAPHY, consisting of 30 Maps as above, with Intro¬ 
ductions on . Historical Geography by 
Classical Geography by Leonhard 
Index, Imperial 8vo, cloth, ...I 
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